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KHWPUII (pancada noxkropu (PhD) nuccepranmsicu aHHOTALUSICH)

Jluccepranus MaB3yCHHUHT 10J13ap0uru Ba 3apyparu. JKaxoH Mukécuaa
om0 OopunaétraH Kymiad wWiIMUK-aMaluid TaAKUKOTIAp KYNTHHA XoJulapja
HOAcCOLIMATUB  alreOpamapu Ba  aureOpavk CHCTEMalap  Ha3apusCUIaH
dboiinanann6 Oabn3u anreOpajapHyd TAAKUK KWIHMINTa KEeATHpUiIagu. AreOpauk
BOCHTAJap KBAHT MEXAHMKACUJATH 3JIEMEHTAp 3appaliapHH, KaTTUK MOJJajiap Ba
KPUCTAUIAPHUHT  XYCYCHUSTJIApUHU  YpraHWiljia, MONYyJsus  TEeHETUKACU
MyaMMOJIapuJa, HUKTUCOAUETHUHT  MOJEJUIallraH  MyaMMOJIApUHUA — TaXJIAJ
KWIWIIAA Ba OOITKAa Macajanapja KeHT KyJUIaHWIa . 3aMOHABUH anrebpa YeKiu
rpynnaiap Ba YEKJIM YIYOBJIM acCOI[MAaTUB aireOpanap Hazapusicura acociaaHaiu.
Keitunuanuk, anreOpank CHCTEMAJapHUHT PHUBOXJIAHUIIM Xamja YJApHUHT
MaTteMaTuka Ba (U3MKAHUHT OOIIKa coXajJlapu OwilaH aJloKaJlapu SIHTU
anreOpajapHUHT, >KyMJIaJaH ajJbTepHATUB, flopz[aH, JIn, JleiiOHUI, TEHETHK Ba
HBOJIIOIMOH  aireOpalapyHUHr a0 Oyiummra oiaud Keaau. OBOJIIOLIHUOH
anreOpanap TeHEeTUKAa TMOMYJSUUACHHM YpraHulia MyXHM axaMusaTra ora.
[ynunr ydyH anreOpajapHUHT Oab3W XOCCaJapUHHU HBOJIIOIMOH anredpasap
OwiaH SKUHJIAIITHPUII OPKAIM YpTraHUIll A0J3ap0 Ba MyXyUM Bazudanapian oupu
XrcoOIaHaIu.

Xo3upru BakTAa >KaXxOH MHUKECHIa 3aMOHAaBUM alreOpaHUHT MYXUM
HyHanmumuIapuaaH OUpH ABOJIIOIMOH anredpanap Ha3apUsSICHHU TaAKUK KUJIHAIIIHAD.
DBOMIONMOH anredpajap MaTeMaTHKAaHUHT OOIKa coxXamapH, Kymiiaaad rpadiap
Hazapusicu (Xycycan, Tacoauduil rpadap Ba TapMOKJIap), rpynmnajap Ha3apusicH,
MapkoB sxapaéHiiapy, JMHAMUK CUCTeMaslap OwiaH OOFIMK. DcinaTtud YyTaMu3KH,
HBOJIIOIMOH anredpanap cuHdu OupuHun mapra JlroOuu tomonuman 1992 iumnna
(evolutionary algebras HomMu Owian) Ttakiaud kunudrad. 2008 iwina Tuan
V3UHUHT MOHOTpadusicuia JBOJIONUOH anredpa aramMacuHM uUOUIaTHO, Oy
anreOpanapHUHT TaTOMKIapu Ba 0ab3u xoccanapuHu kentupud yrrad. lynmgan
CYHT 3BOJIOIMOH anredpaiiapra KU3uKuI KeckuH optud ketnu. Lllynu tavkumman
Kepakkd, TuaH  TaAKUKOTIAPUHUHI  aCOCHUM  WYHAIMIOM  SBOJIIOLHMOH
anreOpanapHUHT TaTOMKUII Myammosapura Oarunuianrad >au. Ly Ounan OGupra
YEKJIM VIYOBIU alreOpajapHUHT OWpOp KYNXWUIMTHHU VpraHuiira TaOuui
EHammIl, MacajaaH, CTPYKTypaBuil Ha3apUsHU KypHUIl y TOMOHUJAH KapajaMmara
sau. CTpyKTypaBUi HazapusHU YpraHulira OaFulUIaHTaH JacTia0Ku HaTXajiap
[II.A.AronoB, b.A.Omupos, Y.A.Po3ukos, K.M.JlagpanapHuar unuiapuaa mnaijgo
oynau. XycycaH, 2 VI4OBJIM KOMILUIEKC ABOJIOMOH aireOpajapuHUHT TacCHU(HU
OJIMHTaH, HWIBIIOTCHT SBOJIOIMOH ajre0pajapuHUHT KJIACCHUK  XOccallapu
TaBCHU(JIAHTaH.

