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KHWPHUII (toKTOpINK THCCEPTAIUASICH AHHOTAIUSICH)

Juccepranuss MaB3yCMHHUHI Jo0Ji3apOuuru Ba 3apypatu. Oxupru
Huinapaard TaIKUKOTIapIaH MabIyM OYIMOKIAKH, KiIaccuk (GyHKIIMOHAN (azoiap
0ap3u 3aMOHaBUI Macajajap, SKyMJIaJaH, XyCyCHMl XOCWJIald YU3UKCH3
TEHIJIAMAJIAPHUHT  €UYMJIYBUAHJIMIY, TYpiau (UMK JKapa€HIapHU MaTeMaTHK
MOJICJUTAIITUPUILL, CYIOKJIUKIIAp MEXaHUKACH Ba YU3UKCHU3 DJIACTUKIIMK Hazapusicuia
TaOMMI paBUILJA Maiijo0 OYIyBUM Macajajapra €4uM TONMILAA caMapalid OObEKT
xucobsanManay. Tapkuanam Kepakkd, »KaMJIaHyBUaHJIMK TapTUOM Y3rapmac
o0ynran matepuautapuu Jleber Ba CoOoseB dazonapu €paamuia MoAEIUIAIITHPULI
camapa Oepca-ma, 6ab3u Oup KMHCIM OyiIMaraH martepuauiap yayH Oy dazomap
éprlaMuia MoOJAEIIAIITHPUII camapa Oepmaiinu. JKamiaaHyBYaHIMK TapTUOU
MaTEpUATHUHT  aHU3OTPOIUIMTUHU  YIoYalml WMKOHWHU OCpHUINHM  3apypiuru
y3rapyBuaH TapTHOIM GyHKUMsUIap (a30CMHU YpraHuiura TypTKy Oynaau.

bab3n  3amonaBMii = Macanamap, KymJIaJaH,  JJIEKTPOPEOJIOTMK  Ba
TEPMOPEOJIOTHK CYIOKIUKIAPHA MOJACIUTAIITHPHUII, TACBUPHU KalTa WIUIANI Ba
HOCTaHAApT Yycumra i3ra  auddepeHuran TeHIVIaMalapHUu TaJKUK STHILIA
HOcTaHAapT (QyHKIMOHAN (azonap (MacaiaH, y3rapyBuaH kypcaTkuuwiu JleOer Ba
CobomneB dazonapu, karra Jleder ¢azocu Ba OolIKanap) KEHT KYJUIaHUIMOKIA.
MatemaTuk HyKTau HazapAaH OyHaal (yHKIMOHAN (a3ojapHU YpraHull sSHTU Ba
Mypakka® MacajajapHU KeITHUpUO YMKapMOKaa. bByHM acocaH TapMOHMK
aHaJIM3/lark ONEPAaTOPJAPHUHI YerapajaHraHiurd OujaH OOFJMK Macajajapia
yupaTHIll MyMKHHKH, OyHJall Macaiajapra aBBajJlaH MablyM yCYJUIapHHU KYJu1a0
oynmaiigu. lly Oouc HocTaHmapT (yHKUMOHAN (a3oiapHU TAAKUK KWJIUII Ba
TapMOHHK aHAJIM3HUHT IOKOPHJIATH MacalallapiHH €YUIITHUHT ONTUMAIN YCYJUTApUHU
TONUII J0J13ap0 Macaianapjan 0yiubd KoJIMOKAA.

Kaxon wmwukécuaa onmb Oopunaérran (QyHAaMeHTan TaJKUKOTJIAPHUHT
akcapusITH (PyHKIMOHAJN aHaMW3, TapMOHUK aHaIM3, MaTeMaTuK (u3HKa,
HXTUMOJIIAP HA3apUsICH Ba JUHAMHK CHCTEMAalIap Ha3apUsICH MacalalapuHU TaJIKUK
STHINTA KapaTuiraH. by coxamapna Ky3JmaHTaH Makcajra SpHUIIUII YYyH SIHTH
¢yHKkMOHan (asomapHM TOMWII Ba YJIAPHU PUBOXKIAHTUPHUII, OJIMHTaH
HaTKajJapHU (aHHUHT TYpAOLI coXajlapujia KyJjam MyXUM aXaMusT KacO 3Taju.

V36exucron Pecny6nukacu Ilpesunentununr 2017 imn 20  ampemgaru
«Omnuit TabTUM TU3UMUHU SHAJa PUBOKIAHTUPULI YOpa-TaAOUpIapu TYFpUCHIaNTH
I1K-2909 COHJTH Kapopu Ba 2018 17070 5 WIOH]IaTu
«Onmuit  TabnMM Myaccacajapuiia TabJUM CH(pATHHM OLIMPHUII Ba YyJapHU
MamJIakaTaa OImUPWIAETraH KEeHI KaMpPOBIM HCIOXOTiaapaa (aosl WUIITHPOKUHH
TabMHHJIAII oyiinua KyIIM4a yopa-Tagoupiap TYFPUCUAANTH
[IK-3775 counu Kapopu xamuaa maszkyp ¢aonusTra TerHiuIM OoIlKa HOPMAaTHB-
XYKYKUH XyxoKaTiapja OenruiaHraH Bazu@aiapHud amMalira Olupuijga ymoy
AUCcepTaIys TaAKUKOTH MyalsiH Japa)xxaaa Xu3MaT KUIau.

1

1 V36ekucron Pecny6nukacu Basmpmap Maxkamacuamar 2017 dimn 18 Maiimaru  «Y30eKHCTOH

PecnyOnukacu ®@annap axkaleMHUSCHHHHT SIHTHIAH TAIIKWJ STWITaH WIMHI-TaAKMKOT Myaccacailapu
(haoTMATHHY TALIKWI TUII TYFpUcHIanTH 292-CoH KapopH
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TaagKUKOTHUHT pecny0uka dan Ba TEeXHOJIOTUSJIAPH
PHMBOXJIAHMIIMHUHT YCTYBOP MyHATUILIAPUIra OOFIMKJIMIUA. Ma3Kkyp TaAKUKOT
pecnybnuka ¢daH Ba TEXHOJOTHsIIAp pUBOKIaHUMUHUHT [V. «Maremartuka,
MeXaHMKa Ba MH(POPMATHUKa» yCTYBOp HYHAIUIIN Joupacuia OakapuiiraH.

JAuccepranusa MaB3ycH OYHYa XOPHKMHA MIMHUA-TAAKHUKOT/IAP WIAPXU.

Hocranmapt d¢ysknuonan ¢$asonap Ba yJIapHUHT TapMOHUK aHAJIM3Ta
TaTOMKJIApU MaB3yCH JOMpACHAArd WIMUN H3JAHUIUIAD €TaK4Yd XOPIKUN
JABIATIAPHUHT WJIMUNA MapKasjiapd Ba OJMM TabJIUM MyaccacajapH, KyMIIaJaH,
Anabama ynHuBepcutetu (AKII), Typky ynuBepcutern (dunnanmus), Tokuo
Mertpononutan yHuBepcutetu (SAnonus), Aeiipo ynuBepcuretu (Ilopryramnus),
Anraps ynuBepcutetu (Ilopryranus), Heamon ynusepcuretu (Mrtamms), ['py3us
@annap akagemusicu (I'pysust), [Tontudux KcaBuep ynusepcuretru (KomymoOus),
Kanyouit denepan yuuBepcuter (Poccus), bupnamran Apabd Amupiaukiapu
yuuBepcutetd (BAA), Xwupocuma yHuBepcutetH (fAnoHus) Ba ApKTHKa
yHuBepcuteruaa (Hopserus) onud 0opuimMoka.

Hocranpapt ¢yHkumonan ¢azonap OVilmya WIMHA H3IaHUALLIAp KYTU1a0
TaJKUKOTUMIIap TOMOHUAAH 0O Oopuinaérrad Oyica-aa, OXUpru 5 Wuijga OJIMHraH
HaTWXxanap OWIaH TaHUIUTUPUO YTUIIHM >xkou3 Tonauk. Kyrapum xoccacu Ba
dypbe KOIPIUIMEHTIIAPUHN XUCOOTa OJITaH XO0Jaa Xap Oup y3rapyBuucu OYyiinya
uHTerpaianyBun Tpubep-JIuzopkun Ba 2-Mukposokan becos (azonapuga atom Ba
MoJieKyanap EhwnMacuan yprauuin (ABeiipo yHuBepcutetd, I[lopryranus),
Mycuenak-Opand  ¢a3zonapuaard HOpMaJUIAITUPYBYM oOIlepatop Ba Xapau-
JlutTnByn makcuman (GyHKUUSJIADUHUHT YerapajaHTaHJIUK I[apTIapUHUA TOTIMII
Xam/ia SKCPOTOJISILMS Ba MHTEPIIONSALNS Kabu 0ab3y KYUYUPUIL yCYJUIAPUHU SIPATUII
(Typky ynuBepcuretr, Ounmanus), OUPIMK MIap Ba FOKOPH SPUM TEKUCIUKIApa
AHUKJIAHTaH aHAJUTUK (QYHKIUSIJIAPHUHT HOCTaHAapT banax dazomapuHu TaaKuk
kunnm (Asraps yHuBepcutetd, Ilopryramus, YKanyOuii denepan yHHUBEPCHUTET,
Poccus), karra Ba kuuuk Jleber xamaa Jlopenn pazonapunu tankuk >tumn (Heamon
yHuBepcutetd, HWranus), LITeliH Tunuaard HMHTEPHOISUUSIN KatTta Moppu
¢dazocunu ypranuu (I'py3us ®annap akagemusicu, ['py3us) Ba Oomkanap.

MyaMMOHHMHT YPranmIranjinK Aapaxkacu. YsrapyBuaH Kypcarkudmny JleGer
dazocu 1931 wwmnma Opnaud TOMOHUJAH KUpUTWUIATaH OVica-fa, nactiad Oy
dazonapra »bTHOOp yHUYANMK KaTTa Oynmanu. dakar 1950 iumnapaard MoayJsip
dazonapHuHr Xycycuil Xonu cudaruga Kapanran X.HakaHOHWHT WUIIMHUTHHA Oy
¢azomnapra 3pTHOOp XMXaTHIaH caHa® yTum MyMkuH. By ¢ynkunonan gaszomnap
1970 #tmmnapnarn W.IllapanyIMHOBHUHT SHI SIXIIHA SKUHJIALIWII Macaljajapura
TaTOMKKU cudaTtuaa maimo Oynau. Vrran acpuuHr 80-immtapuaa sca B.)Kukos
BapuaIMoH Xuco0 Macanajapura y3rapyBuaH kypcarkuuwiu Jleber dazonmapuau
kymtaan. 1991 imnpa O.Koaumk Ba fl.PakocHuk y3rapyB4yaH KypCaTKHYJIH
dazonap Hazapusicura OarMIIUIaHTaH Makoja 4ol JTTUpAU. by Makomanan cyHr
y3rapyBuaH Kypcarkuwid ¢as3ojapra KHU3UKUII KECKHMH OpTHO KeTau Ba Oy
dazonapaa TaAKUKOT OJUO OOpYyBUM MyTaxacCHUCIap COHHU CE3WIapiu Japaxana
omau. AHa mryHna onmmiiap karopuna A.Anmeina, K.Kanone, I.Kpy3-Ypube,
JL.Aenunr, J.2.0amynac, A.Duopenuna, O.Dyramypa, M.I'amxubdexos,

I1.Xapwronexto,  Il.Xacté€, M.Xaba3mu, B.Koxkumamsuim, T.Komanuanu,
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M.Kockenosa, O.Kopaumk, JIx.Jlanr, B.JlatBana, A.Jlepuep, [Ix.M.Mapremnmn,
®.Mamenos, A .Mecxu, HO.Musyra, A.HekBuHga, K.JI>x.Hotire6ayap,
B.[MaaramBmiu, M.Ilepe, K.Ilepec, X.Padeiipo, H.Pakocuuk, M.Pyxmuuka,
H.Cawmko, C.Cawmko, 1O0.Casano, N.1llapanynuHoB, O.1lapropoackuii,
T.HIumomypa, b.BakynoB, B.KukoB Ba OomkamapHu caHa0 YTUII MYMKHH.
V3rapysuan xypcarkmuamu Cobone Ba Jleber (haszomapu HazapusacH TYFPUCHIA
J.B.Kpy3-Ypube Ba A.OnopeHmamapHUHT MOHOTpadusIapuaa, IIYHUHTICK,
JI.lenunr, I1.Xact€, I1.Xappronexto Ba M.PyxuukamapHuHr MoHorpadusiuiapuia
Oatadcun MabIyMOT OJUII MYMKHH. MKKHHYM MOHOTrpaUsHUHT KarTa KUCMH
OyHmaii (QazonapHuUHr Kacp TapTuOim auddepeHunan TeHrjiamagap Ba
rUpoJAMHaAMUKara  TarOWMKJIapura  OaFMIIJIaHTaH. B.Koxunamsuiu Ba
B.ITaaramBuwivHuHr ~ MoHOTpaduscuaa  OFUPIMK  KYHWIraH  y3rapyBYaH
kypcatkuwin Jleber ¢aszonmapumaru uderapacu CUJUIMK OYiIMmaran coxajiap Y4yH
YyerapaBuil MaCaJAJIAPHA €YU YPTraHWIITaH.

TagKUKOTYMIIAPHUHT YBTUOOPUHU TOPTraH siHa Oup QyHKIHOHAI (Da3onap/iaH
oupu 1992 iimnga T.MBann Ba K.COopmonemap ToMoHUJaH SKOOMaHHHUHT
WHTETPAUIAHYBYWJIMTA XOCCACMHU YpraHUIll HATWKAacuIa KUPUTWITaH karTta Jleder
dazocuaup. by ¢azo Typiau uuszukcus auddepeHndan  TeHrIaMaJapHUHT
pEeryJISIpJMK, MaBXYy/UIMK Ba STOHAIMK Macajlajlapujia dHT camMapaid HKaHIIUTU
oiiaunnamau. by Qazonapaaru omeparopiap HazapusICH OXUPTH Huiuiapjaa Kyn
ypranwiMmokaaku, . Anarpuemno, K. Kanone, H. danenus, I'. Iu ®@parro, A.
®popenna, JI. I'pexo, b. I'ynra, T. WBanen, II. JIxaiin, I'.E. Kapamxos, B.
Kokunamsumu, A. Mecxu, X. Padeiipo, JIx. M. Pakorocon, C. Camko, K.
Coopnmone, C. VYmapxamxueB Ba Oomkainap Oy Ha3apUSHUHT PUBOXHUTA 3
XUCCaJIapUHU KYIIHO KEIMOK/IA.

Juccepranmus TAAKMKOTHHUHI JHcCePTANUA 0a’KapPWITaH OJIMI TabJIUM
MyacCacaCHHMHI WIMMH-TAAKMKOT HILJIAPHU pexaaapu OMJIaH OOFJIUKJIMIH.

Jlnccepramys TaaKUKOTH Y30ekucToH PecryGmukacu DaHmap akageMuscH
Matematuka wuHCTUTYTUHUHT  OT-OT-82 «Omepatopiap Ba HOaccOIMATUB
anreOpanapaa Jokan auddepeHnuamiam Ba aBToMOphU3MIAp, HOYUBHKIU
JMHAMHK cUcTeMayiapaa ¢asza aamammnuiap Ba xaoc» (2017-2020) Ba Bupnarran
Apab6 Awmmpmuknapu yaHuBepcutetuHUHT (G00002994 «Hocranmapr beprman
tunuaard  ¢azonap» (2019-2020) maB3ycupard WIMHN TaIKUKOT JOWHXalapu
noupacuaa OaxxapuiraH.

TagKMKOTHUHT MAaKCaAd SHTH HOCTaHAApT GyHKIUOHAN (a3onapHU
KUPUTHUII Ba yJiapaa TapMOHHK aHAIN3 OTepaTOpiapuHy TaAKUK KWIHIIIAH HOOparT.

TaagkuKoTHUHT Bazudagapu:

§’3rapquaH kypcatkuwim beprman dazomapunu (VKB@) AHUKJIAII BAa YHUHT
0ab3u CTPYKTYypaJId XOCCAIADUHU YPTaHUIII;

VKb®narun 6ab3d omnepaTopnapHd KOMIAKTIMKKA Ba derapalaHTaHIHKKa
TEKIITUPHIII;

VKb®na onuHran 6ab3d HATWKAIAPHH OWUPIMK IIap Ba IOKOPU SPUM
TEKUCIIMKIAH XOCWJ KWJIMHTaH Y3rapyBuaH Kypcarkuwin Moppu ¢azonapuaaru
aHAIUTHUK (QyHKUIMsUIapra KyJanmi,



EBxiupn azonapu, MIyHUHTAEK, YITYOB Oepuiran KBasUMETpHK (azojapaaru
kaOu ymymutamrad katta Moppu ¢azonapuHH aHUKIANI XamJa YerepajaHraHJIuK
MeTaTeopeMallapuHu UCOOTIIaI;

V3rapquaH Kypcatknwin Bunep Ba Pucc MabHONMapugaru 4€KJIv Bapualusiiv
(azonapH aHUKJIAI Ba YIAPHUHT XOCCaJapUHU YPTraHuI,

V3rapyBuan KypcaTknwin Prcc MabHOCHIATH YeKIH BapHalusamy Qasonapiaa
rino6an Jlunmun-Hemuniku oneparopiaaprunu TaBcudiai;

bab3u ¢ynkumonan ¢azonapaa  “XyHyK”  SApPOJM  OmNepaTOpJapHUHT
yerapajaHTraHjJaruHu KcOOTIIalll.

TagKMKOTHUHT O00BEKTH: Y3rapyBuaH KypcaTKuwid beprman dasomapw,
y3rapyBuaH KYypCcaTKUWId YeKJIW Bapuanusuid (aszofap, ymymiamrad karta Moppu
dazonapu, beprman npoekiuscyu, Makcuman orepaTtop, Prucc noreniuan onepatopu
Ba KannepoH-3urmyHna oneparopu.

TaagkMKOTHUHr mpeaMeru: YiyoBnd  (QyHKUMsuiap  (aszocw, YeKIu
Bapuausiin - QyHkuusuiap paszocu, aHAIUTHK (QyHKOMsIap (a3ocu, TapMOHUK
AQHAJIM3HUHT KJIACCUK OIIEPATOPIapH.

TaagkuKOTHUHT ycysapu: TagkuKoT UIKuaa (pyHKIIMOHAT aHATIU3, TAPMOHUK
aHaJIN3, KOMIUIEKC aHAIN3 Ba XaKUKUI aHAJIW3 ycyJulapuaaH (oialaHuiraH.

TagKMKOTHUHI WIMMI SHTUJIMIY Kyiiuaruiapaadn noopar:

AKCTpAnoJIALMS TEeXHHKacugaH (¢oipananud, Vy3rapyBuaH KypCaTKUYJIU
beprman  dazonapuna  beprmMaH = OpPOEKIMACMHUHT  YerapajaHTaHJIUTUHU
UCOOTI/IaHTaH;

y3rapyBuaH kypcatkuunu beprman Qaszonapuga 06ab3u  ornepaTopIapHUHT
(beprman mpoekuusicu, bepesun anmamTupunmapu Ba TEmnmuu onepartopu)
yerapajaHTaHJIuTy HCOOTIaHTaH;

Kannepon-3urmyna tunuaard omneparopiiap KOMMYTATOpPH, UIIYHHHTJIEK,
OMp>KMHCIM XOJJard yMmymjamraH karra Moppu (dasocupa mnoTeHuuan
oreparopiyiap KOMMYTAaTOPHU YerapaJlaHTaHINId UCOOTIIAHTaH;

y3rapyBuaH KypcaTKU4Wwid Pucc mabHOCHIArd 4ekid Bapuauusiau ¢aszonapraa
Pucc tacBupu xakuaaru ieMMa UCOOTJIAHTaH;

y3rapyBuaH KypcaTKU4Wwid Pucc mabHOCHIArd 4ekid Bapuauusiau ¢aszonapiaa
BEKTOp YymyoBnap yuyH boxnep-Jleber ¢azocuparn yuszunm QyHKIHOHAIAP
TaCBUPJIAHTAH.

TagKUKOTHUHI aMaJINil HATHKAJIAPH

Kuputunran  surm  metommap  beprmanm  dasonmapu  HazapusICUHU
PUBOMUIIAHTUPHUINTA XU3MAT KWIaad. YMymiiamrad katrta Moppu (azomapunu
TQAKUK KWINIIAA KUPUTWITAaH MeETo[apaan Oy  ¢asonapaard  SJUIANTHK
TEHTJIAMAJIADHUHT EeUYUMJIApUHU Oaxoniamijga KyJutam MyMKHH. XYHYK  SAPOJH
OTIepaTOPJIAPHUHT dYerapajaHTaHJIuTH Oopacujia OJMHTAH HaTIKalap KIACCHK
omepaTopjap Y4YyH OJIMHTaH HaTW)KaJIapHU XYHYK SIIPOJM  ONEPATOpPIAPHUHT
SAPOCUTA CHTUWJIPOK IIapTiaap KYWWIraH oleparopiapra KeATUpUO YpraHuiil
UMKOHUHU Oepaiu.

TagKuKOT HATWKAJAPDUHMHI HINOHWIWJIUITH. ODyHKUMOHAN aHau3,
rapMOHMK aHaW3 Ba (QYHKUUSIIAD Ha3apusiCh MeToajapuaaH QoiianaHuirad
XaM/Ja OJIMHTaH HaTWXanap KaTbUid MAaTEMATUK MyJiOXa3ajlapra acOCJIaHIaH.