Mamnakatumuszga CYHITH Wuiapaa ¢dyHaaMeHTan (aHIapHUHUT WIMHA Ba
amanui TarOukKura sra OyiraH maremartvka, (u3uKa, TeoJiorus Ba OHOJIOTHS
dannapura >bTHOOp KydanTupwiau. JKymiamgad, TOMyJSIMOH OWOJIOTHS Ba
TeHETHKaJa YydYpaWauran acocuid oObeKTIapjaH Oupu OYiraH SBOJIONKUOH
anrebOpanap Ha3apUACUHU PUBOXKJIAHTHPHUINTA alOXuia IBTHOOP KapaTHIIH.
DBOJIONMOH anredpajiap Ba YJIAPHUHT 3aHKUPJIAPUHU YpraHumn Oopacuaa
CAIMOKJIM HATWKajmapra OJSpunmuiad. «AnreOpa Ba (YHKIMOHAT —aHAIH3»
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(daHIapUHUHT YCTYBOp HyHanuuuiapu Oyiinda xankapo CTaHiapTiap Japaxacuaa
WIMHAKA TaJIKUKOTIAp OoJu0 OopuIl MaremaTuka (haHHHHHT acOoCHi Basudalapu Ba
GaonuaT Wynamunuiapu »>tu6 Oenrmnasgul. Kapop MKpOCHMHM TabMHHIAIIAA
ABOJIIOLIMOH aJire0paiap Ha3apuUsICUHU PUBOKIIAHTUPHUII MyXUM axaMUSITIa 3ra.

V36ekncron Pecnybnmkacu Ipesupentnauar 2017 imn 17 deBpangarn
«Dannap axkageMusicu (HAOTUATH, WIMHUU-TAAKAKOT HIILIAPUHU TAIIKWI STHIII,
OOIIKApHUIIT Ba MOJMSUTAIITUPHUIIIHNA STHaa TaKOMIJLIIAIITHPHUII YOopa-TaaOupiapu
tyrpucuganru [1K-2789-connmu Kapopu, 2017 #iun 20 anpenparu «Onuii Tabium
TU3UMUHH STHaJla pUBOKIIAHTHPHUII Yopa-Tanoupiapu Tyrpucuaantu [1K-2909-con
Kapopu, 2019 i#un 9 uronmaru «MaTtemaTvka TabldMH Ba (aHJIApUHU SHaJa
PUBOXIIAHTUPUIIIHU ~ JaBJaT TOMOHHWJAH  KYJIaO-KyBBatTjall, [IyHUHTIIEK,
V36exucTon PecnniyOnukacu  ®annap akagemusicuHuHr  B.J.PomaHoBCkuii
HOoMHUarn Maremaruka WHCTUTYTH (aoNusATHHU TyOJaH TaKOMWLIAIITHPHUII
yopa-tanoupiapu Tyrpucuaantu [1K-4387-corm Kapopu Ba 2020 #inn 7 maiimaru
«MareMartuka coxacuaaru TabiauM CU(GATUHU OIIUPUII Ba UIMUN-TAAKAKOTIAPHU
PUBOXITAHTHPUII Yopa-Tanoupiaapu Tyrpucuaantu [1K-4708-connmm Kapopu xamma
Ma3Kyp (aonusTra TerumuiM  OOIIKa HOPMATUB-XYKYKUM — Xy»KXKaTiaapaa
OenruiiaHrad Baszu(agapHU amajira OIIMpUIlia Ym0y JauccepTauusi TaaKUKOTH
MyaisiH 1apaxkajia Xu3MaT KUJIaJu.

TagKUKOTHUHT pecny0/iMka pan Ba TEXHOJIOTHSJIapU
PHUBOXJIAHUIIMHUHT YCTYBOP HYHAJIMILIAPUTa MOCIMIH. Ma3Kyp TaaKUKOT
pecnyOnuka ¢daH Ba TEXHOJOTHUsUIap pUBOXIaHWIMHUHT [V. «Maremaruka,
MeXaHUKa Ba UHPOPMATHKA» YCTYBOP MYHAIUIIM Joupacuaa OaxxapuiraH.

MyaMMOHMHI Yprasujiratjauk gaapasxkacu. CYHITM MWUIapaa KIIACCHK

KOHCTPYKUHMSJIAPHUHT HOACCOLIMATUB MYKOOWJIapH MaTeMaTHKa Ba (U3MKAHHHT
Kym1ab coxajapuia KYJUIAHWIUIIM OWJIaH OOFIMKINIU KU3UKHUII YHFOTMOKJA.
MareMaTuk MeTOJUIap TOMYJsIMA TEeHeTHKacuJaa Y30K BakTIaH Oepu
MyBapakusaTin KyutaHuO kKenmHMokaa. [lomymnsiuus reHeTukacu macanajgapura
MareMaTuK €EHAOLIYB Joupacuaa oJaubd OopuiraH TaaKUKoTiIap Menuaen
KOHYHJIapuTa acociianaau. Menzen anrebpauk HyKTau Ha3apJaH Y3WHUHT TeHETHK
KOHYHJIApUHU ~ HWQoJajalHi  Takiud KWJaJuraH CHUMBOJUIAPHU HIIUIATTaH.
Myngait  kunmb, wMaTeMaTUKIAp Ba TeHETUKIAp Oup matinap Mennen
TeHETUKACHHU YPTaHWII YUYyH HOACCOIMATHB anreOpanapaan ¢oiiganaHraniap Ba
KelnH4yanuk 6ab3u Oomika myaudiap yau “Mennen anredpanap” ned arairas.
Ueknu  ynuoBnu — anreOpajapHU  JBOJIONMOH — anrebpanapu  OuiaH
SKUHJIAIITUPUII TYIIYHYATapu Xald KUpPUTWIMaraHn sau. AmMmo Oy Typaaru
ABOJIIONIMOH anrebpa OupuHun mapta M.B.Benacko Ba VY.A.Po3ukoBmapHuUHT
“qUBUHIAp MOMYJIALUIACH anreOpacy’ yuyH €3raH UlUIapuaa KHPUTHITaH.

1 5 . .

V36ekucron Pecniyonukacu Basupnap maxkamacu 2017 iinin 18 maiinaru «Y36ekucron Pecnyonukacu ®annap
aKaJeMUSICHHUHT SHIUAAH TAIIKAI STWITaH WIMAH TaIKUKOT Myaccacaiapy (HaosusITHHH TAIKHI STHII
TYFpUCUAANTH 292-COHIIN KapOpH.
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Ymly TyuryHuyara TErHIIM acocuidi MyamMmo Oepwiran anreOpaiap Ba
yjlapra MOC KeJlafuraH HBOJIIOIMOH aJreOpajlapHUHI yXIIall XOcCCaJlapuHU
TOMULIIUD.