TaagKUKOT HATHKAJAPUHMHI WIMMH Ba aMajMil axaMMATH. TaIKAKOT
HATWKAJIAPUHUHT WIMHM aXaMUATA OJMHTaH HATWXKAJIAp Ba METOMIApJAH
orepaTopyiap Ha3apusCH XaMJa HOCTaHAApT (yHKIHMOHAN (a3oJapHU TaaKHUK
ST (PONTATaHUIT MyMKHHIUTH OMIIaH U30XJIaHA/IH.

[IlyHuHrIeK, OJIMHTaH HaTW)XXAJapHUHI AaMalud axaMUSITH HOCTaHIApT
dyHkIoHan gazonapHUHT O€BOCUTA TATOMKIApU KYTUIUTH OWJIaH U30XJIaHAIH.

TaaKukoT HATHAKAJTAPUHMHT Kopuil Kuimnumu. Hoctangapt QyHkunonan
¢dazonap Ba ornepaTopiap Hazapuscu OYinda OJMHTaH WIMUNA HATHUXKalap acocuaa;

OMpIUK IIapJa KUPUTUTUIITAH y3rapyBuaH KypcaTtkuuiu beprman dazocunaru
KangepoH-3urMyHlT ONEpaTOPUHHUHI YerapajaHTaHJIUTUAaH XOPMKUA —HMIMUN
xypaamapaa (Complex Var. Elliptic Equ. 61, No. 8, 1090-1106 (2016), J. Math.
Sci.,, New York 226, No. 4, 344-354 (2017), J. Funct. Spaces 2018, Article ID
8751849, 8 p. (2018)) Jleber ¢azonapumarn beprmMaH NpOCKTHB ONEPATOPUHHHT
yerapajaHTaHJUTUHU  ucOotnamaa  Qoinananwirad. MiuMuii — HaTHKaHUHT
KYJUTAaHWJIMIIN apajlalll HopMaliu y3rapyBuaH KypcaTkuwin beprman dazonapuHu
KUPUTHUIL, FOKOPH SPUM TEKHCIHMKIArM Y3rapyBu4aH KypcaTKuwin beprman
dazonapuHu TAAKUK ITHUIN Ba Y3rapyBuaH KypcaTKuura KyuwiraH Oab3u IIapTiap
acocua (pazoHuHr JIunmuil XxapakTepuCTUKACHHY TOIUII UMKOHUHU OepraH;

y3rapyBuaH Kypcatkuuiau beprman (¢dasocuzpa “oCOH  1aBOM  3TTUPHUIN
TYIIYHYaCHHUHT KUPUTHIIMIIAIAH XOprkuid uimMuil xypraamiapaa (Czech. Math. J.
70, No. 1, 187-204 (2020), Int. J. Math. Math. Sci. 2018, Article ID 1417989, 11 p.
(2018), Mediterr. J. Math. 17, No. 1, Paper No. 9, 13 p. (2020)) beprman npoekTus
ONEPATOPJIAPUHUHT YETapAJIAHTAHJINTUHYA JKCTpaIosauus ycyuiapu €paamuaa
Kypcatumiaa ¢Qovgananwirad. WMnMmuil HaTWKaHMHT KYJUIAHWIMIOW y3rapyBYaH
kypcatknwim Dok dazonapuHUHT 0ab3U CTPYKTYpPaBUM XOCCATapUHU, Y3rapyBUaH
kypcatkuuwin beprman (¢aszonapumaru uerapajaHraH ONepaTOpJapHUHT Oab3u
CUHOUHUHT  KOMMAKTIUTHMHU  XaMJa y3rapyB4aH KypcaTkuuiaun beprman
dazonapuaru KOMIIO3UIIHS OTIEPATOPIAPUHUHT KOMIAKTIWUTH Ba Y3ITyKCU3JTUTHHU
TEKIIUPUII UMKOHUHU OepraH;

y3rapyBuaH kypcaTkuwin beprman ¢azomapungaru 0ab3u ornepaTopiIapUHUHT
yerapajaHraHJIUTHAaH XOpWwKuil uamuid xypHamtapaa (Adv. Oper. Theory, 4, No.
4, 738-749(2019), Math. Notes 106, No. 2, 229-234 (2019), Complex Analysis and
Operator Theory 13, 275-289 (2019)) koMmmieKC TEKUCIMKIArd Yy3rapyBuaH
kypcatkuwin Jleber dazonapuaarn 0ab3u UYMU3UKINA OMepatopiap y4yH MOAYJUIH
TEHICU3JIMKJIApHU XOCWUJT Kujuiiga ¢oupgananwirad. WnMuii HaTwKalapHUHT
KYJUTaHUITUIIM 0ab3U YM3UKJINA OnlepaTopiap YUyH MOIYJUIM TEHTCU3IMKIap YPUHIN
Oyca, KYpCaTKMYHUHT y3rapMac OYJIMIIUHM HUCOOTIAIl Xamja OUpJIMK IIapjard
AHATUTUK  (QYHKUMSJIAPHUHT  Y3rapyB4aH KypcaTKuwin Xapau  (da3oJapuHH
KUPUTHUII Ba TAJAKUK STUII UMKOHUHU Oepras.

TagKuKOT HATHKAJIAPUHMHT anpodanusicu. Ma3kyp TaJIKUKOT HaTUXKaJlapu
9 Ta xaJNKapo WIMH-aMalInii aHKyMaHIapyIa MyXoKaMaiaH YTKa3WIraH.

TagKMKOT HATHKAJIAPUHUHI JIBJOH KHJIMHIAHIMIHU. TagKuKOT MaB3ycu
6yitnua sxamum 15 Ta WIMMI Makia 4ON STWITAH, UIyJNapjaH, Y30eKHCTOH

9



Pecnybmukacu  Onuii AtrecTtaluss  KOMHUCCHUACHUHUHT  (aH  JIOKTOpHU
JTHUCCepTALMSIIapY aCOCUN WIMHM HAaTH)KaJapUHU YOM STUII TABCUS STUITaH UIMHN
Hampiaapaa 14 ta (Scopus Gasacuma) mMakojia Ba 1 Ta Hydy3In HampuéTaa dom
ATUJITAH KUTOOHUHT 000W cudaTuma HaIIp STUITAH.

JuccepTauMsHUHT TY3WIHIIM Ba Xa:kMu. Juccepramus kupwuil, oemra 600,
XyJIOCa, HAIllp dTUJITaH UIuIap Ba GoigaaHuIral agaduériap pyruxaTumaad TalIKI
tonrad. [luccepramusauar Xaxxmu 210 OETHH TAITKKIT YTTaH.

JTUCCEPTALUSIHUHT ACOCUIA MA3ZMYHHU

Kupum kucmmuaa aumccepranys MaB3yCHHUHT J0OJ3apOJIMTM Ba 3apypaTtu
acoCJaHTaH, TaJKUKOTHUHT  pecnyOJiMka ban Ba  TEXHOJIOTHSIApH
PUBOXJIAHUILIMHUHT YCTYBOp WyHAIMILIapUra Mociuru kypcaruiaras. [IlyHuHraex,
Oy KucMJa Juccepranus MaB3ycu OYHMYa XOPMXKUNA MIMMU-TAAKUKOTIIAp ILIApXH,
MYaMMOHHHI YPraHWITAHJIUK JapaXacu KEJITHPWITaH, TAaAKUKOTHUHI MaKCaJH,
Bazu((anapu, 0ObEKTH Ba IPEIMETH TaBCU(IIAHTaH, TAAKUKOTHUHT WIMHU SIHTUJIUTH
Ba aMalMi HaTWKajlapu O0a€H KWIMHTAH, OJIMHIaH HATWKAJIAPHUHI Hazapui Ba
aMaiauil axaMuaTH o4u0 OepuiiraH, TAAKUKOT HATHXKAJAPUHHUHT )KOPUN KUJIMHUIIH,
Hallp OATWITaH WOUIAp Ba JUCCEepTalUs TY3WIHMIIM Oyinya MabIyMOTIIap
KEJITUPUIITAH.

JIMccepTalUSHUHT «Y3rapyBuan kypcaTkmuian Jleber dasomapu xakuaa
AacTIa0KM TYWIYHYaJap» HOMJIM OupuHuM OoOuja Yy3rapyBuaH KYpCaTKUWIN
JIeGer dazomapu LP() () Xxakuaa KHCKa MabIyMOTIap OepUiIraH.

«¥Y3rapysuan kypcatknuan Beprman ¢azocm» 1¢6 HOMIAHTaH HWKKHHUM
0001a y3rapyBuaH KypcaTkuwid beprman (azocu aHUKJIaHTaH Ba YHUHI acOCHUU
xoccanapuHu ucOotnanrad. Knaccuk beprman (a3onapyuHUHT aHMKJIAHUIIMIArU
yCyJulap Y3rapyB4aH XoJia VYTMAaciIWTd ajJloXuaa TabKUUIall >KOW3 OynraH
xKuxaraapaad oupuaup. by MyaMMoaH KyTUIIUII YUYH XaKUKWAA TapMOHUK aHAJM3,
y3rapyBuaH KypcaTKuwin (as3ojap Ba KOMIUIEKC (DyHKUMSIAp METOAJapHIaH
doitmananamus. [actnab, y3rapyBuaH kypcarkuwin beprman ¢azonapunu
TabpU(IaiiMU3 Ba KYpPCAaTKMUHUHI Oab3W WIapTiapuia yjaapHuHr banax ¢azocu
oynmumuHN Kypcatamu3. Da3oJapHUHT AHU3OTPOIUINTH MYaMMOCHHH 5Ca OCOH
KEHTalTUPHII TYUIYHYACMHU KUPUTUO XaJl d3TaMHU3 Ba Yy3rapyBuaH KYpCaTKUYJIM
beprman Qazonapugarv anmnpokcuMalys MacajalapuHU €YUl YYYH YHHHT Oab3u
XoccanapuHu ucbotnaitmus. beprmMan npoeknusiCHHN ypraHaMu3 Ba SKCTPATIOJISIIHS
HazapusacuiaH Qoiiananud Oy MPOEKIUSHUHT y3rapyBuaH KypcaTkuuwin beprman
dasoc ydyH XaM derepamaHraH OYJIMIIMHM HCOOTIAiiMu3. Y3rapyBuaH
kypcatkuwin  beprman  ¢aszocuga Kapnecon  ym4oBMHM — aHUKIaMHM3  Ba
taBcu@uaiimu3. CYHr Oy CTpyKTypada KYMaioBYM SAPOHUHT HOPMACHHH
Oaxonanimuz. Kaprnecon ymyoBu TyuryHuyacuaaH —¢oiigananu® — y3rapyBuaH
KYpCaTKAYWIN beprman dazonapugaru Ténmnuu OIEPATOPUHUHT
yerapaJlaHTaHJUTMHA TaBcu(diaiiMu3z Ba Oy opkanu TEmnmuiy omnepaTopuHUHT
KOMIAKTINTY WyKomyBuM KapriecoH ym4yoBu TymryH4acu OWjIaH TaBCU(IaHUIIMHU
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Kypcaramus. beprman mnpoekuuscuHUHT 3axaproTa Ba HOmoBu4 TacBUpHIaH
doimanann®  y3rapyBuaH KypcaTkuuwinm beprman  ¢asonmapuma  beprman
IMPOCKIUSICHHUHT (siHa OMp MapTa) YerapajaHTaHJIUTHHU KypcaTuil ounaH (0y ycyn
opkayii OW3 OKCTpamoysmusi METOAWMHHM Kyywiad Oymmaidimuran Opimd  Ba
yMyMJIalrad y3rapyB4aH KYPCATKUYIIH Moppu ¢dazomapuHUHT
yerapaJlaHraHJIMTHHA UCOOTIIAI UMKOHUHU Oepaan) O000HU SKYHJIaMU3.

APO(D)  ysrapyBuan kypcaTkuumu bBeprman daszomapu  Kylmjarmda
KUPUTHTIATA

APO)(ID) = {f ananutux GpyHKIMS Ba 0p(y(f) < 0},
Oy epna Qp)(f):= fm) | f(2)|P@dA(z). KypcaTkuunuHr 6ab3u mapTiapuga 6y
dazomap banax ¢azocu Oynummun ncobotnaiimuz. ynunaraex, y,(f)(z) := f(z)
Oaxomnam QyHKIUACH YU4yH 0aX0HHM Kyiuaarnya ojlaMus:
1-teopema. Aumatinux p € P(D) 6epuncan 6yacun. ¥ xonoa xap d6up a € D

VUYH Y, Oaxonaw ¢yukyuscu ueeapanawmear. bynoam mawkapu Kytuoacu
MEH2CUBTIUKAAD YPUHIU

- =<lly, IS -,
(1 —lal)?/? (1 —lal)?/?

p € P°¢(D) 6ynramma AP (D) asomarm KyNXa[TapHUHT 3HYIATHHE
y3rapyBuaHn  kypcarkuwin  beprman  Qazonapumarm  QyHKOUsUIap — ydyH
anmnpokcuManus Teopemacuial (Goinananu® ncootTiaam MyMKUH. ATIPOKCUMAIUsS
TEOpEMacu OCOH KEHTaWHIII fr:%]])) — C TymyHuyacura acocllaHraHku, Oy

TyIIyHYa KyWHIarnda aHuKIaHa
f(2):= f £ rw)n, (2 — w)dAw),
D

o 1-r =
Oy epaa pD p xynmalTyBUMIIM KOMIUIEKC OUPJIUK Iap Ba 1), 5¢a TallyBYUCH > D

oynran C* ¢yHkums. z = f,.(z) byHKIMS KyWngara axonud xoccanapra ora: ()

% D Tymiamaa ananutuk, (b) r — 1~ 6ynranna f,.(z) = f(z) ypurmy,

(c) zeD Ba 1/2<r <1 yuyH f,(z) S Mf(z) ypuunu, Oy epaa M maxcumain
omepatop, (d) z€D Ba 1/2<r <1, yuyn f.(2) € APO(D) xamma r -
17 6ymranma ll f — f |l arO(py— 0 Oakapumam.

P beprmaH NpOeKTOPUHHUHT YerapajaHraHJIMTMHU ypranamus. P Kyiujaaruda
aHWKJTaHA !

Pr@) = [ A

Opnatna P: LP(D) - AP (D) omepaTOpHUHT YerapajaHTaHIUTA 0ab3u MyXUM
ONEPETOPJIAPHUHI  YerapajaHrahHiIMTMHU  Kypcatumga Kyn keayBuum  Llyp
JIEMMAacura acocjianu0 ucOoTiaHagu. BU3HMHT Xongarn MacajdaHUHI TaOWaTHOAH
kenu6 uukuO, bexkomnmm Ba boHaMMHMHT KiacCMK HaTwkacu Ba  PyOwo 1e
dpaHCHAHWHT SKCTPAIOJSIUS XaKUJard TeopeMacujaaH (oNgaIaHuIl METOAUHU
UI1a0 YUKIUK.
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2-Teopema. Aiimaiinux p € PP4(D) 6Gepuncan 6yncun. LPO(D) ¢aszonu
APO (D) @asoea axcranmupyeuu P Bepeman npoekyusacu 4e2apaianzat.

By TeopeMasian Kyiuaaru HaTH»ka KeJino YMKaau.

3-Teopema. Aiimaiiiux p € PP4(D) 6epunean 6yncun. Y yonoa APO(DD)
Qaszoea Kywma @aszo Ap’(')(]D) ounan anukiaHuwu mMymxur, 0y epoa 1/p(:) +
1/p' (") = 1. Xap 6up ¢ € (APO(D))* @yuxyuonan | ¢ 1= g "AP'(')(D) wapmuu

xanoamaanmupyeuu 6upop g € AP O (D) yuyn kyiiudazu seona maceupaa sea
(f) = f f (DI@DAA).
D

Bepunran a > —1 yuyn a-bepesun anmamrupumunu xap 6up f € L'(D) na

Kylujarnia aHuKJIanmMu3
(1— 12" (1 = [wH)*
Buf(2):= (a + 1) fD e fn)dAw),

Varapysuan kypcatkmwmn  Qazonmapaa a-bepesuH  aiMalITHPUIIMHEHT
YyerapajaHraHIUTUHU YpraHamus.

4-teopema. Aiimaiinux p € P2(D) 6epuncan 6yncun. Y xonoa LPO (D)
gazocuoazu a-bepe3un armawmupuiiy 1e2apaiaHean.

HlyHunraex, KyHupara siipo ydyH IOKOpM 4YerapaHd XaM OepuIlInMu3
MYMKHUH

I B 1
a(2) —m,

5-teopema. Aiimaiinuk p € P2(D) 6yncun. YV xonoa wynoaii C > 0
V3eapmac con maexcyoxu, xap oup a € D yuyn

I k2P N yp0 ) <

a,z € D.

C
(1= [a5)2/P@

MEH2CUSTUK YPUHTIU.
Kyhingarn Hatvxka Y, (GyHKIMOHATHUHT HOPMAacH Y4YyH aBBajl OJIMHTaH
OaxoJanuIapHy SXIIUIAITa XU3MaT KAaJIIu.

6-Teopema. Aiimaiinux p € PPS(D) 6Gepuncan 6yncun. YV xonda xap 6up
z € D yuyn gyuuoaeu ypuriu

Iy, I= A= @

By narmxa APO) (D) kymmMa dazonan Ba xap 6up f € A*(D) yuyn k,, a €D

¢yHkuoHanHuHr f(z) = fD f W)k,(w)dA(w) xoccacunan Qoigananud, YHUHT
HOpMacuHu Oaxonam UMKoOHMHU Oepamu. [llynnmain xkunmuO, ||y, I=Il k, |l AP'O(D)

SKBHBAJICHTIIMKHUHT Oa)KapyJIMIIU Keauo uynkaau. by HaTwka Kyiuaara Teopemaja
V3 aKCMHU TOIITaH.

7-Teopema. Aiimaiiiux p € P2(ID) 6epunean 6yncun. Y xonda xap 6up z €
D yuyn
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1
” kz ”AP(')(]D)): (1 _ |Z|2)2(1_1/p(2))

VPUHIIU.

V3rapysuan kypcarkuumu JleGer Qaszomapm  yuyH MOCHAIITHPHITAH
Kapunecon ymuosuau kupuramus. Arap APC) (D) y3rapysuan kypcarknunn beprman
dazocu LPO(D, u) dasoma ysnykeus érca, spau AP (D) & LPO(D, u) y xonna
mycbar p bopen ymdoBura Yy3rapyBuaH KypcaTkuwin beprman ¢azocu ydyH
Kapnecon yn4oBu aerinnanm.

8-Tteopema. Aumaiiiux D wapoa uyexkiu, mycoam W bopen ynuoeu eéa p €
P°¢(D) Gepunean 6yncun. V xonda p ynuos AP (D) ¢azooa Kaprecon ynuosu
oyauwu yuyn wynoau C > 0 eéa 0 < r < 1 yzeapmac connapu monunub, xap oup
a € D yyyn u(D,(a)) < C|D,(a)| ypurau 6ynruwu 3apyp eéa emapau, 6y epoa D,.(a)
nces0o-eunepooIuK wap.

Arap APC)(ID) y3rapysuan kypcarkuamu beprman dazocu LPO (D, u) dazoxa
KOMITAKT €Tca, y Xoijga Mycoar p bopen yimyoBura y3rapyBuaH KypCaTKHYUIIU
beprman ¢azocu yuyH iykonyBun Kapiecon yiuoBu neitmnanu.

O-teopema. Aumaiiiux D wapoa uexkiu, mycoam W bopen ynuoeu eéa p €
P°¢(D) 6epunean 6yncun. YV xonda p ynuos AP (D) ¢azooa Kaprecon ynuosu

oyauwu yuyn wynoau xap oup 0 < r < 1 con onuneanoa xam|a| = 1~ 6yneanoa
1(Dr(a))
|Dr ()]

Bepunran ¢ € L1(D) QyHxkmms ydyH Kynxamiap TyILIaMuaa T, Témmun

— 0 ypunnu 6yauwu 3apyp 6a emapiu.

OIEPATOPUHM KyWuJarnya aHuKJIanMu3
T, /@) = [ £ W) )ow)dAw),
D

Kapnecon ymuoBu €ppmamupa TEmnuu OnepaTOpUHUHT YeTapATAHTaHIUTMHU
TaBCU(DIIOBYN KYHHIard MyXUM TeopeMa UCOOTIaH/IH.

10-Teopema. Aiimaiinux p € P2(D) ga ¢ € L*(D) b6epuncan 6yncun. Mycbam
U yiwoe du = @dA menenukuu KanoamaaHmupcut. Y xonoa xyuuoacu macouxiap
meme KyuJiu:

1. T, onepamop APO (D) 0a vecapananear;

2. B onepamop D wapoa wecapananean,

3. uynuos APO (D) yuyn Kaprecon ynuosuoup.

Oxopunaru  teopemamaru  meton  opkKau  T€mumi — omepaTopUHUHT
KOMIAKTIUTUHU IyKoayBun Kaprecon ymuoBu €épaamunia TaBcua MyMKUH.

11-Teopema. Aiimaiinux p € P¢(D) ga ¢ € L (D) 6epuncan 6ymcun. Mycbam
U ynuos dyu = @dA menenuxknu Kkaroamiawmupcun. Y xonoa xyuuoazu macouxiap
MeHe Kyuau.

1. T, onepamop APO (D) 0a komnaxm.

2. |z| = 17 6yneanoa Be(z) = 0 ypuniu.

3. ujnuos APO) (D) 0a Kaprecon ynuosu.
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[lyuunrnek, beprman mnpoekuusick TacBUpMHHMHT  KangepoH-3urmyHna
CUHTYJSIp omnepaTopu €paamuaard udoaacu Ba KamaepoH-3UrMyHI CHUHTYJSD
OTIEPATOPUHUHT YerapajaHrammurugan ¢oinanann® beprmMan NpoeKIUsSICHHUHT
yerapajJlaHTaHJIUTMHA UCOOTIaMu3!