2019 #unauHr OKTAOp oMuma Wcnanusuuar ['panama YHuUBepcuUTeTHra
amanuér Yram nadtumaa  npodeccop  Y.A.PosukoB Ba  mpodeccop
B.M.Benackonap (I'panaga yHuBepcurerd, McnaHusi)) Myxokamacu HAaTH)KacHIa
y4 YITYOBJIM 3BOJIIOLIMOH aJiredpanap 3aHKUPIIAPUHU TAIKUK KWIHII FOSICU UITapy
CYypUIIN.

M .Kacac, M.Jlaapa Ba Y.Po3ukoBiap TOMOHHIAH 3BOJIIOIHUS ajredpaapu
3aH)KUPU TYUIYHYacH KUPUTWITaH Ba OyHAAall 3aHXXKUPIAPHUHT KEHI CUHOHU
Kypuiarad. byHmaill 3aHkupiapHUHT OUp HeUYTa XYCYCUATIIApUHU  YyHIOy
myapaap Ba II.H. Myponos, b.A. Omupos, K.M. Tynen6aeB ypranumiras.

Nkky Ym4oBiM HBONIONMOH anreOpaiapu 3aHKupiapura ouji OUpUHYH
Hatwxanap II.H.MyponoBuunr PhD nuccepramusicuna onuuras. by, ymoy
auccepranmsaga Myaudd “xkyka MOMYJSIUSCA HUHT 3BOJIIOIMOH alredpanapu
3aHKUPJIAPUHA KypraH Ba ‘“Ky’ka MOMYJIALMUSCHA HUHT BOJIIOIMOH alredOpaiapu
3aHKUPJIAPUHUHT BaKT JUHAMUKACUHU YpraHTraH.

JAuccepranyus TAAKHKOTHHUHT JUCCEPTANNS 0aKAPUJITaH OJIMH TABJIUM
MYacCaCaAaCHHMHI WJIMMA-TAIKHMKOT HILJIAPH pe:Kajapu OMIaH OOFJIMKIINTH.
Huccepraums  tagkukotu  B.M.PomaHoBckuit ~ HOMuumarm  Maremaruka
uHctuTyTHHUHT OT-F4-82 + OT-F4-87  «OmepaTopiaun Ba HOACCOIIMATHB
anreOpanap Jsokan auddepeHmamianuiapy Ba aBToMopdU3MIApU, YU3UKIU
Oynmaran AMHaAMHUK cucTeManapaa ¢azaid YTUl Ba TapTUOCU3IuK» + « EBkina Ba
nceno-EBkinua  (azonapupgarn Srpu  UM3MKIAp Ba  YJAPHUHT MEXaHUKaJa
kymaamumuy (2017-2019 #iwiap) MaB3ycuaard WIMHNA TaJIKUKOT JIOMHXACH
noupacuga OaxapuiraH.

TaagKMKOTHHHT MaKcaau 0ab3u YEKIIU YITHOBIHM alnredpaiapHu SBOJIOLUOH
anrebOpanap OWIaH anmpPOKCHUMAIUMSCUHU Ba Y4 YIIUOBJIM SBOJIOIMOH anreopaiap
3aHXKUPJIAPUHU TAJIKUK ITHIIAH HOOpaT.

TaagKuKOTHUHT Basudasiapu:

WKK{ Ba y4 YITYOBIM IBOJIIOIMOH ajreOpanap anmpoKCUMAIMSICUHN TaJIKUK
KWJIHIII,

UXTUEPUI anreOpaHuHT HBOJTIOLIUOH anredpanap Owtan
aTnMPOKCUMAITUSICUHUHT a0COJIIOT HIJIBIOTEHT 3JIEMEHTIAPUHU TaJAKUK KUJIUIIL

HUJBIOTEHT JIEMOHMI] anreOpacCUHUHT  HSBOJIIOIMOH  anredpa OujaH
anMPOKCUMAITUSICUHY TaAKUK KUJIUIIL

y4 VIT4OBIIM 3BOJIIOLIMOH ajre0paiap 3aHKUpJIapyuHU TaBCU(IIal;

ABOJIIOIIMOH ajredpanap 3aHXKupiapuaa OapUKIMK Xoccajaapu, a0COIOT
HUJIBIIOTEHT Ba WJEMIIOTEHT »JJEMEHTNIap TYIUIAMJIIADUHUHT BakTra OOFIHMK
JTMHAMUKACUHU TacHHUIaII.



TagKUKOTHHUHT O00BEKTH 4YCKJIM YIYOBIM OHBOJIONMOH Ba JlehHOHUII
anrebpanapaH xamjaa yd YIYOBIM DSBOJIOLMOH ajiredpanap 3amKupiapuaaH
ubopar.

TagKUKOTHUHI TPeAMETH WKKH Ba Y4 YIYOBIM XAKUKUWA 3BOJIOLIMOH
anreOpasiap, IKKH Ba Y4 YJITYOBIM HIIBIIOTEHT JIeWOHuIr anrebpanapu, SBOTIOIMOH
anredpasapHUHT a0COJIOT Ba UAEMIIOTEHT AJIEMEHTIAp TYTIJIaMHUAUP.

TagkukoTHuHr ycy/uiapu. Jluccepraumsiza accouuatuB — OyiamaraH
anreOpajiap  Ha3apusCH, HOYM3MKIM JAUHAMUK CHCTEMajlap  Ha3apuscu,
CTPYKTypaBuUi TacHU(anuIap Ba WHBApUAHTIIAp Ha3apuscH YycyJulapuiaH
dolinanaHuIraH.

TagKMKOTHUHT WIMMIA SIHTWJINTM KyHugaruiapaad uoopar:

XaKUKUP COHJIap MaiioHH ycTuja OepwiraH yd VIIUOBIM SBOJIOLUOH
anreOpaniapu TacHU(bIAHUO, Ba YJAPHUHT WAEMIIOTEHTIApUra MOC KellaauraH
anmpoKCUMAIlMOH  JBOJIIOIIMOH  anreOpanap ypracujmard u3oMopdusmiiapu
KypUWJITaH;

HUJIBIIOTEHT OYaraH 53BOJIOLMOH QJIreOpaHUHT  alMpPOKCUMAIUACH Xam
HUJIBIIOTEHT SKaHJIUTH UCOOTIIaHTaH;

MKKA Ba y4 YI4oBIM  HWIBNOTEHT JleilOHul — anreOpamapuHUHT
ATNMPOKCUMAIUACH HIJIBIIOTEHT 3BOJIIOIMOH anredpa SKaHIUTH UCOOTIAHTaH;

y4 YIYOBJIM 3BOJIIOLMOH airedpanap 3aHKUpJiapyd Ba YJIAPHUHT a0COJIOT
HUWIBIOTEHT XaMmJia MJAEMIOTEHT JJIEMEHTIApH TYIUIAMIIADUHUHT BaKTra OOFIHMK
JTMHAMUKAacH OepuIIraH.

TagKMKOTHUHI amMaJiMil HaTWKajgdapu. Jlucceprauus Ha3apui xapakrepra
sra OYynu0, OJWMHTaH HaTWKajlap Ba YCYUIAQpHU OJUA VYKYyB IOpTJIapu
MarucTpaHTiapy Ba JOKTOPAHTIIAPU YUYH MAaXCyC KypCIapHM YKUIIAa KYJUIall
MyMKUH. ByHJaH Tamkapu, y4 YJIHOBIM HBOJIIOIMOH ajreOpaJlapHUHT XAKUKUN
MaiJIoH/1a OJMHTaH TacHU(U Ba KypwWJraH yd4 YJIUOBIM 3BOJIOLMOH ajiredpanap
3aHKUPU YOy anrebpaiiap ypracumaru u3oMop(pu3MIIapHU TEKIIUPUINTa Ba
Ouonoruk xamjaa (u3MK >Kapa€Hnap SBOMIOUMSACUHUA Oy aireOpanap THIKWIA
yprauuiiura MMKOH Oepau.