Pf(z) = K.f(2) + K>f(2),
Oy epaa K, Kyiuaaru HHTerpai onepaTop

Kl (Z, W) = (XD(O;) (Z) +X 0,1) (Z)XD(%) (W)> kw (Z),

D(o,1)\D(T
Ba
(—z
_ M
Kf(z) = XD(0,1)\D(0,1/2)(Z) TEE g(§)dA(Q),
D(0,2)\D(0,1)
2
90 = Qf O ez TEDs

Y0y 600HU 0ab3u M30XJap Ba OYIUMIIard HaTHKAIap OJMHTAH HIILIapra
UKTHOOC OmiaH skyHiaiMu3. Hatwkanap [5, 6], [7] Ba [8] uiiapaa ¥3 udonacuuu
TOTITaH.

«Moppu TUnNHAAru HoCcTaHAAPT (a3zojap» 10 HOMIIAHTaH YYUHYH 000

(6ab3an ymymiiamrad karra Moppu daszomapu ned xaMm ataimyBuu) Karta Moppu
dazonapura kupwuira OarunuiaHraH OYnuO, (a3oHM aHMKIANIAArM Xap UKKH
napamMeTp KaTTaJalllITUPUIT >Kapa€HUHUHT TpEeaMeTH xucoOnaHaau. Moppu
dazonapugaru  0ab3d  OMNEpPATOPJAPHUHT  UerapajaHTaHJIUTH  XaKuJaru
TEOpEeMaJlapHUHT  SIHTU  KUpPUTWITaH  ¢asojapaard  MyKoOwiaum  OyniraH
meTtateopemanap wucoorinanau. I[llyHuHrnek, ViI40B aHUKJIAHTAH KBAa3HMMETPUK
¢dazonapna  Xapau-JlutTinByn — Makcuman — omnepatopu, KanaepoH-3urmyHa
omeparopu Ba Pucc TuUmmmarn moTeHIMAaN OMEepPaTOPJIApHUHT uerapalaHTaHIUTU
UCOOTIIaHIH.

Bepmiran 1 < p < oo Ba 0 < 1 < 1 yayn LPA(2) ymuoBim QyHKIMSITAPHAHT
Moppu ¢dazocu Kylingarniya aHuKJIaHa I

1
£ Nypagayi= Sup <—f 'f(y)lpdy> s
A e \ B g

o<r<d
Oy epna d = diam 2 Ba 2(x,r): =0 N B(x,r). bepunran 6 >0, « >0, 1 <p <
o, Ba 0 < A < 1 yuyH Kyiugaru pyHKIMOHAIHU KapaiMu3:
6

S|

¢5’i(f; $) 1= 5Py, &P 78 || f Il pp-ea-ae(q,

oy epma 0 < s < min{p — 1,1/a} (6uyna Kynaiinuk yuyn a = 0 Gyaranma xap
KaHnai A conna A/a : = oo 1eb onammus).

Aliraiimuk 1 <p < 00,0 >0, a = 0,8a0 < A1 < 1 6yucun. Lg)‘/l)

,a

(2) Ounan

YEeKJIM HOpMara 3ra Ya4oBin QyHkuusiap Ga3ocuHu OenrunaimMms:
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p/‘l . A
£ e =@y (f)Smax)y  Smax = Min {P - 1;5}-
Lp) )(.Q) dazonu kamma Moppu gpazocu ned araimus.
bepwiran p, 0, A, a, f napamerpiap yuyH s - @5 » (f,$) kamaiimalinuran QyHKIHS.

o < s Oynranma CDg " (f,s) mu CD;) (f, 0) opkanu KaHgail 0aXOJIAHUIIMHA KyWHIaT |

JemMmajia oepaMus.
13-nemma. Avumaiinux 2 ueecapananean ouux myniam oyicun. 0 < g < s <

min {p 1, } VUYH Kyuuoazu meHeCusiuK YpuHiu
0 0
p.A D=5~ D=0 HP*
Py (f,5) < CsP=Sa P=9dy" (f,0),
6y epoa C conu nconuea, p,A,0,a napamemprapea ea d ouamempea 6Oo2ux
oynuo,, f, s, 6a o n1apea bo2nuk smac.
by nemmanan Kyiuaaru HaTUXa Keaud YUKaIU.

14-nemma. 0 < o < min{p — 1, %} VUYH Kyruoacu meH2cusiuk dasxrcapuiaou
Bra (f10)
" f ”Lg’)&l)m)g C—L'
op—9
6y epoa C conmu nconuea, p,A,0,a napamemprapea ea d ouamempea 6Oo2nux
oynub,, f ea o napea 6o2nux smac.
Kylingarm jnemMma KEHr TaTOMK OSTHIYBYM MYyXHM HaTWXKalapAad Owpu
XHCOOJIaHAH.
15-nemma. Aumatituxk U onepamop (vusuxiu o6ynuwu wapm omac!)

Lp‘e"l‘“‘g(ﬂ) Moppu ¢azocuoa ueeapananean oOyiacun, avuu 0 < g < min {p —

1, %} con 6a emapauya kuuux € € (0,0) connap yuyn
” Uf ”Lp Sl 6{8(0)< Cp El as ” f ||Lp—s,/1—a8(ﬂ)
menecuziuk  ypunau. Aeap sup,_._ Cp_¢1_qe < Oagxcapunca, y xonoa U
onepamop Lp) )(!2) kamma Moppu ¢pazocuoa xam uecapananeat, ssbHu
I Uf "Lp)l)(ﬂ)_ Cllf ||Lp)/1)m)
8a

C
C=—2

sup C p—&A—ae
Gp—cr 0<e<o
oy epoa Cy conu n,p, A, 0, a éa d connapuea 6o2nux, rexun  ea 60&nuK smac.
IOkopumarn Hatmwka Ba Kiaccuk Moppu ¢a3ocuaard uerapajaHraHiIuk
XaKUJard MabJIyM HaTHXKaJlapra acocilaHuO KyHuaard TeOpeMaHu €30I MyMKHH.

16-teopema. Avumaviiuxk 1 <p <o, 8 >0, a >0 6a 0 <A <1 bepunecan
oyncun. ¥ xonoa Xapou-Jlummnagyo maxcuman onepamopu Lp) )(.Q) kamma Moppu

Gazocuoa weeapananean O6ynaou.
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17-teopema. Auimatinux 1 <p <00, 8 >0 6a 0 < A <1 bepurecan 6yicun.
V xonoa cmanoapm aoporu T Kanoepown-3uemyno onepamopu Lg?;f) (2) xamma

Moppu ¢azocuoa uecapananean 6ynaou.

bupxuncnumuk Tiunu Oyinua xam katrta Moppu ¢dazocunu kuputamus. byHunr
yayH 0ab3u Tabpuduapau 0epuod yTumr kepak. X : = (X, d, ) myHmai g Tyaa yirdon
Oepuiirad TOMOJOTUK (ha30 OYJICMHKU, TAIIyBYMCH KOMIIAKT OYJraH y3IyKCHU3
ynkiumsnap dasocu L1(X,u) ¢azona 3uu Ba d dca KBasuUMeTpHKa, SbHH X X X
garu HoMaH(MUN XaKUKUK KuiiMaTiu d QyHKIUSKY, KyHUIard xoccanapra ara.

1. dix,y) =0 x=y;

2. xap oup x,y,z€ X yuyH myHgai C; > 0 y3rapmac COH MaBXKYJAKH,

d(x,y) < Ci[d(x,2) + d(z,y)] ypuunm;
3. xap 6up x,y € X yuyn myngaii C; > 0 con maBxynku, d(x,y) < Cs -
d(y,x), ypuuiu.

X wuar B(x,r) d-mapnapunu y3ujga CakJIOBYM KUCM TYIUIAMJIAPUHUHT O-
anrebpacuna p Ya4oB Oepuiirad OVicuH. Xap KaHJai map 4eKiau YI4oBra sra neo
onamu3, sibHU UB(x,7) < 00 Ba Xap O6up x € X HuHr uxtuépuit V arpodu yuyH
myHnai v > 0 con Tommmnaauku, B(x,r) € V ypunnu. Arap x Ba r mapra OOFIHK
oynmaran a,f,¢ > 0 conmap Tomwmb, WB(x,r) = cr® Oaxapwuica, U YITYOBHU
Kyiiu a-Angope peeynap, arap uB(x,r) < crf Gaxapmica, 6y yauoBHH 0K0pu -
Angopc peeynap Oeuunaou. Arap a = [ Oynca, pu ymuoBra a-Angopc pezynap
JNEeUNIIaau.

Arap p ya4OoB MKKWJIAHTAHJIMK MIAPTHHU KaHoatiaHntupca, (X,d,u) y4iukka
OupkuHCIM TUIAAry ¢aszo aeviniany Ba Kuckada bTd kabu é3mnanu.

1<p<ow Ba 0<A<1 yays LPA(X,u) Moppu asocy YIdoBIH

dbynkuusiap dazocu cudaruaa Kynugarnia KUpUTUIaaun
1

1 P
. - p
U = 399 (o | ol ) <o

o<r<dy
bab3an, rokopumaru Moppu ¢Ga3oCHHUHT MOIU(DUKAITUSCUHA XaM Kapaimus,

apuu LPA (X, n) dazo kyinmarnua aHuKIaHATN
1

1 p
I f Wgpageuyi= sup <mf |f(}’)|pdll(}’)> < oo,
0<r<dy B(x,r)

bu3 xap noum y yiraoBHH OKOpH Y-Alidopc peryisapu aed oamus.

BT® cudaruna xarra Moppu ¢dasocu KupuTUATaHHIAH KenH EBkimng
dazonapuna Oynranu kabu penaykuus Jsgemmagapy bBTd yuyn xam Ypunim
SKaHJIUTUHU Kypcatamm3. [0,€] ma Oepuiran xakMKuii KuAMaTidn HOMaHQUH ¢
dynkmus yayH myanaid C = 0 con tomunud, 6apua x < y xkuiiMaTiapaa @(x) <
Co(y) Vpunmm Oyica, Oy QyHKUuATa Oespau ycysuu nevinnaan. Kyhunarw
(YHKIIMOHATIHU KapaiMu3
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1
A >—e
cpg,A(f; s):= sup @(E)P7E Il f Nl p-er-ac)x -

0<e<s

18-Ttabpud. Aumaiiiuxk 1 <p < oo, 0 <A< 1 counrap bepuncan 6ymu6 @
mycoam weeapanamnear @yukyus lim_,,.@((t) = 0 wapmnu Kanoamiaumupcum.
Ilynuneoex, A xakuxuil KutmMamiu KamMaumatoueaw HOMAHQuu QyHKyus YuyH
limy_ o4+ A(x) = 0 ypurau o6yacun. LZ,)’:ZL)
wynoau ¢hazocunu beneunaiuMusKuy, yiap Kyuuoazu 4exkiu Hopmaaa 32a

A .
I f "LZ)’:)(X): = (quZ,A (f'Smax)r  Smax = min{p — 1,a}

oy epoa a = sup{x > 0: A(x) < A}.

bepwiran p,0,A, a, f mapamerpiap ydyH S & fpg 0/} (f,s) kamalMalIuTITH

(X, ) Ounan ynuoenu yukyusiaprune

byHkus. ¢ < s OynraHga Cbg_ i (f,s) au 6155 i( f,0) opkanu KaHal 0axoJaHUIITHHA
Kyiumara remMmmaza Oepammus.
19-nemma. 0 < 0 < 5 < S, VUVH KYUUOG2U MEHSCUBIUK VPUHIU

1
OLA(f,5) < Co(0) Pod(f,0),
6y epoa C conu y cownuea, p,A, @,A napamemprapea 6a dy ouamempea 6021uK,
nexun f, s, 6a onapea 60enuK smac.
20-nemma. 0 <o <s,,,, yvuwyH Tavpug 18 Oacu Hopma yuyn Kyuuoacu
MEH2CUZNIUK YPUHIIU
o’ (f, o
I i € Zoall:2)
' @(o)P=°
0y epoa C conu y,p, A, @, A 6a dy napea 6oznux, nexun f 6a o rapea 602nuK smac.
YerapanaHraniuk Xakujard Kyuuaard HaTuKa OJIMH]IH.

21-nemma. Aumaiinuk U onepamop (Kucman uuzuxau oyauwu wapm smacl)
Moppu ¢asocuoa uecapananean 6yacumn, savhu 0 < o < S,,,. COH 6a emapauua
kuuux € € (0,0] connap yuyn
I Uf ||Lq—e,/1—A2(e)(X)S Cop—ea—a,(e)q-er—ay(e) | [ ”Lp—s,A—Al(e)(X)
MeH2CUIIUK YPUHIIU.
Aeap

sup Cp—s,)l—Al(e),q—s,/l—Az(g) <o
0<e<o

ea

(0]

1
£)a-¢
0<e<o ® (S)ﬁ
baxcapunca, y xonoa 6y onepamop xamma Moppu gazocuda xam uesapanramnea,
SAbHU

NUf oy, ~<CIfIlpa, .
f LZ[),AZ(X) f Lerl(X)
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Co
C=—7 Oil;’gac —e A=Ay (e),q—eA—Ay ()
@(0)P=0

6y epoa Cy conu y,p, A, ¢, A 6a dy connapuea boenux, 1ekun o 6a [ ea 6021uK smac.

21-nemMaHuHr Hatwkacu cugaruga Kangepon-3urmMyHj omepaTopu  Ba
Xapau-JINTTaBy 1 MakcUMal ONEPaTOPUHUHT YerapajaHTaHIUTHHE HCOOTIaiMu3.
22-teopema. Aumaiiiuk 1 < p < 0 ga 0 < A < 1 bepunecan 6yacun. ¥ yonoa

Lp) A)(X 1) Oaw Lp) )(X W) ea axcramwmupysuu Xapou-Jlummagyo maxcuman

onepamopu ye2apanaHean OYIUWU YYYH emapauyd Kuyuk O COHU MONUIUO,
1 1

SUP o<, <al/)(s)ﬁ/ @ (£)P=¢ < 00 basxcapunuwu 3apyp 6a emapiiu.
23-teopema. Aumatiiuk 1 < p < 0 ga 0 < A < 1 bepunean 6yacun. ¥ yonoa
Lp) A) (X,u) xamma Moppu ¢azocuoacu T Kanoepon-3uemyno onepamopurume

yeeapananeamn 6yaaou.

Karra Moppu dazocuHuHT MOANDUKAIMACUHN KyHugaruia aHuKJIanMus3
1

I f ”L(IZ’?)(X,M):_ sup (p(S)p el f ”Lp &A— A(E)(X,u,)

0<&e<Smax
Oy epla Spa.x = min{p —1,a} Ba a = sup{x > 0: A(x) < A}. Arap 6 wmycbaT coH
yayH @ (€) : = €% 6yuca, || f ”L””)(x 0= A f IILp)A)(X )I[C6 OJIaMU3.

24-tavpud. Kuuux & yuyn (0, 8] xytiuoaeu ¢hynxyusnapnu anuxiaimus:
S (ST B EHE)
Y1 -2+ 4;(x) —alx—q)
B g YDA A+ 4G
YA =21+ A4,(x)) —a(p —x)
a(x—q) Ax) = 1-2+A4A:(m)
y(1—2+4,(x) YA =2A+A(m) — (@ -ma
() =)D, d(x) =), P(e) = p(e™), W(e) = (™),
6y epoa 6; > 0.
OHan  Pucc  ToTeHIMAn — OMEPATOPUHUHT  YerapallaHTaHIUTH — XaKUIard
HATWXKaHU KENTUPUO YyTamus.
25-teopema. Aimatiiuk 1 <p <0, 0<a< (1 -D)y)/p,0<A<1,1/p—
1/q = a/((1 —A)y) bepurean oOyncun. Illynuneoex, 6, >0 6a 6, = 0, [1 +
aq
(1-y
UHMEPBANNapOa AHUKIAHSAH HOMAHQUU Y3IYKCcU3 @QyHKyusiap Oyauob, xyuuodacu
xoccanapea 3ea OVicuu:
1. Bupop & > 0 con yuyn A, € C*((0,6));
2. limy_5:A5(x) = 0;

LY
3. 0<B:= llm—()<(1'1)

x—0+ dx aq?

Ax)=1-

] bepunean. A, 6a A, ¢ynxyusnap moc pasuwoa (0,p — 1] ea (0,q — 1]
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4. Ai(n) = Az(qg_f(n)), 6y epoa ¢~ 6upop 8§ >0 con yuyn (0,8]
unmepeanoazu ¢ GYHKYUsIHUHS MeCKAPUCU.
V xonoa 1* Pucc nomenyuan onepamopu (LPM) X, —>Lq) )(X ,u))

yeeapaiaHeaH.
1 a

26-narmaca. dimaiux 1 <p < 0,0 <a<1,0<A<1l-ap>—->=%

bepunean oyncun. [llynuneoex, 6, >0 6a 6, > 6,(1 + %) bepunean.Aeap a <
(1 — 1)?/(aq?) wapmuu xanoamaranmupysuu o Homaunguii con yuyn A,(x) = ax
6a A,(x) = adp~t(x) 6ynca, y xonoa 1% onepamop (Lp) )(X U — Lq) )(X ,u))
YeeapaiaHeaH.

1

27-teopema. Aumaiiiuk 1 <p <o, 0<a<l1l, 0<A<1-ap, %—5=

% oepunean oyacun. Ilynuneoex 8; > 0 6a 6, > 6;(1 + %) bepunean. A, 6a A,
Qyuxyusnap moc pasuwoa (0,p — 1] ea (0,q — 1] uumepsannapoacu nomarnguii
V3IyKcu3 ynxyusnap 6yauo, Kyuuoazu xoccanapea 32a 0yicuH.

1. Bupop & > 0yuyn A; € C1((0,6));

2. limy_ o A1(x) = 0;

3. By:=lim,_, %(x) > 0;

4. Bupop & > 0 yuyn (0,8] unmepeanoa A,(x) = A;($~1(x)) ypunnu.
V xonoa 1* Pucc nomenyuan onepamopu (Lp) A) X,pn - Lq) A (X ,u))
4€2apaNaHeaH.

Vruos époamuda anuxnanean Pucc munuoaeu nomeHyuan onepamop Jerania

KyHUJaru onepaTopHu TyITyHaAMU3

€ f)
1= | ety )
oyepral < a <1.

bynpnaii oneparopiap y4yH KyWHIaru HaTUXKa OJIMH]IN.
28-teopema. Aumatiuxk 1 <p <o, 0<a<(1-A)/p, 0<A<1, 1/p—

1/q = a/(1 — 1) bepuncan o6yacun. Illynuneoex, 6, >0 s6a 6, = 0 (1 + %)

bepuncan. Ay e6a A, ¢yuxyusrap moc pasuwoa (0,p—1] ea (0,q — 1]
uHmepeaniapoacu HOMAaH@uil y3nyKcus yukyusiap oyauo, xytuoacu xoccaiapea

92ea OYICUH:
1. Bupop & > 0 yuyu A, € C1((0,6]);

2. Zimx_)0+A2 (X) = O

3. 0 B:=lim A()<(1/1)2

' = x>0+ dx 2 aq? _

4 Al(n)—Az(q') i(n)), 6y epoa ¢~' 6upop 6 >0 con yuyu (0,6]

unmepsanoazu ¢ QYHKYUIHUHS MecKapucu.
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V  xonoa I* Pucc nomenyuan onepamopu (Lg)l’jq)l(X, ) —LZ)Z’;)Z (X, u))—

yeeapaiaHeaH.

[ynunraex, OW3 MOETHIMAN ONEpaTOpJapHU OUpXKUHCIM  OYIMaraH
dazonapna xam ypranamms. (X, d, y) myHman y Tyna YI9oB OepuiraH TOMOJOTHK
¢da3zo OYJICHMHKHM, TalIyBUMCH KOMIIAKT OYnraH y3inykcu3 ¢yHKIusuiap ¢aszocu
LY(X,u) dazoma 3mu Ba d KBasUMETpMKa 5ca CTaHAApT IIAPTIAPHU
KaHOATIaHTUPCHH. bu3 xap nmoum dy = diam(X) < oo neb omamus. LllyHuHTACK, U
YII40B MKKWJIAHTAHJIUK APTUHHU KaHOATJIAHTUpMaiIu 1e0 Xxucobnaitmus!

Kylinnaru onepatopHu Kapanmus

KN = [ T Bz )

oyepral < a < 1.

[ynunraex, Owsra X pga KyWuparuda MOAM(UKALMSUIAHTAH MaKCHMall
oriepaTop Kepak 0yiaau

Mf)(x) = i‘ilgm B(x,r)l fldu(y),

o0y epma N, = C;(1 + 2C) xamma C, Ba C; Yy3rapmacmap d KBa3UMETPUKAHHHT
aHUKJIAHUIIUAATH COHIapaup. bupop b y3rapmac connu onamu3. B = B(x,r) map
yuyH bB opkanu B(x, br) mapuau €3amus.

BW3HUHT TagKWKOTIApUMH3Ia caMapaid OyiaraH MoAM(UKAIMIIAHTaH
Moppu hazonaprHu aHUKTANMU3.

29-tabpud. Aumainuxk 1<p <o 6a 0<A<1 obepurean Oyacun.

HIynunedex, mycbam yseapmac a conu 6epunean. LPA(X, ), 6unan nopma

Kyuuoazuua aHukianean moouguxayusianean Moppu azocunu bereunaiumus
1

— 1 b P
1 F gy, = sup <u(aB)’1 J o) du(y)> .

X€EX,0<r

A A
Lg)l,A)l (X, W)y, pasonn LZ)Z’ A)z (X,W)n,z  Pasora  akcnmantupyBun K,

OTIEpaTOPHUHT YerapajaHTaHJIUTUHU YpraHamus. by epaa Lg)f ) (X, Wa Pazo

KyHugaru Hopma OuiaH aHUKJIaHATU
1

g? p—¢
_ p—¢
HF Uy, = o Sup_ sup LB(x' ) B(x’r)lf(y)l du(y)] :
30-teopema. Avumatiiux 1 <p <o, 0<a<(1-1)/p, 0<A<1, 1/p—

1/q = a/(1 — A) 6epuncan 6yacun. lllynuneoex, 8; >0 6a 6, = 6,(1 + aq/(1 —
A)) bepunecan. Ay 6a A, @yukyusnap moc pasuwoa (0,p —1] sea (0,q — 1]
unmepsaiapoazu HOMan@uii y3iykcus @ynkyusnap oyaud, Kyuuoazu xoccaiapea
92ea OYICUH:

1. Bupop & > 0 yuyn A, € C1((0,6]);

2. limy_ o Az(x) = 0;
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3. 0<Bi= lim Az()<(”)

4. A/(n) = A2 ((]5 i(n)), Oy epda ¢~1 6upop §>0 con yuyn (0,6]
unmepeanoazu ¢ QyHKYUsIHUHS MecKapucu.

V  xyonoa K% nomenyuan onepamop (LZ)1 A)l(X Wn, — LQ) )(X ,u)Noa)
yeeapaiaHeaH.
31-nemma. Usa A onepamoprap (Kucman wuzukiu OVIumU wapm 9Mdac)
Moppu ¢asocuoa 0 < o < S,,,, yuyn uxmuépuu emapauua kuuux € € (0,0] con
OIUH2AHOA XaM KYUuoazu MyHoCabamHy KaHOamiaHmupcuH
I Uf "Lq gA— Az(s)(X)< C —g1-A1(8),q—&,A—A5(¢) I Af ||LP—&/1—A1(€)(X)-
Aeap

sup Cp—s,/l—Al(e),q—s,/l—Az(e) < 00
0<e<o

ea
1
£)4—¢
Sup M < OO’
oe<o (p(E)F
YpuHau 6ynca, y xonoa kamma Moppu qbasocuda Kyuuoazu MyHocabamaap ypuHiu
” Uf "Lq)A) 0= <C " Af "Lp)"j{i(X)

C=——5 sup Cp_ga-a,(e).q-e1-A,(e)

6y epoa Cy conuy,p, A, @, A 6a dy napea 6oznux, nekun o a fea 6o2aux smac.
D(X) 6unan 6apua yerapasanrad GyHKIHAIAP TYTNIAMAHN OCITHIANMU3.
32-teopema. Aumaiiiux 1 <p <o, 8 >0 6a 0 <A< 1 bepuncan oOyicum.

lynuneoex, T Kanoepou-3uemyno onepamopu éa b € BMO(X) 6epunean. ¥ xonoa

[b, T| kommymamop onepamopu Lgl’f ().) (X, ) N D(X) mynramoa yecapanranean.

33-teopema. [% nomenyuan onepamop éa M maxcuman onepamop Oepuneau
oyncun. lynuneocex, 1 <p <oo, 0<a<(1—-A1)/p, 0<A<1, 1/p—1/q=
a/(1—24), 6,>0 6a 60, =01+ aq/(1—A)] counap 6epurcan. A, s6a A,
@yuxyusinap moc pasuwoa (0,p — 1] ea (0,q — 1] uumepsannapoacu nomarnguii
V3IYKCU3 QyHkyusaiap 6yauo, Kytuuoasu xoccaiapea 32a 0)iCuH:
1. Bupop § > 0 yuyn A, € C*((0,6]);
limy 0442 (x) = 0;

2.
3. 0<B:= lim AZ()<(”)
4

x—0+ dx
A () = A(97 (D), oy ep@a ¢~ Gupop §>0 con yuyn (0,6]

unmepeanoazu ¢ QyHKYUsIHUHS MeCcKapucu.
Aeap b € BMO(X) 6ynca, y xonoa Lg)l’i)l(_)(X, 1) pazooan LQM) ()(X W) ¢azoeca

M|[b, I*] akcranmupuw uecapananean 6ynaou.
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34-Tteopema. Dapaz Kunratiiux, Teopema 33 Hune Oapua wapmiapu
;A ,A
bascapuncun. 'Y xonoa LI;?L' A)l(‘)(X, U) pazooan LZ)Z' A)z(‘)(X’ W) pazoea b, 1,]
aKCJzaHmupum yeeapananean 6ynaou.

Mp) w,(X) OFMpIMK KyHumiran karra Moppu QasocuHn Kyiluparnya

aHHKHaHMH3.
p),6,4
My}, (X) = {f I Wymoa o< 00},
Oy epna
1
p-¢
Imf "Mmg(xf=0;35_1;‘;5(%(3))1( f | f)IP™ Swl(X)du(x)> ,

wo(B) = [w, (x)du(x), p(X) <o, 1 <p <o, 0<A<1/p, 6 >0, w; Baw,
Jap sca X nmaru OfupiauK (yHKUUsIapu, sS’bHM JEspid XaMMa epjaa MycOaT Ba
MHTErpajUlaHyBud (QyHKUMsuIap. DHOUW kKarta Moppu ¢azonapuHUHT OolIKa Oup
TypUHH KenTupamu3. by Xonga ofupnuk QyHKUusiIapuaaH OWpU HOpPMaHU
aHUKJanAa KynaiTyBun Bazudacunu Oaxkapaau. bynaail ¢azo Kylugaru HopMara

HucOaTaH aHUKJIaHAIA
1
pP—E&

1
I f ”Mp)el( )i = sup supm<se.j|f(x)w1(x)|p‘5du(x)>

w1,W2 0<e<p—-1BcX

Arap w; = w, : =w 6¥yica, y xonna M, p).6 W (X ) (Moc paBumma M, )“(X ))
dazoHH M‘f,)’g’)l (X) (moc paBuiia M‘z)’e’ (X)) xabu Genrunaitmms.

f:X - R ymyoBnu QyHknusiiap cuHbUIa aHUKJIAHTAH KUCMaH YU3UKIUA T
oriepaTop KyHuJaru mapTHU KaHOATJIaHTUpaau 1e0 XxucoOaaiMu3: myHaai Mmycoar
Co y3rapMac COHM MaBKYJIKH, KOMIAKT TamyBuwid Oapua f € L}(X) Ba x ¢
supp f yuyH

o)
RIS 6o | g goss due)

TEHTCU3NMUK Oaxapwinamu. by xomma 6wz T omepatop S(X) 1mapTHu
KaHOAQTJIAHTUPAAH IEVUMU3.
35-teopema. Aumaiiiuk 1 <p <o, >0, 0<A<1/p, weEA,(X)
bepunean oyacun. Aeap T onepamop S(X) wapmuu eéa 1 <r <p yuyn B,.(X)
Wapmuu KaHoamianmupca, y Xoa0a
| Tf ||Mvzl)]),9,1

MEeH2CUBTUK YPUHIU OVIIAOU.
0 < a <1 6yncun. Arap kacp TUIUIM T, KUCMaH YM3HUKIU ONEPATOP YyUyH

<CIf ||Mp)9,1 f eDX)

X~ x)’

myHpaii Myc6ar C COHM TONMIMO, KOMIIAKT TamryBuuiaum Oapua f € L'(X) Ba
uxTUEpuii X € supp f Jap oJMHTaHAA XaM

mJ@NSCL /0

u(B(x, d(x,y))~¢

ap(y).
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TEHICU3JIMK YpHUHIM OYiica, y Xoyiaa Oy oneparop S, (X) mapTHu KaHOATIAaHTHPAIU
JNEUNITIaIN.
36-Tabpud. 0 < a<1s6al<r<1/a bepurcan 6ymuo, s = j oyncumn.

Aeap T, xucman yusuxiu onepamop yuyH f ea 6oenukmac mycoam C conu masoncyo
oynub, xap oup w € A, +i’(X ) o2upnux yuyH

I Ta (fW) llg, )< C I f g,y f € D(X),
Tenecusnux  bagxcapunca, 'y xonoa 0y  onepamop By, (X) wapmuu
Kanoamaaumupaou Oetunaou. Illynuneoex, 1 <r <s < oo connapu yuyn T,
KUCMaH wuzukiu onepamop xap oup w € A, o(X) osupnux onuneanoa xam L r(X)
¢pasooan  L;,s(X) aszoea uecapananean axciammupuwi 6Oyica, y xoida 6y

onepamop fa,r,s (X) wapmnu kanoamaanmupaou oetunaou.

37-teopema. Avumaiiuxk 0<a <1, 1<p<1l/a sa 60 >0 oOepurcan
P
1-ap
baxcapysuu 6apua (r,s) ocy@pmauxnap yuyn Ty kucman yuzuxau onepamop S, (X)
6a Bgyrs(X) wapmuapnu xanoamaawmupcun. Aeap 0<A<1/q ea wE

y 1 1
oyacun. q = 0eb onamu3s. lllynuneoex, r < p, s < q 6a ~— 5 = a wapmuapnu

A14q/pi(X) Oynca, y xonoa wynoau ¢ >0 yseapmac con maesicyoxu, bapua f €

(X) yuyn
I Ta(fwa) ”M‘;I)),qﬂ/p,/l(X)S cll f "M‘f,)’e’)‘(x)’ f € D(X)

MeH2CUBTUK YPUHAU OVIIAOU.

38-teopema. Aumaiiux 0<a <1, 1<p<1l/a sa 60 >0 oOepurcan
D
1—-ap
baxcapysuu 6apua (r,s) ocypmauxnap yuyn T, kucman yuzuxau onepamop S, (X)
6a By, s(X) wapmnapuu xanoamnammupcun. A2ap 0<A<1/q ea wE

At4q/pr(X) 6ynca, y yonoa wynoai ¢ > 0 yszeapmac con maedxicyoxu, bapua f €
D(X) yuyn

p),6.1
MW

y 1 1
Oyacun. q = 0eb onamu3. lllynunedex, r < p,s < q 6a ~ = = @ wapmuaphu

<
I Te f ”M‘:’))"A‘ff/p"l(x)— cll f ||Mp),6,,1(X)

wwq
MEeH2CUBTUK YPUHIU OVIIAOU.

Yyunun 000HM xaM 0600 OYiinya 0ab3u U30XJap Ba HATHXKaap YOI ATUITaH
MaoKoJIajap pyixaTHHA KeITHPUII OuiiaH skyHiaimu3. Hatmwxkanap [9,10,11,12,13]
unuiapaa y3 ugpolaCiHy TONTaH.

«S"3rapquaH KYPCATKUYIM YeKJH Bapuauusiid pyHkuusiiiap ¢pasoJiap»
1e0 HOMJIaHTaH TYPTUHYU 000 y3rapyBuaH KypcaTKUWin 0ab3u YEKIW BapUallUsIIN
dbyukusinap daszonapunu Ypranumira, Bunep Ba Pucc mabHOcHaaru ¢gazogapHUHT
CTPYKTypaBUl XOCCaJlapMHM TaJKUK Kuiuiira OaruimuiaHrad. Pucc mabHOCHaaru
yekau — Bapuanusiau - (dazomapma  Oepwiran  rnoban  Jlummumn-Hemwurku
oTrepaTOpJIApUHUHT TaBCU(DHUHU, TIYHUHTIEK, PuUcc TacBHpW Xakugard JeMMaHH
ucbornaiimu3. bobuun B banax ¢azocuma Panon-Huxomum Tteopemacuuu
UIIJIaTMAaclaH BEKTOp YJIYOB YUyH y3rapyBuaH Kypcatkuuiau Pucc mapHOCHzIaru
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ueKNM  BapHamMAIH  QyHKIEAmap  gasocumad  doimamanmn6 LPO([a,b], B)
y3rapyBuaH kypcatkuwin boxuep-Jleber dazocumarn 4u3uKiu GpyHKIHOHATIIAPHU
TaBcudan OmnaH SKyHIaiMu3.

Kowus pynkums 1e6 p, < o0 MAPTHU KaHOATIAHTHPYBUYH P:[a,b] — [1, )
¢ynkmusHn TymyHamu3. ®apasz kunaiiuk p cxou3 ¢GyHKIuUS Ba [a,b] xecmama

oupop Iy ={a=t, <--<t, =b} OYynakmam Oepunran OYncuH. Q()Bfil))]

(GyHKIIMOHATHY KyHHarunda aHuK1aimMu3
n

BP(f) = sup Z | F(t) = F(tim) PED =2 a1y ()
Mep 7537
Oy epna Ilj, ;) [a, b] xecmanaru Gynaxmant, ﬁ)}ﬁf’g] GbyHKIIMOHAT KaBapuK IICEBIO-
MOJTyJISIp SKaHJIMTHIaH HOPMaHU KyWHIarnda aHUKIam MyMKHH.
39-Trawvpud. p scousz yuxyus oyncun. p(-)-vekiu sapuayusiu QyHKyusiap

Gazocunu Kyuuoazuua aHUKIAUMU3
BVPO([a,b]) = {f:[0,b] > RIF@ =0 A I f lgysercqp< +o}
- ) (f
I f ooy = inf{2 > 01875, (§) < 1}

by nopma Jlroxcembype nopmacu oeviunaou.

BVPO)([a,b]) p(-)-dexnu Bapuamusan ¢asoHuHr baHax (aso GyIMmmMHM,
cenapaben sMaciIuruau, ¢, (azora mzomopd xKucm dazocu OopauruHu Ba q(x) =
p(x) yaya BVPO[a,b] © BVIO([a, b]) sxarmuruan ncOOTIARMI3.

40-teopema. BVPO([a,b]) ¢azooaeu xap Kamdaii Kemma-Kemaux
V3eapyeuan eapuayusoa mexuc ueeapananean Oynaou ea f € BVPO([a,b])
QyHKyusa xap 6up HyKmaoa AKUHAAULYEYU KUCMULL KeMMAa-KemIUKKa 32d.

f:la,b] > R dysxuusauar p(-)-y3uykcuziux mooyau ned Kyhnmarua
(YHKIUSHY TyITyHAMH3

Wi () = S#»Pz | F(t) = f(t;_)|P&i-D

Oy epma II3 [a,b] xecmamaru y3ywmuru 6 AaH omiMaiguraH Oymakmami. Arap
f € BVPO)([a,b]) oyHkims #HyKoMyBYM IIAPTHH, SBHHU lim(g_)oa)g(') (fH)=0
KaHoaTiIaHTupca, f dynkumsara p(-)-abcortom yznykcus nevmnanu. bapua p(-)-
abcomom yznykcus yuxyusnap dasocuru CPO([a, b]) xabu Genrumaiivus. Arap
p xom3 ¢yHkims 6ynca, y xomma CPO([a,b]) daszo Kyiimmarm Xoccamapra sar
Oynuiy ucOOTIaHTaH:
«  BVPO([a,b]) pazorunr énuk KucM dazocu;
*  Cemnape6en ¢azo.

Pucc mabHOCHmaru y3rapyByaH KYpCATKUWIM YaKIM BapHaIUsuiv (da3ojJapHH
AQHMKJIALLra TAMEPMU3.
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41-tavpud. [a, b] xecmaoa Mg py = {a =ty < t; <+ <t, = b} 6ynaxraw
8a p ocouz  QyHkyua  Oepunean  OYICUH. [I;(b)],%p() :R@P] 5 R,
DYHKYUOHANINAPHY KYUUOAUYa AHUKIAUMU3

n
) — , (xi-1)
1J0) * _ |f(tl) f(tl—l)lp () _ p() *
Ola b](f' H[a,b]) = Z ——7— B = I;“*up U[a,b](f' H[a.b])
i=1

(t; — tj—q)PCri-0)71 ]

6y epoa Il ) [a, b] unmepsandaeu wynoaii 6yraxnawxu, 6y oyraxiawea xap oup i
yuyH t; < X; < tjp1 WAPMHU KAHOAMIAAHMUPYEUU YEKIU X, .., Xy—1 KEMMA-KEMJIUK
xam kupaou. Pucc mavnocudacu uexiu p(-) eapuayusiu yukyusnap ghazocunu
RBV?PO([a, b)) : = {f € RI*PI: %p() 1(F) < o0} kabu beneunarimus.

Arap p dbyukuus p(-)-xous QyHkius Oyica, %Fé’z] HUHI KaBapHK ICEBIO-

Momynsap skarmurupad  RBVPO([a,b]) : = RBVPO([a,b])/C daxtop da3ona
HOpMa aHWKJAall MYyMKWHHJIMTH Kenud uywkamu. bynma C  Gapua ¥3rapmac
¢yHKuusap gazocu.

I f Nngyro o= inf{d > 0187, (g) <1}

RBVYIO)([a,b]) Banax ¢asocu skammurn ucbormanmum Ba p(x) < q(x) ydyH
RBViC)([a, b]) & RBVPO([a,b]) Vypummumurm  kypcatwmmd.  1IIyHHWHTZEK,
Lip([a, b]) € RBVPO)([a,b]) € AC([a, b]) xam ypurmu. Bysman tamxapu ||| - |||
: = l"lleo + I-llggy»(» HOpMara nucoaTan (RBVAO)([a, b]), ||| - |||) banax anreGpacu
Oynanu.

Pucc HOopmacuam QyHKIms xocwiacuHUHT LP (-)-HOpMmacu OwiaH OOFIOBYM
Pucc tunugaru TeopemMaHu ucOOTIaiMu3.

42-teopema. p € P¢([a, b]) 6epuncan 6yncun. Aeap f € AC([a,b]) 6a f' €
LPO)([a, b]) 6ynca, y xonoa f € RBVPO ([a, b]). Ilynunzoex, xyiiudazu ypuniu

I f ”RBV”(')([a,b])S” f’ "Lp(')([a,b])'

43-teopema. f € RBVPO)([a,b]) sa p € C[a, b] 6epuncan 6yncun. ¥ xonoa

f' € LPO)([a, b)) 6a

w0 = [ IForod,

a
I f' ||Lp()( a,b]) sIf "RBVp()([a b))
VpuHIU OYIa0U.

Cyneprio3uiusi oneparopu 1e0 xaM HomulaHyBYM Hemuuku ornepatopuHu
kuputamus. f:I X R - R ¢ynkuus mysgaiiku, [ garu Gapua t jap yuyH & &
f(t,¢) ysnykens ¢ynxuusa Oynamu. bapua t €I Ba @:1 > R yuyn (Fre)(t) =
f(t,¢(t)) xabu anuknmanran Fy omepatopra f acocnmu Hemuuku omeparopu
JIenuIaau.

Yexnn Bapuanusiin QyHKUUSUIApHUHT Puicc ¢azomapuma Ttabcup KUITyBUU
Hemunku onepaTopiapuHu TaBCU(IIOBYM TEOPEMAHU UCOOTIIANMU3.
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44-teopema. Aiimaiinux p € P?¢([a,b]), q € P([a,b]) sa q(x) < p(x)
bepunean 6yacun. RBVap(')([a, b]) gaszonu RBVaq(')([a, b)) ¢aszoca axcranmupysuu
Fr  Hemuyxu onepamopu 2noban Jlunwuy Oymuwu yuyn wynoau g,h €

RB Vaq(') ([a, b]) @pyHuxyusnap monuiuo,
fy)=g@)y+h(), telab], y€eR

VPUHIU OYIUUU 3apYP 84 emapiu.

Kyiinnga Yexnu Bapuanmsuii QyHkiusuiapHuar Pucc daszonapuaa tabcup
KuiyBuM  rioban Jlunmmun-Hemuiiku — omepaTropilapyHUHT  acocu  y3rapmac
OYIUIIMHUHT €Tapiiy apTiiapu Oepuiaim.

45-teopema. Aiimaiiiux p € P?¢([a,b]), q € P([a,b]) sa uxmuépuii t €
[a,b] ywyn 1< p, <q(t) 6yacun. Azap RBVap(')([a, b)) ¢azonu RBVaq(')([a, b))
pazoea axcnanmupysuu Fr Hemuyxu onepamopu 2noban Jlunwuy oynca, y xonoa
xap oup te€[a,b] sa x€R yuwn f yukyusa f(t,x) = f(t,0) wapmnu
KAHOAmMIaHMupaou.

Ymby 6006uun B banax ¢a3zocura Oomika MmapTiap KyilMmarad xoJijaa
LPO)([a,b],B) ¥3rapyBuan xkypcatkmuan boxuep-Jleber asocura Kymma
(ha30HUHT YMyMUW TaBCU(PUHU KEATUPUIL OMIIAH AKYHIJIAWMHU3.

Ounu 6us G: B, » B® Bekrop ymuos Ownan unutaiivus. bynna Big g

[a, b] kecmagaru bopen g-anrebpacu. ®apas kunainuk, Q = {Q} [a, b] kecmaHuHT
UXTUEPUNA Y3ap0O KeCHUIIMaWMIUTraH Oy3WIMaraH WHTEpBAIAPUHHUHI OYIakialiu
oynacun. p € Pla,b] yayn G wuHr [a,b] xecmamaru p(-)-Pucc Bapuarnusicuau
KyWuJiarnya aHuKJIanMmus3

. I G(Q) IIP?
WG = Y LD
9 %e0

Ba Pucc wmabHOcmmarm deknm p(-) Bapuanusau QyHKIusuiap  (asocuHu

RBVPO)([a,b],B*) : = {G: %I[ja("l),]((}, B*) < o0} kabu GearnnaiMus.
46-Tteopema. p,q € B([a, b]) xpwma xypcamkuuru ¢pyukyusiap éa p_ > 1
6yncun. Y yonoa RBVIO([a,b],B*) ¢aszooan (LPO([a,b],B))* ¢asozca

akciaammupyedu

b
G- t; ;) =J fdG, f € LPO([a,b], B)

onepamop YU3UKIU U30MOPPU3M 6a
I f(; ”(Lp(-)([a’b]’B))*:” G "RBV‘I(')([a,b],B*)'

TypTuaun 600HM xam 000 OVitmua Oab3u H30XJIap Ba HaATIXKAJlap YoM
STWITaH MaoKoJjiajap pYyHUXaTUHU KeJNTUpHUIl OwiaH skyHmamu3. Hartwxkanap
[1,2,3,4] unapaa 3 udogacuHU TOMTaH.