TagKuKOT HATHKAJAPUHUHT MINOHWIWINTY ajredpa, HOUU3UKIIU aHAJIU3,
YM3UKJIM  Ba  OBOJIOUMOH  aireOpamap  ycyiapy  XamJa  MaTeMaTuK
MYJIOXa3aJapHUHT KaThUWUIUTH OwiiaH acociianrad. OJWHraH HaTWXKaJIapHUHT
UcOOTIapU MaTEeMaTHK KUXATIIaH TYFPH.

TaagKUKOT HATHKAJAPUHMHI WIMHMH Ba aMajimil axamMMsiTH. TaJIKAKOT
HATWKATAPUHUHT WIMHH aXaMHsITH IIyHAaH HOOpaTKW, WINa OJIMHTAaH WIMUUN
HaTWXanap anreOpaJlapHUHT OOIIKA 3aHXKUPJIAPUHUA KEMHHTU TaIKUKOTIAPH YUYH
WUIUTATWIMINTN MYMKUH. XycycaH, ymiOy AuccepTanusia pPUBOKIAHTUPUITAH
TEXHUKAa Ba yCyJUlapJaH Oapda DBOJIOIHMOH anreOpajlapuHUHT 3aHKUPJIApUHUA
Tonuuiga GonaTaHuIT MyMKHUH.

TagKMKOTHUHI aMaliuid axaMHSATH IIyHJAKWd, OJIMHTaH HaTHXKajaapaaH
ABOJIIOIMOH alre0paapuHUHT 3aHKUpJapu épaamMuaa udoaananaaurad OuOJIOTUK
Ba (hU3UK *Kapa€Hiap 3BOJIONUACUHN TacHUbIan1a Gpoiananuiln MyMKHH.



TaagkuKOT HATHKAJAPUHMHI KOpUMHA KuauHumM. OJIMHTaH HaTWXKaiap
KyHuaara WiMui Joinxanapuaa Qongananuiras:

y4 YIIUOBIM 3BOJIIOIMOH alreOpallapHUHT XaKUKUU COHJap MalIoHuIa
omuHraH TacHUpumaan MTM2016-76327-C3-2-P (AEINNFEDER, UE) pakamm
XOpWKUHM JIOMMXacHJa MKKH Ba y4 YIIHOBJIM KOMIUIEKC 3BOJIIOLHMOH anredpanap
tacHuuan ommmaa Qoiigananwniran (I'paHama yHHBEpCHTETH, MaTeMaTHKa
dakynpreTuauHT 2020 #tun 30-HOosAO0pmaru mabiayMoTHoMacH, Ucmanwms). Unmuid
HATMKAHUHT KYJUIAHWJIUIIM ~ KOMILJIEKC 9SBOJIIOIMOH — alreOpajapHUHT  COHU
M30MOP(PU3M aHUKJIUTU]IA YEKIIUTA SKAaHJIUTMHUA KYpPCaTUIl UMKOHUHU OepraH;

MKKA Ba y4 Ym4yoBiad  HWIbNOTeHT JleWOHun — anreOpaiapuHUHT
aNMPOKCUMAIMACH HHJIBIIOTEHT JBOJIONMOH anrebpa skaHmurugan EDA-Drex-
2018-77 pakamim JoWMXama SpUM COAJa Ba HHJIBIOTEHT ajreOpalapuHUHT
KOTOMOJIOTMK ~ TpyMMajJapyuHu  yiIdaMJapyuHU  aHuKiIamga — QoiianaHuirad
(Y36exucron Pecny6bnukacu ¢anmap axagemuscuHuHT 2021 #iunm 12 suBapparu
2/1255-84 con mabiaymoTHOMacu). MiMuii HATW)KAaHMHT KYJUIQHWIIUMIIA COJJIA
JleliOHuil anredbpacu y4yH UKKMHYM KOTOMOJIOTUK TPYIIIACUHUHT TPUBUAUIUTUHU
ncOoTIaIl UMKOHUHU OepraH.