«XyHYK SIpoJiH omeparopJap» 1e0 HOMJIaHyBUM OemnHyun 000 Oab3u
HOCTaHAApT (YHKOUOHAN (Qazojapiard XyHyK SOpOJM  ONEpaToOpJapHUHT
yerapajJlaHTaHJUTMHA ~ ypraHumra OafunuiaHrad. byHpmalt — MacanamapHUHT
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MYPpaKKaOJIUTH IIYHJIaKH, KJIACCUK dazonapna ornepaTopJapHUHT
YyerapajaHTaHJIUTHHU YpraHuil OypHUIl METOaura acocjiaHraH Oymu0O, Oy meron
HOocTaH#apT  (azomapna  yrmaiigu. Iy  OGouc  OyHmait  daszonapjaaru
OTIepaTOPJIApDHUHT YerapajaHTaHJIUTUHU TEKIIMPUII YYyH SHTH METOJ HIIIad
uyMKMIm  Tanab  KWIaHaaW. YsrapyBuaH Kypcartkmwin JleGer  dasomapuma
AKCTPAMOJIALMS METOAM Ul Oepca-ia, Oolllka HocTaHAapT (aszosiapia, Macala,
Moppu dazonapuna camapacu3 OYnmbO Koyamu. busnuar Takmmd Kumaérran
METOJMMH3 Xap Oup HyKTaja Oaxosnamra acociaHran OymmO, xarro a(x)
y3rapyBuaH KypcaTkuuwid as3ojiapia XaM Kacp MakcuMall omepaTtopiap Ba
NOTEHIMAJl ONEPAaTOPJIApHU YpraHuIl UMKOHUHU Oepaau. Mimad 4ukuiran MeTon
(a30HM MaclTaOJAIITUPUII XOCCACHTa ACOCIAHTaH YMYMH CXEMaHH OepuIlH
Ounan camapanuaup. by cxema XyHyK fIpoiM MakCHUMall ONEpaTOpHU Xap Oup
HyKTaja Oaxouaiml OwiaH OWpraiukia IIyHAal macmTabiiv Kiaccuk (azonapiaaru
ONepaToOpJApHUHT  YerapajaHraHauruaad ¢oigananud M, onepaTOpHHUHT
yerapajaHraHJIUTMHU KeATUPUO YMKApUIIHU OCOHIAIITUpaau. by cxemanu Kymnad
Mycuenak-Opand ¢dazocu, y3rapyBuaH KypcaTKuwin ymymiamrad Moppu ¢asocu,
ymyminamrad Opnud-Moppu ¢azocu, kymumya ymymiamran Moppu ¢a3ocu Ba
y3rapyBYaH KypcaTKuwin KoHTHHYyaI ['epil (ha3omapuaaru XyHyK SApOIA MaKCUMal
OTepaTOpJIApHUHT YerapajaHTaHJWTMHU ucOoTiaiimu3. by HaTwkamap Xarrto
y3rapMac KypCcaTKA4iIn X0J yUyH XaM SHTAJIUKIUD.
OHIM XYHYK SIpOJIM MaKCHUMall OTlepaTOPHU KeJITUPHUO YTamu3
1
Mo, f(x): = sup— o) f(x = y)ldy,
r>0 ly|<r

Oy epna w 6upxuncau 0-rapTubiu, p-xkamnanysun Gynkuusa. M, , xacp Makcumal
omneparop Kyhuaarnya aHuKJIaHaau

1
My of (x) :=sup - aj lwW)||f (x —y)ldy.
ly|<r

r>o07
XyHYK MakCuMaJl OIlepaTOpPHUA KyHHUIarnda aHUKJIanMu3

1
Mof () = fi5(x) = sup— | oI (x = ¥) = fomldy

r>0 Iyl<r
Oy epaa fp ypra xuiimat Oynmub, fp:= 5

SAPOM MaKCHMaJl oOlleparopra yXimam XyHYK SIpOJId « Kacp TapTuOJu
ONEpaTOPHU AHUKJIANMHU3

a(x) L ( _y)
0re0 = | S 0y,

f f (y)dy xabu anwkmaHagu. XyHYK

47-nemma. f € Li;c R™), s > 1 6epuncan 6yncun. Azap w € L5(S™ 1) 0-
mapmuoau OUPHCUHCIU YHKYUS 6y”ﬂca Yy Xonoa Kyuuoazu meHecu3Jzu1< Vpunau

Myfoo < 2 (M(If) )(x))

w |l s (g

ns
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48-nemma. Aiimaiinux f € LPO(Q), 0 < a <n, 1< p_ < p, < oo bepurean
oyncun. [llynuneoex, xap oup nykmaoa 1/q(x) = 1/p(x) — a/n kabu anuxnanean
q ¢yukyus bepunean Oyicun. Y xonoa xap oup HyKmaoa Kyuuoacu meH2CU3JIUK

VpuHIU
a

p() n 1= n
My of (x) < |M s (If(-)l‘“’”‘“(@)] (Llf(y)lp(”dy> :

49-nemma. w € L1(S™™Y) buporcuncau 0-oapaxcanu gpyuxyus yuyu

1
IfSCO| < My f (x) MG I w Nl gny
MeH2CUIIUK YPUHIIU.

50-nemma. f € Lf;C(R"), 1<s<oo,w€LS(S"Y)  bupaucunciu 0-
mapmubau @yHkyus ea Oeapau xamma epoa mycoam o(x) @ynkyus oOepunean
oyacun. YV xonoa a(x) > 0 6ynean bapua x € R™ nykmanapoa

a(x) X
1% (FXaam) ()| < 7 1@ sty 75 (IFOUFI Xpeern) @),

a (X)S
MEH2CUBIUK YPUHIIU.
51-matmka. o € L°(S"1),1<s<oo, inf _,a(x)>0 6a f€ L5 (R™)
bepunean 6yacun. Y xonoa Kyuiuoazu meHeCusuK o6axcapuiaou

1
|69 (Fx80m) @] S @ ls(snsy 9@ (MAFI) (X))
52-nemma. w € L5(S" 1), 1 <s <o 6a a € L) bepurean Oyncun. Y

xon0a Kyuuoazu ypuHiu

a(x) B 1

|Ig(x) (fXR”\B(x,r))(x)| Sl w llpsgn-1y 7 s (1a(x)+ﬁ(x)(|f| XRMB(xr)))
0y epoa [ Kyuudasuua aHUKIAH2AH UXMUEPUL (DYHKYUSL

inf |B(x) —L] >0

XEN

6a C =C(a,s,p).
53-1emma. (2 ueeapananean ouux myniam, p € P2(0),

supp(x)a(x) <n,

X€n
inf . a(x) >0, w € L5(S"™), f€ LPO(R) 6a 1 < s < o Gepunean 6yncun. Y

X010a Kyuuoacu meHeCu3iuK yYpuHiu

n
|Ig(x)(f X!Z\B(x,r))(x)| SClwlpsgeyr " PO o),

54-nemma. {2 yeeapananean owux myniam, o € LS(S*1), p € PP¢(Q), 1 <
s < oo, inf, _,a(x) >0 ea sup _,[A(x) + a(x)p(x)] < n oyncun. ¥ yonoa

|Ia) (fX.Q\B(x,r))(x)| <l w ||LS(§n—1) r p(x) ,
ypuniu, 0y epoa ppya)(f) < 1.

a(x)—
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FOxopumaru TeHrcuznuKIapaaH y3rapyBuaH kypcarkuuin Jleber dazomapuna
yerapajJaHTaHJIuK Oylinya Kyinard HaTHKaH| OJIaMU3.

55-treopema. w oOupxcunciu 0-oapaxcaru @ynkyus, o € LS(S™1), s =
()4, 6a 56 B() bepunean 6yncun. Y xonda M, onepamop LPO () ¢azoda
yeeapaniaHeaH.

56-teopema. Aumaiiux @ Oupoxcuncau 0-oapasxcaru  @yukyus, €

Ln=a(S" 1), s> [((1—%)q)] : wE"B(.Q) bepunean 6yacun. Y xonoa
+

7
M, qonepamop (Lp(')(.Q) — 140) (.(2))- yeeapanianean.

57-teopema w bupacunciau 0-oapaxcanu gynkyus, w € LS(S*1), s = (p')4,
8a % € B(R) bepuncan 6yncun. Y xonoa M onepamop LPO(Q) @azooa
yeeapaianean.

58-teopema. 2 uecapananean ouux mynaam, w € LS(S"71), 1< s < oo,
inf,.c,@(x) >0, sup _ a(x)p(x) <n,s = (p)s, 6ap€ P¢(0) 6yncun. ¥ xonda
15(") XYHYK 0pOaU KACP ONepamop (Lp(') ) - Lq(')([)))-qeeapaﬂaHeaH, 0y epoa

1 1 a(x)

ax)  px)  n

59-marmka. Q wezapananean owux myniam, € LS(S™1), 1< s < oo,
inf,c,(x) >0, sup, _,a(X)p(x) <n,s = (p)s, 6ap€ P¢(02) 6yncun. ¥ xonoa

My a(x) XyHyK aoponu xacp onepamop (Lp(')(.Q) - Lq(')(ﬂ))-qeeapaﬂanean, Oy
epoa L1 _ a(x).

ax)  p) n

[y xabu HaTwxanap ¥y3rapyBuaH Kypcarkuwin Moppu ¢dazonapuaa xam
OJIMHTaH.

60-Treopema. 2 myniam R™ oa ueeapananean ouux, 0 < A(x) <A1, <n,s =
Py, W ELS(S™ ), 1<s <, ga p € P2(N) 6yncun. ¥ yonoa M, xymyx

a0ponu maxcuman onepamop LPOAO (Q) ¢pasoda vecapananzan.

61-Tteopema. 2 uecapananean ouux myniam, w oupocuncau 0-0apascanu

Qynkyus, w € Ln-a(S"1), s> [((1 - %)q) ] gq L22/M4 ¢ PPs(Q) 6yncun.y
+

S,
xonoa M, ,XyHyK A0poau Kacp MaKxcuma onepamop (Lp(')'l(')(_(z) — L1040 (.Q))—

1 _ 1 a(x)
yecapananeau, oy epoa pro e TN

62-teopema. @ 6upacuncau 0-dapaxcamu ¢gynxyus , w € LS(S*1),s >
(»")4, 6a p € P2(0) Gepunean 6yncun. V xonda M{, onepamop LPOAO ()
Gazooa yeeapananean.
63-Teopema. ) uecapanancan ovyux myniam, w € L5(S™1), 1< s < oo,
a(x) >0, sup _ [A(x)+a@)p)]<n, s=({@): 6a p€EP2N)
Iz(x)

Nyen
XYHYK S0pOU KAcp Onepamop (Lp(')"l(')(_(z) -

Lq(')"l(')(.Q))—qeeapaﬂaﬂeaHﬁy epoa q(lx) = p(lx) — nfggc).

bepunean 6yacun. Y xonoa
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SAuru metoaHu 60mka GyHKIMoHA (ha3ogapra xaM KyulallliMu3 MyMKHUH.

64-rabpud. X ¢azo |l f lly Hopma anuxnanean nopmanaunean hazo 6yicum.
Xs, s>0 ¢asonu f° € X wmapm 6unan xocun xunuwean. Xg ¢azoda kacp
mapmubau  Kyuuoazu Hopma aHUKIauMu3

1
I fllx: =0 1f1° 1%
65-Teopema. w € LS(S"™1), 1 < s < o 6a X ¢pazo R"0azu ¢pynxyusnapnune
banax nanocapacu o6yacun.Aeap maxcuman onepamop X1 azooa ueeapananean

oynca, y xonoa M, onepamop X ¢hpazooa uecapananean 6ynaou 6a Kyuuoacu

MeH2CU3IUK YPUHIU

” w ”LS(S”_l) M %
T I M,

ns s’

65-teopemanan  (doimanannd, OXHPru YH HIWIIMKIA KEHr YpraHWIa&éTraH
Kyhugarn ¢GyHKuoHan ¢aszonapAa XyHYK SIIPDOJTM MaKCHMald OIMEpaTOpHUHT
gyerapajaHTaHIUTHHA aUTHIIT MyMKHH:

* Mycuenak-Opnnu azonapu,

« V3rapyBuan Kypcarkudig ymymiamras Moppu dazonapy;

* Ymymnamran Opiuu-Moppu ¢azonapu;

* Yy3rapyBuan kypcatkuwin ['epir pazonapu;

 karra JleGer (azonapu.

Cana® ¥yrunran Qazomapgan  ¢dakar Mycuenak-Opnuy  Ba  y3rapyBuaH
KypcaTkuwin ymymiamrad Moppu ¢aszonapu yuyyH OJMHTAH HATKaJapHU OepuIl
Owinan kudosTaHaMu3.

Mycuenak-Opnuu dazocu

LR = {f: 1l f ll o)< oo}
Il f ll,ocH=inf{A > O: fRn‘D (x, @)dx < 1} Hopma OwnaH aHWKTaHaaW, OyHIA

I My, lIx<

xap oup r = 0 yuyn @(-,r) ymuoBiau GyHKnus Ba myHUHrAeK, @: R™" X R, - R,
HOnr pynkmmscuamp.

1

66-Teopema. w € L5(S™™ 1) 6a t» @ (x,t5) xasapux @ynxyus Gepunean
oyncun. P(x,t) Kyuuoazu wapmiapuu KaHOAMJAAHMUPCUH
(Ao (@)
Hlynoait f > 0 conu masoucyoxu, xap oup x € R™* yuyn @(x,) <1 6a ®(x,0) =
1 ypunnu.
(A1 ()
LIynoaii B € (0,1) conu maexcyoxu, xap oup t € [o, (P5)"1(1/|B|)] yuynu

P (Bt) < D5 (1)
ypunu, 0y epoa ®g(t):=inf P (x,t) 6a (L) := sup P (x, t).
(A2 (D))
Llynoaii f > 0 conusa h € LY(R™) N L* (R™) phynxyus massxncyoxu, xap 6up t €
[0,0] ywyn @(x,Bt) < @(y,t) + h(x) + h(y) ypuriu.
V xon0a M,, onepamop L*C)(R™) ¢pazoda ueeapananean.
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Ouaun  ymymiamrad Moppu  ¢aszocuaa XyHYK SAPOJM  ONEPATOPHUHT
yerapaJlaHTaHJIMTHHA UCOOTIamMu3. € Tymiamaarun O6apya YiIdoBiau (QyHKUMsIAp
Kyuujaru

I f lpoec) @)= Sw e I f lp0 @) < @

HopMmara HucOataH banax ¢aszocu »mu. By dasonm y3rapyBuaH KypcaTKUUIH
ymymitamrad Moppu da3zocu neb atananu, 0y epaa 2(x,r) : = B(x,r) N 1.
67-teopema. 2 S R" wecapananean ouux myniam éa (p_) < s < o0 yuyyn

Qxr)
corso - > 06a
rp ()

w € L5(S™Y) 6epunean 6yncun.Azap @(x,r) gyuxyus inf,

s'n - ns’ '
tp(x) rp(x)
wapmaapru Kanoamaaumupca, (oynoa C > 0 conu x 6a r ea 6o2nukmac) y xonoa
M,, xyuyx aoponu maxcuman onepamop LPC9C)(Q) gazooa ueeapananean.
bemnnun 600HU xaM 600 Oyitnda 0ab3u U30XJ1ap Ba HaTHXKaIap YOM ATHIITAH
MaoKoJiajap pPYHXaTWHW KEATHUpUIN OwiaH skyHimaimus. Hatwkamap [14,15]

unuiapaa ¥3 ugolacCiHu TONTaH..

diam(Q2) s’ s
f et dt _ exT)
r
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XVYJIO0CA

1. V3rapysuan kypcatkumumd beprvad (asomapu aHUKIAHTaH Ba OyHpaif
dazonapaa Kymxamiap TYIJIaMy 3ud SKaHIUTH HCOOTIIAaHTaH.

2. V3rapysuan kypcatkmuwim beprmad (asonapuna SKCTPANONAIHS yCyIHIaH
¢oiinanann0, beprMan NPOEKIMSICHHUHT YeTrapalaHTaHIMTHHA UCOOTIAl YYyH
OCOH KEHTaWHIll TyIIyHYaCH KUPUTUJITAH.

3. V3rapyBuan kypcaTkmunnm Beprman (asonapuia KypcaTKUWId (yHKIHS JIOT-
['énmep maptuHM KaHoaTinaHTuprangaa beprman mnpoexkuusacu, bepe3un
anMainTupuiy Ba TEmMI onepaTopuHUHT YerapajaHTaHJIUTY UCOOTIaHTaH.

4. Ymymnamrad karra Moppu ¢dazonmapuna BMO  byHKUMSIM  MOTEHIUAT
omeparop KoMmmyratopu Ba KamnepoH-3urMyHI THOMAArd KOMMYTaTOp
ONEPATOPHUHMHT YErapaJIAHT AHJIATY KYpPCATHUIITaH.

5. bupxuncnu tungaru karra Moppu ¢aszonapuaa KMCMaH YHU3UKIM Ba KHUCMAaH
YU3UKJIM ONepaTopiiap KOMMYTaTOPUHUHT YerapalaHraHIuTd UCOOTIIaHTaH.

6. V3rapysuan kypcarkudmny Pucc yexmu Bapuammsum Gpyrkmmsuap daszocuna Puce
TAaCBUPH XAKUJAru TeopemMa UCOOTIaHTaH.

7. V3rapyBuan  KypcaTKHuIM Bboxnep-Jleder dazonapugaru  YM3HUKIH
(yHKUMOHAUIAp BEKTOp VYIYOBJIAp Y4YyH Y3rapyBuaH KypcaTkuwium Pucc
MabHOCHJIaTH YEKJIW Bapuanusiun (yHkousuiap (aszocu HyKTau HazapujaH
TaBCU(JIAHTaH.

8. XyHyk saponu 6ab3u OnepaTOpIapHUHT YeTapalaHTaHIUTHHH TeKIIMPHUIT YUyH
SIHTY METOJI UIIIa0 YUKHUIITaH.

Huccepranust WM Hazapuii xapakrepra sra Oynu0O, yHaa Takiaud >STuiTaH
METO/JIap Ba OJMHTAaH HaTWXalapJaH HOCTaHIApT (yHKIMoHan ¢da3oJapHU Ba
ylapjard ONEpTOpJIapHU TaAKUK OJTumiaa Qoigananuim MyMKUH. Macanas,
y3rapyBuaH KYpCATKUWIM HOCTAHIAPT aHAIUTUK (yHKIuMsuiap ¢asocu, Karrta
dazonap, y3rapyB4aH KYpCATKUWIM YEKIW Bapuanusuin (yHKIuoHan daszonap,
Makcumain omnepatop, Kangepon-3urmyny oneparopu, Prcc moreHnuan oneparopu
IryJjap >KyMJIacuIaH XucoOJaHaIH.
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INTRODUCTION (abstract of DSc thesis)

Actuality and demand of the theme of the dissertation. In the last decades
it was observed that classical function spaces are no longer the appropriate ambient
space when we attempt to solve some contemporary problems arising naturally in
non-linear elasticity theory, fluid mechanics, mathematical modeling of various
physical phenomena, and solvability problems of non-linear partial differential
equations, to name a few. As an example, we would like to recall that many
materials can be modeled efficiently using the Lebesgue and Sobolev spaces, where
the order of summability p is constant. For some non-homogeneous materials, these
function spaces are not ideal, since the order of summability must measure the
anisotropy of the material, thus we should consider function spaces with variable
order or summability.

The application of non-standard function spaces (for instance, variable
exponent Lebesgue spaces, variable exponent Sobolev spaces, and grand Lebesgue
spaces, to name a few) to some contemporary problems is being developed
intensively, for instance in the modeling of electrorheological fluids as well as
thermorheological fluids, in the study of image processing, and differential
equations with non-standard growth. From a purely mathematical point of view, the
study of these non-standard function spaces is creating new and challenging
problems, especially in questions related to the boundedness of operators from
harmonic analysis, since in many instances the known approaches are not applicable
to the problem at hand. Consequently, the study of non-standard function spaces and
the development of appropriate tools from harmonic analysis is a very active area of
research, which attests to the actuality of this dissertation.

Investigations on the international level in such important areas as functional
analysis, harmonic analysis, mathematical physics, theory of probability and theory
of dynamical systems considered as the main task of fundamental research?. In order
to ensure the implementation of the decision, it is important to develop new function
spaces in order to use scientific results in related fields of sciences.

This dissertation is in line and serves, up to a certain degree, with the tasks
described in the Decrees of the President of the Republic of Uzbekistan DP-2909
dated April 20, 2017 «On measures for further development of the system of higher
education» and DP-3775 dated June 5, 2018 «On additional measures to improve
the quality of education in the higher educational institutions and ensure their active
participation in the wide-scale reforms implemented in the country», in addition to
other normative legal act on this subject.

2 Decree of Cabinet of Ministers of the Republic of Uzbekistan « On measures on the organization of
activities of the first created scientific research institutions of the Academy of Sciences of the Republic of
Uzbekistan» Ne 292 dated May 17, 2017.
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Connection of research to priority directions of development of science
and technologies of the Republic. The research on this thesis was carried out in
conformity with the priority direction of development of science and technology in
the Republic of Uzbekistan V. «Mathematics, mechanics and informaticsy.

Review of foreign research on the topic of the dissertation. Research on
the topic of non-standard function spaces and application to harmonic analysis is
being developed in many institutions and research centers, including the University
of Alabama (USA), University of Turku (Finland), Tokyo Metropolitan University
(Japan), University of Aveiro (Portugal), University of Algarve (Portugal),
University of Naples (Italy), Georgian Academy of Sciences (Georgia), Pontificia
Universidad Javeriana (Colombia), Southern Federal University (Russia), United
Arab Emirates University (UAE), Hiroshima University (Japan), and Artic
University (Norway).

The topic of non-standard function spaces is being intensively studied by
many researchers, we sample a small number of results obtained in the last 5 years:
study atomic and molecular decompositions in 2-microlocal Besov and Triebel-
Lizorkin spaces with variable integrability, including the lifting property,
embeddings and Fourier multipliers (University of Aveiro, Portugal); finding
appropriate conditions for the boundedness of the Hardy-Littlewood maximal
function and averaging operators in the framework of Musielak-Orlicz spaces and
develop some transfer techniques (extrapolation and interpolation) in this
framework (University of Turku, Finland); study of non-standard Banach spaces of
analytic functions, both in the unit disk and in the upper half-plane (University of
Algarve, Portugal and Southern Federal University, Russia); study of grand and
small Lebesgue and Lorentz spaces, including embeddings and interpolation
(University of Naples, Italy); study of grand Morrey spaces, including Stein type
interpolation (Georgian Academy of Sciences, Georgia).

The degree of scrutiny of the problem. The variable exponent Lebesgue
spaces were introduced by W. Orlicz in 1931 but these spaces did not attract
immediate attention, except in the work of H. Nakano in the 1950s as a particular
case of modular spaces. In the 1970s these function spaces appeared in the works of
I. Sharapudinov with application to the problem of best approximation, and in the
’80s V. Zhikov applied variable exponent Lebesgue spaces to problems in the
calculus of variations. In 1991 O. Kovacik and J. Rakosnik published the influential
paper in the theory of variable exponent spaces. After this paper, these spaces
attracted the attention of many researchers, e.g. A. Almeida, C. Capone, D. Cruz-
Uribe, L. Diening, D. E. Edmunds, A. Fiorenza, F. Futamura, M. Hajibayov, P.
Harjulehto, P. Histd, M. Khabazi®, V. Kokilashvili, T. Kopaliani, M. Koskenoja, O.
Kovacik, J. Lang, V. Latvala, A. Lerner, J.M. Martell, F. Mamedov, A. Meskhi, Y.
Mizuta, A. Nekvinda, C.J. Neugebauer, V. Paatashvili, M. Pere, C. Perez, H.

Rafeiro, J. Rakosnik, M. Ruzi¢ka, N. Samko, S. Samko, Y. Sawano, I.
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Sharapudinov, E. Shargorodsky, T. Shimomura, B. Vakulov, V. ZhikovT, the list is
far from complete. The theory of variable exponent and Sobolev Lebesgue spaces
can be found clearly in the monograph of D.V. Cruz-Uribe and A. Fiorenza and also
in the monograph of L. Diening, P. Hésto, P. Harjulehto, and M. Riizi¢ka, where a
considerable portion of the latter is devoted to applications to PDEs and fluid
dynamics. In the book of V. Kokilashvili and V. Paatashvili, the study of boundary
value problems is solved in domains with non-smooth boundaries in the framework
of weighted variable exponent Lebesgue spaces.

Another non-standard function space that caught the attention of researchers is
the so-called grand Lebesgue space, which was introduced by T. Ilwaniec and C.
Sbordone in 1992 dealing with the problem of the integrability properties of the
Jacobian. These spaces turned out to be appropriate for treating the existence and
uniqueness, as well as the regularity problems for various non-linear differential
equations. The theory of operators in these spaces have been intensively studied
during the last years, we can mention the following researchers: G. Anatriello, C.
Capone, N. Danelia, G. Di Fratto A. Fiorenza, L. Greco B. Gupta, T. Iwaniec, P.
Jain, G. E. Karadzhov, V. Kokilashvili A. Meskhi, H. Rafeiro, J. M. Rakotoson, S.
Samko, C. Shordone, and S. Umarkhadzhiev, among many others.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation research
Is carried out in the Institute of Mathematics of the Academy of Sciences of the
Republic of Uzbekistan OT-F4-82 — “Local differentiation in operator and non-
associative algebras and automorphisms, phase transitions and chaos in nonlinear
dynamical systems” (2017-2020) and in UAEU (G00002994) “Nonstandard
Bergman type spaces” (2019-2020) within the framework of fundamental projects.

The aim of the research work was to introduce new non-standard function
spaces, prove the boundedness of several well-known operators of harmonic
analysis, and develop new tools to overcome the difficulties arising in these new
environments.

Research tasks:

Define variable exponent Bergman spaces (VEBS) and investigate some of its
structural properties;

Study the boundedness and compactness of some operators in VEBS;

Extended some of the results obtained in VEBS to the framework of analytic
functions belonging to the variable exponent Morrey spaces over the unit disc and
the upper half-plane;

Introduce generalized grand Morrey spaces (both in the Euclidean case and in
the quasimetric measure space case) and prove a boundedness metatheorem;

Define bounded variation spaces with variable parameter, in the Wiener and in
the Riesz sense, and study their basic properties;

Characterize global Lipschitz Nemytskii operators in the Riesz-bounded
variation space with variable exponent; and
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Prove the boundedness of some operators with rough kernel in few non-
standard function spaces.

The research object: variable exponent Bergman spaces, variable exponent
bounded variation spaces, generalized grand Morrey spaces, Bergman projection,
maximal operator, Riesz potential operator, and Calderon-Zygmund operators.

The research subject: spaces of measurable functions, spaces of bounded
variation functions, spaces of analytic functions, and classical operators of harmonic
analysis.

Research methods: we relied on methods from functional analysis, harmonic
analysis, complex analysis, and real analysis.

The scientific novelty of the research is as follows:

Introduction of the notion of mollified dilation in the framework of variable
exponent Bergman spaces (VEBS) which allows us to prove the boundedness of the
Bergman projection in VEBS through the usage of extrapolation technique;

Proof of the boundedness of several operators (e.g. Bergman projection,
Berezin transform, and Toeplitz operator) in VEBS;

Proof that the commutator of Calderén—Zygmund type operators, as well as the
commutator of a potential operator with a BMO function, are bounded in a
generalized grand Morrey space even in the setting of spaces of homogeneous type;

Proof of a Riesz representation lemma in variable exponent bounded variation
spaces in the Riesz sense;

Description of the linear functionals on variable exponent Bochner-Lebesgue
spaces in terms of the variable exponent Riesz bounded variation spaces for vector
measures.

Practical results of the research. New methods were developed in the theory
of Bergman spaces. The methods used in the study of generalized grand Morrey
spaces, allows us to obtain interior estimates for solutions of elliptic equations in the
framework of generalized grand Morrey spaces. The result, concerning the
boundedness of operators with rough kernel, allows us to, essentially, transfer the
results of the classical operators to the case of operators with rough kernel under
mild conditions on the kernel.

The reliability of the results of the study. Our results have been obtained by
using the methods of functional analysis, harmonic analysis, and the theory of
functions in conjunction with formal mathematical arguments.

The scientific and practical significance of research results. The scientific
value of the research stems from the fact that the results and techniques obtained in
the dissertation can be used for further investigation on non-standard function
spaces and operator theory in such framework.

The significance of the results, apart from their interesting mathematical
structure, lies in the fact that non-standard function spaces appear in applications.

Implementation of the research results. In according to obtained results on
non-standard function spaces and operator theory:

introduction of the variable exponent Bergman space (VEBS) in the disc is

used to Calderéon—Zygmund operators for proving the boundedness of the Bergman
38



projection in Lebesgue spaces on the unit disc in foreign scientific journals
(Complex Var. Elliptic Equ. 61, No. 8, 1090-1106 (2016), J. Math. Sci., New York
226, No. 4, 344-354 (2017), J. Funct. Spaces 2018, Article 1D 8751849, 8 p.
(2018)). The application of the scientific results made it possible to introduce and
study the mixed-norm VEBS as well as the study of VEBS on the upper-half-plane,
and to obtain a Lipschitz type characterizations of VEBS under appropriate
conditions on the variable exponent;

introduction of the notion of mollified dilation in the framework of VEBS
which allows us to prove the boundedness of the Bergman projection through the
usage of extrapolation technique in the papers of foreign scientific journals (Czech.
Math. J. 70, No. 1, 187-204 (2020), Int. J. Math. Math. Sci. 2018, Article 1D
1417989, 11 p. (2018), Mediterr. J. Math. 17, No. 1, Paper No. 9, 13 p. (2020)). The
application of the scientific results made it possible to introduce and study some
structural properties of variable exponent Fock spaces, the study the compactness of
some classes of bounded operators on the Bergman space with variable exponent
and to investigate the continuity and compactness of composition operators on
variable exponent Bergman space;

proof of the boundedness of several operators in VEBS is used to consider the
modular inequalities for some linear operators on Lebesgue spaces with variable
exponent on the complex plane in the papers of foreign scientific journals (Adv.
Oper. Theory, 4, No. 4, 738-749(2019), Math. Notes 106, No. 2, 229-234 (2019),
Complex Analysis and Operator Theory 13, 275-289 (2019)). The application of the
scientific results made it possible to introduce and study to variable exponent Hardy
space of analytic functions on the unit disk, to show that if modular inequality of
some linear operators are valid then the variable exponent must be constant.

Approbation of the research results. The results that constitute this
dissertation were discussed at 8 international conferences, viz. in the University of
Aveiro (Portugal, 2019), Instituto Superior Técnico (Portugal, 2019), American
University of Sharjah (UAE, 2019), Southern Federal University (Russia, 2018),
Holon Institute of Technology (Israel, 2017), University of Macau (China, 2015),
ISAAC 9th Congress (Poland, 2013), and University of Rijeka (Croatia, 2012).

Publications of the research results. The results of this dissertation are
published in 15 scientific papers, included in the list of scientific publications
proposed by the Higher Attestation Commission of the Republic of Uzbekistan for
the defense of the doctoral dissertations, 14 of them published in international
scientific journals and the remaining publication as a book chapter in a leading
publisher.

The structure and volume of the dissertation. The thesis consists of an
introduction, five chapters, a conclusion, a list of published works, and a
bibliography. Each chapter ends with a section devoted to notes and bibliographic
references. The thesis is 210 pages long.
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THE MAIN CONTENT OF THE DISSERTATION

In the «Introduction», the relevance of the topic of the thesis is justified.

The first chapter, entitled «Preliminaries on variable exponent Lebesgue
spaces», gives a concise introduction to the so-called variable exponent Lebesgue
spaces LP()(2), for the convenience of the reader and to make the exposition more
self-contained.

In the second chapter, termed «Variable exponent Bergman spaces», we
define variable exponent Bergman spaces and show some fundamental properties.
This turned out to be a very interesting topic since the classical approach to
Bergman spaces fails in the variable framework. To circumvent this problem, we
rely on techniques from real harmonic analysis, variable exponent spaces, and
complex function theory. We start by defining variable exponent Bergman spaces
and to show that, under suitable conditions on the exponent, they are Banach spaces.
To overcome the anisotropy of the space, we introduce the concept of mollified
dilation and show some of its properties to deal with the problem of approximation
in the variable exponent Bergman spaces. We study the Bergman projection and
prove that it remains bounded in the case of variable exponent Bergman spaces
using extrapolation theory. We also address the problem of duality in this setting.
We define and characterize Carleson measures in the setting of variable exponent
Bergman spaces and we further estimate the norm of the reproducing kernels in this
framework. Using the notion of Carleson measure, we characterize the boundedness
of the Toeplitz operator in the variable exponent Bergman spaces, whereas the
compactness of the Toeplitz operator in the aforementioned space is characterized
by the notion of vanishing Carleson measures. Using the Zaharjuta and Judovi¢
representation of the Bergman projection, we end this chapter obtaining the
boundedness of the Bergman projection (once more) in variable exponent Bergman
spaces (this approach allows us to show boundedness for Orlicz spaces and
generalized variable exponent Morrey spaces, spaces where the extrapolation
technique is not applicable).

We introduce the notion of variable exponent Bergman spaces A?) (D) as
APO(D) = {f is an analytic function and g,y (f) < o0},
where g, (f) : = [ | f(2)|[P*dA(2) and we show that, under suitable conditions
on the exponent, they are Banach spaces. We also obtain an estimate for the
evaluation functional y,(f)(z) : = f(2) in the following way:
Theorem 1. Let p € IP(ID). Then for every a € D the evaluation functional y,
is bounded. Moreover,

7 Slye IS =
(1 —lah?/P (1 —lah?/P

The density of polynomials in AP)(DD) is proved, under the condition p €
Pl°¢(D). This density is obtained via an approximation theorem for functions in
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variable exponent Bergman spaces. The approximation theorem relies on the newly
introduced notion of mollified dilation f,: %]D — C, which is introduced as

fi(2):= ij (rw), (2 — w)dAW),

where pD stands for the complex unit disk rescaled by a factor of p and n,. is an
appropriate C* function supported on the set 12;:@. The function z = f,.(z), enjoys
the following nice properties: (a) it is analytic in 1%]])), ) f,(z2) » f(z)asr - 17,
(c) forzeDand 1/2 <r <1 we have f,.(z) S Mf(z) where M is the maximal
operator, and (d) for zeD and 1/2<r <1, f.(z) € APO(D) and | f. —
f oy asr - 17

We also study the boundedness of the Bergman projection P, where P is given by:

_ fw)

The usual proof of the boundedness P: L? (D) — AP (D) relies on Schur’s lemma to
show the boundedness of some auxiliary operators. Due to the nature of our
problem, we devised the use of Rubio de Francia extrapolation theorem together
with a classical result due to Bekollé and Bonami. We have:

Theorem 2. Let p € P¢(ID). Then the Bergman projection P is bounded

from LPO) (D) onto AP (D).
As a consequence of Theorem 2, we obtain:

Theorem 3. Let p € P2(D). Then the dual space of AP")(DD) can be
identified with AP'O(D), where 1/p(-)+1/p'(-) = 1. Each functional ¢ €
(APO)(ID))* has a unique representation

() = ij (D@D AAR)

for some g € AP'O(D) with | ¢ lI=<ll g I 7, -
Given a > —1 we consider the a-Berezin transform defined for f € L1(D) as:
(1 -]z = |w|»)*
Buf(2):=(a+ 1) | S ndaw)
We studied the boundedness of the a-Berezin transform in variable exponent
spaces, namely:
Theorem 4. Let p € P¢(D). Then the a-Berezin transform is bounded on

the space LPO) (D).
We also obtained an upper bound for the kernel
1
ka(Z)zm, a,ZE]D

Theorem 5. Let p € P¢(ID). Then there exists a constant ¢ > 0 such that
for everya € D,
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C
(1= la|?)?/P@
The next result gives an estimate for the norm of the functional y,, improving the
one previously obtained.
Theorem 6. Let p € P2(ID). Then, for every z € D, we have

2
I 2P N 4oy <

Iy, I= A= 2@

The previous result allows us to get an estimate for the norm of the functions k,,
a € D by using the duality of A4?®)(D) and the fact that the functions k,, a € D,
satisfy the reproducing property f(z) = [ f W)k, (w)dA(w) for every f €
AY(ID). Thus, we following equivalence is valid || v, lI=Il k, 4270 (my- This result is
presented in the following theorem.

Theorem 7. Let p € P°¢(ID). Then for every z € D we have that
1

I ez llgrer )= (1 — |z|2)2(-1/p@)

A notion of Carleson measures adapted to the variable exponent Lebesgue spaces is
introduced, namely, we say that a positive Borel measure u is a Carleson measure
for the variable exponent Bergman space APO)(D) if APO)(D) is continuously
embedded in LPO (D, p), i.e. APO(D) & LPO (D, ). We characterized the Carleson
measures in AP0 (D), namely:

Theorem 8. Let u be a finite, positive Borel measure on D and p € P2(D).
Then u is a Carleson measure for AP (D) if and only if there exist constants C > 0
and 0 < r <1 such that for every a € D, u(D,(a)) < C|D,(a)|, where D,.(a) is
the pseudo-hyperbolic disk.
We say that a positive Borel measure p is a vanishing Carleson measure for the
variable exponent Bergman space AP()(DD) if the space AP()(DD) is compactly
embedded in LPO (D, p).

Theorem 9. Let u be a finite, positive Borel measure on D and p € P2(D).

Then u is a vanishing Carleson measure for AP (D) if and only if for every 0 <

1 u(Dr(a))
"< @)
Recall that, given a function ¢ € L'(ID), we define the Toeplitz operator T, on the

set of polynomials as

—0as|al > 1".

T,f(2) = fo W)k ()9 (W)AAW).

The following characterization of the boundedness of Toeplitz operators in terms of
Carleson measures was obtained.

Theorem 10. Let p € P¢(D) and ¢ € L'(D). Denote by u a positive measure
such that du = @dA. Then the following are equivalent:
5. T, is bounded on A?0)(D);

6. B isbounded on D;
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7. wisa Carleson measure for AP (D).
Using similar tools, we can link the notion of compactness of a Toeplitz operator,
with Berezin transforms and vanishing Carleson measures, namely:

Theorem 11. Let p € P“2(ID) and ¢ € L*(ID). Denote by u a positive measure
such that du = @dA. Then the following are equivalent:

8. T, is compact on AP0 (D).

9. Bp(z)->0as|z|—->1".

10. u is a vanishing Carleson measure in AP (D).
We also prove the boundedness of the Bergman projection via boundedness of
Calderon-Zygmund singular operators and the representation of the Bergman
projection in terms of the Caldéron-Zygmund singular operator T

Pf(z) = Kif (2) + K»f (2),

where K; is the integral operator with bounded kernel

Ki(z,w) = ()(D(Oé_l) (z) +x 0,1) (Z))(D(%) (W)) kv (2),

D(0,1)\D(T
and
(—z
_ 2(t=3)
Kf(z) = XD(0,1)\D(0,1/2)(Z) TEE g(§)dA(J),
D(0,2)\D(0,1)
and
(2
g = Qf(f)W' { € D,.

We finish the chapter providing some notes and bibliographic references related to
chapter 2. The results obtained in Chapter 2 appeared in Chacén and Rafeiro [5, 6],
Chacoén, Rafeiro, and Vallejo [7], and Karapetyants, Rafeiro, and Samko [8].
Chapter three, named «Non-standard Morrey type spaces», is devoted to the
introduction of grand grand Morrey spaces, sometimes denoted simply as
generalized grand Morrey spaces, where both parameters defining the space are
subject to an aggrandization procedure. A type of metatheorem is proved, which
allows us to transfer the boundedness results of some operators from Morrey spaces
into the newly introduced spaces. Similar results are obtained in the framework of
quasimetric measure spaces, where we obtain the boundedness of Hardy-L.ittlewood
maximal operator, Calderéon-Zygmund operators, as well as the Riesz type potential
operator.
For1 <p < ooand 0 < 1 < 1, the Morrey space LP*() is introduced as the set of
all measurable functions such that

1
£ Nypagayi= Sup <—f 'f(y)lpdy> s
A e \ B g

o<r<d

S|
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where d = diam 2 and 2(x,r): =2 NB(x,r).For >0, a > 0,1 < p < oo, and
6

0 < 1 < 1, we consider the functional dbgﬁ(f, §):= sup0<g<seﬁ I f Il p-ea-ae gy,
where 0 < s < min{p — 1, 1/a} (we make a convention that the quotient A/a when
a=0isalways A/a:= oo evenif 1 = 0).

letl<p<o0,0>0,a=>0,and 0 <1< 1. By Lp)’l)(!z) we denote the space of
measurable functions having the finite norm

pl : A
I f ”LP)./'D(_Q): = (D (f Smax) Smax = MIN {p -1 a}
The space Lp) A) () is entitled grand grand Morrey space.
For fixed p, 6,4, a, f we have that s — qb;’o’}(f s) is a non-decreasing function, but
it is possible to estimate cbga(f s) via cbg (f, o) with ¢ < s as follows.

Lemma 13. Let 2 be a bounded open set. For 0 < ¢ < s < min {p — 1%} we

have that
pA o L P
Py (f,s) < CsP=Sa P~y (f,0),
where C depends on n, the parameters p, 4,6, a, and the diameter d, but does not
depend on f,s, and o.
From Lemma 13 we immediately have

Lemma 14. For 0 < o < min{p — 1,%}, we have

oP (f,0)
I f gy < €=
gb—0
where C depends onn,p, 4, 8, a, and d, but does not depend on f and .

The next result, which is a transfer theorem, although simple in form, has very wide
applications.

Lemma 15. Let U be an operator (not necessarily linear!) bounded in the
usual Morrey spaces LP~4~%€():

I Uf Nl p-ea-az )< Cp—ga—ae | [l p-ea-aeq
for all sufficiently small ¢ € (0,0), where 0 <o < min {p— 1&} If we
additionally have sup,_.__Cp_¢1-as < o, then the operator U is also bounded in
the grand grand Morrey space Lp) A 0):
I Uf IIL%A)(Q)S Cllf IILZ?‘,XA)(Q)
with

C
c=—2

sup C p—eA—aer
0_p—o_ oe<o

where C, may depend on n,p, 4, 8, « and d, but does not depend on o.
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Relying on the previous result and previously known boundedness results in the
classical Morrey spaces we obtain:
Theorem 16. Let 1 <p < o0,0 > 0,a = 0,and 0 < 4 < 1. Then the Hardy-

Littlewood maximal operator is bounded in grand grand Morrey spaces L’;?;f) ().

Theorem 17. Let 1<p <o, 8 >0, and 0 < A< 1. Then the Calderon-

Zygmund operator T with the standard kernel is bounded in grand grand Morrey

spaces L5 (02).

We also introduce grand grand Morrey spaces in the framework of spaces of
homogeneous type, we need to recall some definitions. Let X :=(X,d,u) be a
topological space with a complete measure u such that the space of compactly
supported continuous functions is dense in L*(X, u) and d is a quasimetric, i.e. it is a
non-negative real-valued function d on X X X which satisfies the conditions:

11. d(x,y) = 0 ifand only if x = y;

12. there exists a constant C; > 0 such that d(x, y) < C;[d(x,z) + d(z,y)], for

all x,y,z € X, and
13. there exists a constant C; > 0 such that d(x,y) < C - d(y,x), forall x,y €
X.

Let u be a positive measure on the o-algebra of subsets of X which contains the d-
balls B(x,r). Everywhere in the sequel we assume that all the balls have a finite
measure, that is, uB(x,r) <oo for all x€ X and r >0 and that for every
neighborhood V of x € X, there exists r > 0 such that B(x,r) c V. We say that the
measure pu is lower a-Ahlfors regular, if uB(x,r) = cr® and upper [-Ahlfors
regular (or, it satisfies the growth condition of degree B), if uB(x,r) < crf, where
a,3,c > 0 does not depend on x and r. When a = 8, the measure u is simply
called a-Ahlfors regular.
The triplet (X,d, u), with u satisfying the doubling condition, is said a space of
homogeneous type, abbreviated by SHT.
For1<p <o and 0 <A < 1, the usual Morrey space LP*(X, u) is introduced as

the set of all measurable functions such that
1

1 P
D= - p 00
I f "Lp./l(X,u)' ilel}() <MB (x, 7’)"l L(x,r)lf(y)l du(y)) =

o<r<dy
Sometimes we will need a modification of the previous Morrey space, namely, we
define LPA(X, u) as

1
Hf W page i = sup (mfs

0<r<dy (1)

We will assume that the measure u is upper y-Ahlfors regular.
After introducing grand grand Morrey spaces in the framework of SHT in a slightly
more general way as was done in the Euclidean case, we show that the same
reduction lemma is valid in the setting of SHT. A real-valued non-negative function
45
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¢ defined in [0, #] is called almost increasing if exists C = 0 such that ¢(x) <

Co(y) for all x < y. We introduce the following functional
1

A p—¢
¢£,A(f’ S) = sup (p(g)p | f ”Lp—s,A—A(e)(X‘M)-

0<e<s
Definition 18. Let 1 < p < o0, 0 < A1 < 1, ¢ be a positive bounded function

with lim,_ . @(t) = 0 and A be a non-decreasing real-valued non-negative function
with lim,_,y,A(x) = 0. By LZ)’;’P (X, u) we denote the space of measurable functions
having the finite norm

A :
I f "LZ,)’X)(X): = ¢£,A (f'Smax)r  Smax = min{p — 1,a}
where a = sup{x > 0: A(x) < 1}.
For fixed p, 4, @, A, f we have that s — ¢£:j(f, s) iIs a non-decreasing function, but

it is possible to estimate qb;fj(f, s) via db(%(f, o) with o < s as follows.
Lemma 19. For 0 < ¢ < s < s,,,, We have that

1
OLA(f,5) < Co(0) PO (f,0),
where C depends on y, the parameters p, A, ¢, A, and the diameter dy, but does not
depend on f,s, and o.
Lemma 20. For 0 < 0 < s,,,,, the norm defined in Definition 18 has the
following dominant
cbp”l ,0
I f ||Lp),A)(X)S CLfl),
@A —
@(o)p—°
where C depends on y, p, 4, ¢, A and dy, but does not depend on f and o.
The following boundedness result was obtained.
Lemma 21. Let U be an operator (not necessarily sublinear) bounded in the
Morrey spaces

Il Uf ”Lq—&l—Az(E)(X)S Cp—s,/’l—Al(e),q—s,/l—Az(e) | f ”LP—&A—A1(E)(X)
for all sufficiently small € € (0, 0], where 0 < g < S, If

sup Cp—s,)l—Al(e),q—s,/l—Az(g) <o
0e<o

and

(0.0)

1
£)a-¢
p YO
0e<o (p(E)ﬁ
then it is also bounded in the grand grand Morrey space
<
| Uf ”Ltg,ﬁ)z(x)_ Clf ”LZ),Q(X)
with
Co

C=——73 sup Cp_ga—a,(e)q-e1-Aa,(e)
—— 0<e<o

p(o)r—°
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where C, may depend on ¥, p, A, @, A and dy, but does not depend on ¢ and f.
As an application of the Theorem 21, we obtain boundedness result for the Hardy-
Littlewood maximal operator as well as the boundedness for the Calderon-Zygmund
operator.

Theorem 22. Let 1 <p < oo and 0 <A< 1. Then the Hardy-Littlewood

maximal operator is bounded from Lp) )(X w) to Lp) A)(X w) if exists small o such

1 1
that sup,_._ ¥(e)7¢/p(e)p-¢ < 0.
Theorem 23. Let 1 <p < oo, and 0 < A < 1. Then the Calderon-Zygmund
operator T bounded in grand grand Morrey spaces Lp) )(X Ww.

We define the modified grand grand Morrey space as
1

Il f oy, i= sup @EPEINf Il p-ca-ace
, Lr- @(x
L(p,A (X!I’l') 0<€<5max ( nu)

where s, = min{p — 1,a} with a = sup{x > 0: A(x) < A}. If ¢(e) :=¢?, when
6 is a positive number, we denote || f IILp)A)(X 0= A f ”Lp)l)(X 0’

Definition 24. On an interval (0,45], § is small, we define the following

functions:

y(x—q)(1 =21+ 4;(x))
Y1 -2+ 4;(x) —alx—q)
G i= g - Y @=DU A+ Ai)

YA =2+ A4,(x)) —alp —x)
ax —q) Ax) = 1-2+4,(n)

y(1 =21+ A4,(x) YA =2+A () — (@ —-na
() : =)D, D) =)D, P(e) = p(e™), W(e) = d(e™),

for 6; > 0.
We now state the boundedness result for the Riesz potential operator, namely:

Theorem 25. Let 1 <p <00, 0<a<((1-A)y)/p,0<A<1,1/p—-1/q =
a/((1—A)y). Suppose that 8; > 0 and that 8, = 6,[1 + aq/((1 — A1)y)]. Let A,
and A, be continuous non-negative functions on (0,p —1] and (0,q —1]
respectively satisfying the conditions:

14. A, € €1((0,8]) for some positive § > 0;

15. limy_9, A, (x) = 0

$(x) =

Ax)=1-

16. 0 < Bi= lim %2 (x) < & Ok
x—0+ dx _
17. A;(n) = A,(~ (M), where ¢ 1 is the inverse of ¢ on (0, §] for some § >

0.
Then the Riesz potential operator I is (Lgij’l) X, 0) - LQ) )(X ,u)) bounded.

Corollary 26. Let 1<p<oo, 0<a < ((1- A)y)/p, 0<A<1, 1/p-—
1/q = a/((1 — A)y). Suppose that 6, > 0 and that 6, > 0,(1 + aq/(1 — A)). Let
A, (x) = ax, where a is a non-negative constant satisfying the condition a < (1 —
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D?/(aq?). Let Ay(x) =ad™'(x). Then 1% is (LB (X, ) - £D7) (X, ))-
bounded.

It is also possible to prove a similar result of Theorem 25, but now requiring
conditions on the function A4,, namely
1 a

Theorem 27. Let 1<p<oo, 0<a<1l 0<A<1-ap, %_Ezﬂ

Suppose that 6; > 0 and that 6, > 6,(1 + ) Let A; and A, be continuous non-
negative functions on (0,p —1] and (0, q — 1] respectively satisfying the
conditions:

18. A; € C((0,5]) for some positive § > 0;

19. limy_o4+A1(x) = 0;

20. By :=lim,_, %(x) > 0;

21. A,(x) = A1 (d~1(x)) on (0, 5] for some § > 0.
Then the Riesz potential operator I% is (Lp) A X, w) - LQ) A) (X, M)) bounded.
By a Riesz type potential operator defined via measure, we mean an operator of the
type

f(y)

px,d(x,y))t=*

19f () : = jX du(y)

where 0 < a < 1.
We obtain the following result for such operator.

Theorem 28. Let 1<p <o, 0<a<(1-A)/p, 0<A<], 1/p—1/q =
a/(1 — A). Suppose that 8; > 0 and that 8, = 6,(1 + aq/(1 — 1)). Let A; and A,
be continuous non-negative functions on (0,p — 1] and (0,q — 1] respectively
satisfying the conditions:

22. A, € C1((0,8]) for some positive § > 0;

23. limy_94+A5(x) = 0;

24. 0 < B:= lim £ 4,(x) < &2
x—0+ dx CI _
25. A;(n) = A,(d~1(n)), where ¢ 1 is the inverse of ¢ on (0, §] for some &§ >
0.

Then the Riesz potential operator I* is (Lp) A X, ) — Lq) A 2, (X M)) bounded.

We also deal with potential operators in the framework of nonhomogeneous spaces.
Namely, let (X, d, u) be a topological space with a complete measure u such that the
space of compactly supported functions are dense in L(X, 1) and d is a quasimetric
satisfying the standard conditions. We will also assume that dy = diam(X) < oo. In
what follows we do NOT assume that u is doubling!

Let

(Kaf)(x) = fX %dum,

where0 < a < 1.
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We need the following modified maximal operator on X
(Mf)(x) SUP B (xa, Nor) B(ml f)ldu(y),
where N, = C;(1+ 2C,) and the constants C, and C; are from the definition of
quasimetric d. Let b be a constant. We will use the symbol bB for a ball B(x, br),
where B = B(x,1).
We now define a modified Morrey space, which will be useful for our purposes.
Definition 29. Let 1 < p < oo and let 0 < A < 1. Suppose that a is a positive

constant. We denote by LP*(X, u),, the modified Morrey space defined by the norm
1

[y P800
e IR

Let us study the boundedness of the operator K, from the space Lp) Y (X Wy, to
Lq)’l) (X, W) n,a Where the space L’Z)?;f) (X, 1), is defined by the norm

I f lpac = sup <

xX€X,0<r

1
p—&

0
€
I f Il o = sup su [— p—¢ g ]

f Lg'A Xl)a 0<ssg—1x,7P MB(x,ar) B(x‘r)lf(y)l 'u(y)

The following results was obtained.

Theorem 30. Let 1<p <o, 0<a<(1-1)/p, 0<A<], 1/p—1/q =
a/(1 — A). Suppose that 8; > 0 and that 8, = 6,(1 + aq/(1 — 1)). Let A; and A,
be continuous non-negative functions on (0,p — 1] and (0,q — 1] respectively
satisfying the conditions:

26. A, € C1((0,6]) for some positive § > 0;

27. limy_94+A5(x) = 0;

28. 0< B:= lim < A,(x) < &2
x—0+ dx CI _
29. A;(n) = A,(¢~1(n)), where ¢~1 is the inverse of ¢ on (0, 5] for some § >

0.
Then the potential operator K¢ is (Lp) A (x, W, = Lq) A w (X, Wy a) bounded.

We can also show an extended version of the reduction Iemma, namely:
Lemma 31. Let U and A be operators (not necessarily sublinear) satisfying
the following relation in Morrey spaces

Iuf Il q-e2- AZ(f)(x)< C —&,A—A1(€),q—&A—A5(¢) I Af ||LP—€,/1—A1(€)(X)
for all sufficiently small € € (0, 0], where 0 < g < s, If

sup Cp—s,)l—Al(e),q—s,/l—Az(g) <o
0e<o

and

sup < 00,

0<e<o

P(e)a-¢
p(e)P=2

then the relation is also valid in the generalized grand Morrey space
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| Uf "L?l}),ﬁ)z(x)g C Il Af "Lp(p)'ﬁi(x)

with
Co
C= — 1 Sup Cp—e,A—Al(s),q—s,A—Az(e):

(p(O’)pTG 0<e<o
where C, may depend on v, p, A, ¢, A and dy, but does not depend on ¢ and f.
In what follows by D(X) we denote the set of all bounded functions. The following
boundedness results were obtained.

Theorem 32. Let 1<p<oo, >0, and 0 <A< 1. Suppose T is a

Calderon-Zygmund operator and b € BMO(X). Then the commutator operator
[b, T] is bounded in L’é)j()_)(X, 1) N D(X).

Theorem 33. Let I* be a potential operator and let M be the maximal operator.
Assumethat 1 <p <0, 0<a<(1-1)/p,0<A<1,1/p—1/g=a/(1-21).
Suppose that 6; >0 and that 6, > 6,[1+ aq/(1—A1)]. Let A; and A, be
continuous non-negative functions on (0,p —1] and (0,q — 1] respectively
satisfying the conditions:

30. 4, € C*((0, 8]) for some positive § > 0;

g 4 (1-1)?
32. 0 < B: = xlirgzt dxAz(x) < o= )
33. A, (n) = A,(¢~1(n)), where ¢~ is the inverse of ¢ on (0, 5] for some § >

0.
If b€ BMO(X), then the operator M[b,I*] is bounded from the space

p).A) Q),A)
L91,A1(') (X, ) to LGZ,AZ(-) X, 1).

Theorem 34. Let the conditions of Theorem 33 be fulfilled. Then the

; p).A) q),4)
commutator [b, I,] is bounded from Lo/ a0y (X,u)to LQZ,AZ(_)(X, .

We define the weighted grand Morrey space Mff,)l’,f;’; (X) as follows:

,0,4
MDA = {F 0 f Uypon < oo}

w1,Wp

where
1

1 p-¢
I f Ny i= sup sup—(eg | |f(x)|p-fw1<x)du(x>) ,

w1,Ww2 0<e<p—-1BcX (WZ B))/1
wo(B) = [, wy (X)du(x), p(X) < 0,1 <p <o,0<1<1/p, 6 >0,andw; and
w, are weight functions on X, i.e. almost everywhere positive and integrable

functions on X. Now we define another type of grand Morrey space || f I, ».6.1 x"
wi1,w2

In this case, one of the weight function plays the role of a multiplier in the definition
of a norm. This space is defined with respect to the norm:

1
Il fll »6r,:= sup su
f M‘/IZLWZ ) 0<s<g—1BC£)( (WZ (B)))L

1

(ee f |f(x)w1<x>|p-fdu(x>)p_g.
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X) (MPPA(x), respectively) by

If w; =w,:=w, then we denote M‘f,)l',ﬁ',’; Wy
MPP2 00y (M2 (x), respectively).
We will assume that a sublinear operator T, defined on a class of measurable
functions f:X — R satisfies the condition: there is a positive constant c, such that
for all f € L' (X) with compact support and x & supp f,
lf ()l
TFl < | du).
° Jx uB(x,d(x,))

In this case, we say that T satisfies condition S(X).

Theorem 35. Let 1<p <o, >0, 0<A<1/p, weA,(X). If the
sublinear operator T satisfies condition S(X) and condition B,.(X) for 1 <r < p,

then the inequality
| Tf IIM‘;;),G,A(X)S CIlf "Ma'f'“(xy f € D(X)

holds.
Let 0 < a < 1. We say that a sublinear operator T, of fractional type satisfies the
condition S, (X) if there is a positive constant C such that for all functions f €
L' (X) with compact supports and all x & supp f,
f)
T <€ | etz du).

Like in the diagonal case, we will also suppose that the sublinear operator T, is
bounded between appropriate weighted Lebesgue spaces.

Definition 36. Let 0 < @ < 1and 1 <r < 1/a. We set s = ——. We say that

a sublinear operator T, satisfies the condition B, , (X) if there exists a positive
constant C independent of f such that for every weight w € A,/ (X) the
inequality

I Te (FW®) Nz, 0= €Il f iy f € DCX),
is fulfilled. Further, we say that a sublinear operator T, satisfy the condition
Bars(X), 1 <7 <s < oo, if it is bounded from L -(X) to LS s(X) for every weight
w € A, ((X).
Theorem 37. Let0 <@ <1,1<p < 1/a,and 8 > 0. We set g = 1_’;@. Let
sublinear operator T, satisfy the conditions S, (X) and B, , s(X) for all (r,s) with

the condition r < p, s < q and %—§ = a. Suppose that 0 < A1 < 1/q and that w €

A1 4q/p(X). Then there is a constant ¢ > 0 such that for all f € M,’A’,)’Q’A(X),
I T, (fw®) ”M‘?V),qe/p,l(X)S cll f ||M£),9,A(X), f € D(X).
Theorem 38. Let 0 <a <1, 1<p<1/a, and 6 > 0. We set g = 1_pap.

Suppose that 0 < A < 1/q and that w € A, ,(X). Let sublinear operator T, satisfy
the conditions S, (X) and By, - ;(X) for all pairs (r, s) with the condition r < p, s <
q and % — % = a. Then there is a positive constant c such that for all f € D(X),
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We finish the chapter by providing some notes and bibliographic references
related to chapter 4. The results are taken from Kokilashvili, Meskhi, and Rafeiro
[9,10,11,12] and Rafeiro [13].

The fourth chapter, entitled «Bounded variation spaces with variable
exponent», is devoted to the study of some bounded variation spaces with variable
exponent and study some structural properties, the spaces are introduced in the
Wiener and in the Riesz sense. We characterize global Lipschitz Nemytskii
operators in the Riesz bounded variation space with variable exponent and obtain a
Riesz representation lemma. We end the chapter characterizing the linear
functionals on variable exponent Bochner—Lebesgue spaces LP()([a, b], B) in terms
of the variable exponent Riesz bounded variation spaces for vector measures,
without imposing the Radon—Nikodym property on the Banach space B.

By an admissible function we mean a function p: [a, b] = [1, ) with p, < co. Let
p be an admissible function and T, ) = {a = t, < --- <'t, = b} be a partition of

the interval [a, b]. We define the functional ), by

n
R0y = sup D" 1) = F()PED =t b (f)
lab] j=1
where IIj, ,) is a tagged partition of the interval [a, b], i.e. a partition of the interval
[a, b] together with a finite sequence of numbers x,,...,x,_; Subject to the
conditions that for each i, t; < x; < t;,4. Since i)f’;"g] IS a convex pseudo-modular,

we can introduce a norm, namely:
Definition 39. Let p be an admissible function. We define the space of

functions of p(-)-bounded variation, or the space of functions of variable bounded
variation by

BVPO([a,b]) = {f:[0b] > RIF(@ =0 A Il f lgysercqp< +o}
where

[ . inf{l >0 187, (g) < 1}
Is the Luxemburg norm.
We prove that the p(-)-bounded variation space BVP()([a, b]) is a Banach space, is
non-separable, has a subspace isomorphic to ¢, and satisfy the embedding
BVPO[a,b] » BV ([a,b]) for functions q(x) = p(x). We also prove a Helly
principle of choice type result in BV?P)([a, b]) in the following form.

Theorem 40. Every sequence in BVPO([a,b]), uniformly bounded in
variable variation, has a subsequence convergent pointwise to a function f € B
VPO ([a, b]).

By the modulus of p(-)-continuity of the function f: [a, b] = R we mean
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WPOF) = sup Y | F(t) = f(ti—) [P0

s =1

where IT} is a tagged partition of [a, b] with mesh, at most, 8. If f € BV?O([a, b])
and it satisfies the vanishing condition lim(g_,owg’(') (f) =0, we say that f is an
absolutely p(-)-continuous function. The space of absolutely p(-)-continuous
functions will be denoted by C?O)([a, b]). If p is an admissible function then it is
proved that C?)([a, b]) enjoys the following two properties:
« isaclosed subspace of the space BV?()([a, b)),
* IS aseparable space.
We now introduce variable exponent bounded variation spaces in the Riesz sense.

Definition 41. Let I, ={a =1ty <t; <--<t, =b} be a partition of

[a, b] and p an admissible function. We define the functionals ai’l(g],%pcfg] Rl@b] -
R, by
) — , (%i-1)
p() f(t:) = f(ti-)IP PO v
o (F Map) = Z =t ypen1 " L) = S[Wzaabl(f M)

where IIf, py is @ tagged partition of the interval [a, b], i.e. a partition of the interval

[a, b] together with a finite sequence of numbers x,...,x,_; subject to the
conditions that for each i, t; < x; < t;;,. We now introduce the space of bounded

p(*) variation in Riesz sense as RBVP()([a, b]) : = {f € RI%?1: BT (f) < oo}.
When p is a p(-)-admissible function the %p() IS a convex pseudo-modular, which

allows us to introduce a norm on the quotient space RBVPU)([a, b])
: = RBV?O)([qa, b])/C, where C is the space of all constant functions, viz.

_ . o (f
I f Nagro oy = nff2 > 0 1879 (%) < 1}
It is proved that RBVY0)([a, b]) is a Banach space, for p(x) < q(x) satisfy the

embedding RBV IO ([a, b]) © RBVPO)([a, b)), and Lip([a, b]) €
RBV?C)([a, b]) € AC([a, b]). Moreover, (RBVIO)([a,b]),]|| - ||]) it is a Banach
algebrawhere ||| - ||| : = I'llo + -l g5y

We prove a Riesz type theorem, which connects the Riesz norm with the LP(-)-norm
of the derivative of the function.

Theorem 42. Let p € P?2([a, b]). If f € AC([a,b]) and f’ € LPO([a, b])
then f € RBVPO)([a, b]). Furthermore we have

I f ”RBVp(')([a,b])S” f’ "LP(‘)([a,b])'

In the next theorem, the hypothesis on the function p is relaxed.

Theorem 43. Let f € RBVPO([a,b]) and p € C[a,b]. Then f'E€
L7V ([a, b)),

b
NGRS WIZOTRED
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We now introduce the Nemytskii operator, also known as the superposition
operator. Let f:1 X R — R be a function, such that & » f(t, &) is a continuous
function for all ¢ in I. The operator Fy, defined by (Fre)(t) = f (¢, @(t)), forall ¢t €
I and @:1 — R, is called the Nemytskii operator based on f.
We characterize the Nemytskii operator whenever it acts between variable Riesz
bounded variation spaces, namely:

Theorem 44. Let p € P2([a,b]), q € P([a,b]), and q(x) < p(x). The

Nemytskii operator F; maps RBV,"([a, b]) into RBV2"([a,b]) and is globally

Lipschitz if and only if there are functions g, h € RBVaq(')([a, b]) such that

ft,y)=g@y+h(), te€lab], y€eR
The next result shows that a globally Lipschitz Nemytskii operator acting between
Riesz bounded variation spaces is constant when the exponent of the target space is
essentially bigger than the exponent from the domain space, namely:
Theorem 45. Let p € P“2([a, b]), q € P([a, b]), and 1 < p, < q(¢) for all
t € [a, b]. If the Nemytskii operator F, maps RBV'"([a, b]) into RBV " ([a, b])
and is globally Lipschitz, then the function f satisfies the condition f(t,x) = f(t, 0)
fort € [a,b] and x € R.
We end the chapter providing a general characterization of the dual space of the
variable exponent Bochner-Lebesgue spaces LPO)([a,b],B) without further
assumptions on the Banach space B.
We deal from now on with vector measures G: B, ,} = B*, where B, is the
Borel o-algebra restricted to the interval [a, b]. Let @ = {Q} be a finite partition of
[a, b] by any kind of disjoint non-degenerate intervals, and consider p € P[a, b].
We define the p(-)-Riesz variation of G on [a, b] by
G(Q) IT?
w65 = sup Y LD
o & el
and the space of vector measures of bounded p(-) variation in the Riesz sense is
introduced as RBV?®)([a, b], B*) : = {G: 87, (G, B*) < oo},
Theorem 46. Let p,q € B([a, b]) be conjugate exponent functions with p_ >
1. Then, the mapping G — ¢, from RBV9C)([a, b], B*) to (LPO)([a, b], B))* defined
by

b
26 (f) = f fdG, f € 17O ([a, b, B)

is a linear isomorphism, and
I € ”(Lp(-)([a’b]’B))*:” G "RBVq(')([a,b],B*)'
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We finish the chapter by providing some notes and bibliographic references
related to chapter 4. The results obtained in Chapter 4 appeared in Castillo, Rafeiro,
and Merentes [4], and Castillo, Guzman, and Rafeiro [1, 2, 3].

The fifth chapter, entitled «Operators with rough kernel», is devoted to the
study of the boundedness of operators with rough kernel in the framework of some
non-standard function spaces. The difficulty of such a study stem from the fact that
the classical approach for the boundedness of such operators is based upon the
rotation method which is not well suited for the case of non-standard function
spaces, thus another approach must be devised. Extrapolation technique can be used
in this regard for variable exponent Lebesgue spaces, but it is not robust enough for
other function spaces, e.g. Morrey spaces. Our approach is based upon some
pointwise estimates which allows us to consider potential and fractional maximal
operators even of variable order a(x). The developed approach allow us to suggest
a general scheme based on the rescaling properties of the spaces. This scheme,
together with the pointwise estimate for the maximal operator with rough kernel,
allows us to derive the boundedness of the operator M,, from the boundedness of the
classical maximal operator on the same scale of spaces. Applying this general
scheme, we obtain the boundedness of maximal operator with rough kernel in some
non-standard function spaces, viz. Musielak—Orlicz spaces, generalized variable
exponent Morrey spaces, generalized Orlicz—Morrey spaces, complementary
generalized Morrey spaces, and variable exponent continual Herz spaces. These
results are new even for the constant exponent case.

Let us recall that the maximal operator with rough kernel is defined as

1
Mo, f(x): = sup— o) f (x —y)ldy,

>0 r |y|<r
where w is homogeneous of degree 0 and is a p-summable function. The fractional
maximal operator M, , is defined as

1
Myof (x) 1= SuPrn—ajl | loW)IIf (x = y)ldy.
yl<r

r>0
We introduced the rough sharp maximal operator as

1
MEF(x) = f5(x) = sup— loIf (x = ¥) = fanldy
r>0 0 Jy|<r
1
- - |B| - - -
the maximal operator with rough kernel, we can define the fractional operator with
rough kernel and with variable order «,

a(x) L w(x - y)
E0re = | S 0y,

where f5 is the integral average, namely fz : = fo (y)dy. In a similar fashion to

We obtained the following pointwise estimates.
Lemma 47. Let f € Lff',c(]R“), w 1s a homogeneous function of degree 0, and
w € L5(S" 1) with s > 1. Then
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1
Myf(r) <- 2 (M1 (@)
ns

Lemma 48. Let f € LPO(Q), 0<a<n, 1<p_<p, <o, and g be
defined pointwise by 1/q(x) = 1/p(x) —a/n. Then we have the following
a

pointwise estimate
p() n 15 n
Moof () S M o <If(-)IQ(')"‘“(X)> O If(y)l”(”dy> :
0
Lemma 49. Let w be a homogeneous function of degree 0 and w € L}(S™™1).
Then

IO < Mof G+ MFG) @ ysenes,

Lemma 50. Let f € Lf(',C(IR"), 1 < s < 0o, w be a homogeneous function of
degree 0, w € L5(S™ 1), and a(x) > 0 almost everwhere Then

O (@] £ — 1 @ sy 75 (FOUS Ko (0

1

I

a(x)s
at all points x € R™ such that a(x) > 0.
Corollary 51. Let w € L5(S"1),1<s<oo, inf, _,a(x)>0, and f€

loc R™). Then
1

159 o) ()] S1 @ s ggnesy PO MAFIN )
Lemma52. Let w € L5(S™1),1 < s < oo, and a € L*(2). Then

a(x) B l’
|15 (Fatema ) @] S @ lysgnsy 75 P UEOBD L ggmpery)?
where £ is an arbitrary function chosen so as
a( )
inf | B(x) — >0
X€EN

and C = C(a,s, B).
Lemma 53. Let 2 be a bounded open set, p € PP2(1),

sup p(X)a(x) <n,
a(x) >0, w € L5(S™™1), f e LPO),and1 < s < 0. Then

a(x)—
19 Fanmer ) @] < € 10 snosy 7P I £ lporgay
Lemma 54. Let 2 be a bounded open set, w € L¥(S™*™ 1), p € P2(), 1 <
s < oo, inf, . a(x) > 0,and sup__,[A(x) + a(x)p(x)] < n. Then
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when Pp(),A0) (f) <1
Using the aforementioned inequalities, we obtain the following boundedness results
in the framework of variable exponent Lebesgue spaces.
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Theorem 55. Let w be a homogeneous function of degree 0, w € L5(S™™ 1),
s=(p')+ and 5 € PB(2). Then the operator M,, is bounded in the space LP)(02).

Theorem 56. Let w be a homogeneous function of degree 0, w € L%(Sn—l),
s 2 [((1 —%)Q) L, (1_0;4”6 B(2). Then the operator M, , is (LPO(Q) -

L10(2))- bounded.
Theorem 57. Let w be a homogeneous function of degree 0, w € L5(S"™1),
s=(p)4, and % € B(R). Then the operator M/ is bounded in the space LPC) ().

Theorem 58. Let 2 be a bounded open set, w € L5(S™™1), 1< s < oo,
inf,.,a(x) >0, sup__,a(x)p(x) <n, s=(p');, and p € P¢(2). Then the
fractional operator with rough kernel 15%) is (LPO)(2) - L10)(02))-bounded,
i _ 1 a(x)

@ px  n

Corollary 59. Let 2 be a bounded open set, w € LS(S*™1), 1 <s < oo,
inf,.,a(x) >0, sup__,a(x)p(x) <n, s=(p');, and p € P4(2). Then the
fractional operator with rough kernel M,, ¢y is (LP©(2) - L0 (2))-bounded,

1 _ 1 a(x)
qx) pkx) n’
Similar results were obtained in the framework of variable exponent Morrey spaces.

Theorem 60. Let 2 be an open bounded setin R*, 0 < A(x) <A1, <n,s =
(P4, w € LS(S™1), 1 <s <o, and p € PP2(Q). Then the maximal operator
with rough kernel M,, is bounded in the space LP()A0) ().

Theorem 61. Let 12 be a bounded open set, w be a homogeneous function of

degree 0, w € L%(S”‘l), s> [((1 — %)q) ] , and (1_‘:& € P?2(). Then the
+

where
q

where

fractional maximal operator with rough kernel M,, is (LPOA0(Q) -

19020 (0Y)-bounded. where —— = —L_ _ _€()
(2))-bounded, where Zo5 = 2o —

Theorem 62. Let w be a homogeneous function of degree 0, w €
LS(S™1Y),s = (p)4, and p € P2(2). Then the operator M/ is bounded in the
space LPOAO) (),

Theorem 63. Let 2 be a bounded open set, w € LS(S™*™1), 1 <s < oo,
inf,coa(x) >0, sup__ [A(x) + a(x)p(x)] <n,s = (p')4,and p € P°¢(2). Then

the fractional operator with rough kernel 12 is (LPOAO(Q) » LIOAO())-

1 1 a(x)
n wher = — )
bounded, where 75 = 26 ~ m-aeo

We can extend the previously developed techniques to other function spaces in a
unified way.

Definition 64. Let X be a normed space with the norm || f llx. Define the
space X, s > 0 by the condition f* € X. We can introduce in X, a functional by
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1
I f =0 [fF1° 1%
We obtained the following boundedness result.
Theorem 65. Let w € L5(S™™1), 1 <s < o, and X be a Banach lattice of
functions in R™. If the maximal operator is bounded in the space Xl’, then the

operator M, is bounded in the space X and

1
” w ”LS(Sn_l)

s’
I M, llxy< T Ml .
ns s7

From Theorem 65 we obtain the boundedness of maximal operator with rough
kernel in the following spaces, popular in the theory of function spaces during last
decades:
Musielak-Orlicz spaces;
generalized variable exponent Morrey spaces;
generalized Orlicz-Morrey spaces;
generalized complementary Morrey spaces;
variable exponent Herz spaces; and
e grand variable Lebesgue spaces.
We will just mention in detail the case of Musielak-Orlicz space and generalized
variable exponent Morrey spaces.
The Musielak-Orlicz space

LPCIR™) = {f: 1l f o)< o}
is defined by the norm || f |l #¢.»= inf{A > 0: fRncp (x, @)dx < 1}and @(:,7r)is
a measurable function for every r > 0 and also @:R" X R, —» R, is a Young

function in R.
We obtained the following boundedness result.

Theorem 66. Let w € L5(S™ 1) and t — @&(x,ts") be convex. Then M, is
bounded in the space L?C)(R™) if @ (x, t) satisfy the conditions
(Ao (P))
There exists § > 0 such that @(x, ) < 1 and @(x,0) = 1 for every x € R™.
(A1(P))
There exists 8 € (0,1) such that

P (Bt) < D5 (t)

for every t € [o,(@5) " (1/|B])], where @z (t):=inf,,
r=sup, P (x, ).
(A2(P))
There exist >0 and h € LY(R™) n L®(R™) such that, for every t € [0,0],
®(x,Bt) < P(y,t) + h(x) + h(y).
The result on the boundedness of maximal operator with rough kernel in generalized
variable exponent Morrey space () [defined as the space of all f measurable
functions for which

@(x,t) and @F(t)
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1
I f ”Lp('),fp(-r)(g)z xeSSyZlO m | f ”Lp(')(ﬂ(x,r))< @

where Q2(x,r) : = B(x,r) N 2] is as follows.
Theorem 67. Let 2 € R"™ be an open bounded set and w € LS(S™™1) for

(p_)' < s < . If the function ¢ (x,7) satisfies inf,_,_ L5
r>0 T

> 0 as well as the

condition

)

diam(2) s' s’
j co(x,,t) at _ o r,)
sn ns’
r tP(®) rp®)
where C > 0 does not depend on x and r, then the maximal operator with rough
kernel M,, is bounded in the space LPO*C) ().
We finish the chapter providing some notes and bibliographic references
related to Chapter 5. The content of Chapter 5 is taken from Rafeiro and Samko [14,
15].
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CONCLUSION

1. The notion of variable exponent Bergman spaces is defined and it is proved that
polynomials are dense in the aforementioned function spaces.

2. The notion of mollified dilation is introduced which is used to prove the
boundedness of the Bergman projection in variable exponent Bergman spaces
through the usage of extrapolation technique.

3. It is proved that several operators, e.g. Bergman projection, Berezin transform,
and Toeplitz operator, are bounded in variable exponent Bergman spaces under
the log-Holder condition on the exponent function.

4. Itis proved that the commutator of Calderon—Zygmund type operators, as well as
the commutator of a potential operator with a BMO function, are bounded in a
generalized grand Morrey space even in the setting of spaces of homogeneous
type.

5. Boundedness is proved for sublinear operators and commutators of sublinear
operators in grand Morrey spaces in the framework of spaces of homogeneous
type.

6. A Riesz representation results are obtained in variable exponent bounded
variation spaces in the Riesz sense.

7. A description of the linear functionals on variable exponent Bochner-Lebesgue
spaces in terms of the variable exponent Riesz bounded variation spaces for
vector measures is obtained.

8. A new method to obtain the boundedness of some operators with rough kernel is
developed.

The dissertation is theoretical. The results and methods presented in the dissertation
can be used in further investigations in the realm of non-standard function spaces
and operator theory in these spaces, e.g. variable exponent non-standard analytic
function spaces, grandified spaces, variable exponent bounded variation, maximal
operator, Calderon-Zygmund operators, and Riesz potential, among other topics.
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BBEJIEHUE (anHOTAIMS TOKTOPCKOI JUCCEPTAIMHI)

Henabro wuccaenoBanMs SBISIETCS HW3Y4YEHUE MPOCTpaHCTBa beprmana c¢
MIEPEMEHHBIM  [IOKa3aTelieM, MPOCTPAHCTBA C OrPAHMYEHHOM BapHalueil ¢
MIEPEMEHHBIM  TTOKa3aTesieM, O000OIlIeHHble OoJibllue MpocTpaHcTBa Moppw,
nmpoekums beprmMana, MakCUManbHBIM ONEpaTOp, NOTEHIMAIBHBINM onepaTop Pucca,
onepatopsl KanbaepoHa-3urmyHa.

O0beKT uccie0BaHUsI: TPOCTPAHCTBA U3MEPUMBIX (DYHKIUH, IPOCTPAHCTBA
(GyHKUMA OTpaHUYEHHOM Bapuallid, MPOCTPAHCTBA AHAIMTUYECKUX (YHKIHMN U
KJIACCUYECKHE OINEPaTOPbl FTAPMOHUYECKOTO AHAIH3A.

Hay4nasi HOBH3HA MCCJIEIOBAHUS COCTOUT B CIICIYIOLIEM:

BBEJICHO MOHATHE CMATYEHHOW AWJIaTallud B paMKax ImpocTpaHcTB beprmana c
nepeMeHHbiM  nokazatenem  (IIBIIII),  koTopoe  mMO3BOJSLIO  JOKa3aTh
orpaHu4eHHOCTh mnpoekuuu beprmana B IIBIIII ¢ 1OMoOmBIO TEXHUKHU
AKCTPAIOJISLINHY;

JIOKa3aHbl OTPAaHUYEHHOCTU HECKOJBKHX OIEpaToOpoB (HampuMmep, MPOEKIUU
beprmana, npeo6pazoBanust bepesuna u oneparopa Teruia) B I1BIIIT;

JIOKa3aHbl OTPAaHMYEHHOCTH KoMmmyTaTopa Thna Kanbaepona — 3urmyHna,
KOMMYTaTop HOTEHUIHMAIbHOIro ormeparopa ¢ ¢ynkaueii BMO B o0060061meHHOM
IpocTpaHcTBe 00JbIIoro Moppu;

JOKa3aHbl JEMMBI O INPEACTaBICHUM Pucca B NMpPOCTpAaHCTBAX OrPAHMYECHHOMN
Bapualuy ¢ IEPEMEHHBIM IT0OKa3aTelIeM B cMblcie Pucca;

omHcaHbl JUHEHHBbIE (YHKIMOHAIBI B MpOCTpaHcTBe boxHepa-Jlebera c
MEPEMEHHBIM T0Ka3aTeJIeM B TEPMHUHAX MPOCTPAHCTB OrPAHUYEHHON BapHaLMH
Pucca ¢ nepemeHHbIM NOKa3zaTeneM AJis BEKTOPHBIX Mep.

BHenpenne pe3yabTaroB ucciegoBaHusi. Ha OCHOBaHMM TOJyYEHHBIX
pe3yabTaTOB MO HECTAHJAPTHBIX (PYHKUIMOHAIBHBIX TPOCTPAHCTB W TEOPUHU
ONepaTopoB:

BBEJICHHOE MPOCTPAHCTBO NEPEMEHHOW HKCIIOHEHTHI MpocTpaHcBa beprmana
(VEBS) B kpyre wucnojib3yercss omepatopamu Kampaepona — 3urmMyHma is
JI0Ka3aTesIbCTBa OTPAaHMYEHHOCTHU NMpoeKuunu beprmana B npoctpanctBax Jlebera Ha
CIMHUYHBIA KPYT B 3apyOeKHBIX HayuHbIX sxypHanax (Complex Var. Elliptic Equ.
61, No. 8, 1090-1106 (2016), J. Math. Sci., New York 226, No. 4, 344-354 (2017),
J. Funct. Spaces 2018, Article ID 8751849, 8 p. (2018)). IlpumeHeHue 3TUX
HAy4YHBIX pE3yJbTaTOB IMO3BONIMIO BBecTH U u3yuntb VEBS co cmemannoi
HOpMOHM, a Takxe u3yunth VEBS Ha BepxHell NOJYIIIOCKOCTH W TOJYyYHUTh
xapaktepuctuku VEBS tuma Jlummmia npu COOTBETCTBYIONIMX YCIOBHUSX Ha
MIEPEMEHHYIO IKCIIOHEHTY;

BBEJICHUE TOHATHUS CMATYEeHHON nuiaranuu B pamkax VEBS, uto mo3BossieT
J0Ka3aTb ~ OIPaHUYEHHOCTh MpoeKuMH beprMaHa ¢ TOMOILIBIO  TEXHUKH
DKCTPATOJISAIMKA B CTaThIX 3apyOeKHBIX HaydyHbIX kypHaioB (Czech. Math. J. 70,
No. 1, 187 -204 (2020), Int. J. Math. Math. Sc1.2018, ID crtateu 1417989, 11 ctp.
(2018), Mediterr. J. Math.17, No. 1, Paper No. 9, 13 p. (2020)). [IpumeHenue
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cBoricTBa npocTtpancTB Doka ¢ MEPEMEHHON IKCIIOHEHTOW, U3YUYUTh KOMIIAKTHOCTh
HEKOTOPBIX KJIACCOB OTPAHMYEHHBIX OIIEPATOPOB B IMpocTpaHCcTBE beprmana c
NEPEMEHHON PKCIIOHEHTOM, a TAK)KE€ UCCIEA0BATh HEMPEPHIBHOCTh U KOMIIAKTHOCTh
KOMIIO3ULIMH OIIEPAaTOPOB B MIPOCTPAHCTBE beprmana ¢ mepeMeHHON 3KCITOHEHTOMH;
JIOKA3aTelIbCTBO OIPAaHUYEHHOCTH HECKOJIbKUX omepatopoB B VEBS

UCIIONB3YETCS Uil PACCMOTPEHUS MOMAYJSIPHBIX HEPABEHCTB [JII HEKOTOPBIX
JMHEHHBIX OMEepaTOpPOB B MpoCTpaHCTBax Jlebera ¢ mepeMeHHON 3KCHOHEHTOM Ha
KOMILJICKCHOM TUTOCKOCTH B CTAaThiX 3apyOeHbIX Hay4dHBIX )ypHasoB (Adv. Oper.
Theory, 4, No. 4, 738-749 (2019), Math. Notes 106, No. 2, 229-234 (2019),
Complex Analysis and Operator Theory 13, 275-289 (2019)). Ilpumenenue
HAy4YHBIX pE3YyJbTAaTOB I103BOJWJIO BBECTH W M3YYHUTh MPOCTPAHCTBO Xapau C
MEPEMEHHOMN 3KCIIOHEHTOW aHAJUTUYECKUX (PYHKUMN HA €AMHUYHOM KpYyTe, YTOOBI
[I0KAa3aTh, YTO €CJIM CIPaBEUIMBO MOJYJIBHOE HEPABEHCTBO HEKOTOPBIX JIMHEWHBIX
OIepaTopoOB, TO MEPEMEHHBIN NTOKA3aTeb CTENEHU JOHKEH ObITh OCTOSIHHBIM.

Crpykrypa u 00bem auccepraumu. Jluccepranusa COCTOUT U3 BBEJACHUS, ISITh
IJIaB, 3aKJIIOUEHUSl U CIMCKAa HMCIOJIb30BaHHOW juTepaTypbl. OO0beM AuccepTaluu
coctapmsieT 210 cTpaHuUIIbL.
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