TaagkKuKOT  HATIDKAJAPMHUHI  ampofamusich.  Maskyp  TaJIKUKOT
HaTWXamapu 6 Ta Xalkapo Ba 4 Ta pecrmyOnuKa WIMHH-aMalliid aHKyMaHJIapHa
MYXOKaMaJIaH YTKa3WJITaH.

TaagkuKOT HATHKAJIAPUHUHT JBJOH KWIMHraniauru. J[ucceprarus
MaB3ycH Oyiinua >kamMu 18 Ta MMMl HII YOI STHITaH, HIyJIapiaH, Y36eKHCTOH
Pecnybmukacu  Ommit  ATrecramuss KOMHUCCHSICHHUHT  (ancada  JOKTOpHU
JUCCEepTalMsUIapy ACOCUM WJIMHUN HaTWXKaJlapyuHU YOI HSTHUII TaBCUS STHIITaH
WIMUKA Hamipiapaa 8 Ta Makoja, KymialaH, 2 Tacu XOpWxKuid Ba 6 Tacu
pecnyOnuKka KypHajuIapu/ia Hallp STUJITaH.

J{uccepTauMSHUHT TY3WIHINIHM Ba XakMM. Jluccepranusi KUPHUIT KUCMH,
yura 000, XyJoca Ba (oiianaHuiraH agadueTinap pyWxaTuaaH TAIIKWI TOMTaH.
JuccepranustHUHT Xaxmu 108 OeTHM TalTKUII ATTaH.

JIUCCEPTAIIUSIHUHT ACOCUM MASMYHHA

Kupum kucmujga nuccepranys MaB3yCMHUHI J0J3apOiuryd Ba 3apyparu
acocCJIaHTaH, TaAKUKOTHUHT pecyOiuka bau Ba TEXHOJIOTUSIIAPU
PUBOXJIAHUIIMHUHT YCTYBOp WYHaJIMIUIApUIa MOCIWTHA KYpPCaTWIITaH, MaB3y
Oyiinya XOpWXKHUH WIMHA-TAAKUKOTIAp MIAPXHU, MYaMMOHHUHT YPraHWJITaHJINK
Japakacu KEeNTUPWIraH, TAAKUKOT Makcalu, Bazudaiiapu, 0ObeKTH Ba MpeIMETU
TaBCU(JIaHTaH, TAAKUKOTHUHI MJIMUN SHTUJIUTH Ba aMaliuii HaTwkaigapu OaéH
KWIMHTaH, OJIMHTaH HaTWKaJapHUHI Ha3apuil Ba aMaldid axamMHsITH O4u0
Oepwirad, TaAKUKOT HATHXAIAPUHUHT KOPUN KWJIMHUIIM, HAIp ATHITaH HILIap
Ba JMcCcepTalysl Ty3WIHIIN OYHuYa MabIyMOTIap KEITUPUIITAH.

HucceprauussHuHr “UKKH Ba y4 YJI4OBJH 3BOJIOLHMOH ajredpajgapHu
IBOJIIOIMOH ajirefpajiap OWJIaH annpoxkcuManusiaam”  1e6 HOMIaHYBUYH
OupuHun 0O00OMAa WKKM Ba Y4 YIYOBIM XaKUKHA SBOJIIOLMOH anredpanap
anmpoKcUManusicura Joup 0ab3u Xoccamap Kentupuiarad. HWkku ymuoBnu



ABOJIIOIIMOH  alireOpajlapHd  M30MOP(PU3M  aHMKJIUTHUAATHM TacHU(U KeITHUpUO
VTWIraH Ba y4 YIYOBJIMA 3BOJIIOLMOH ajireOpajapHu XAKUKHI COHJIap MaiJOHHIA

dimA’=1  Gymram  xomma  Tacuuuanras.  lIyHWHTEEK,  yIApHHHT
anmpOKCUMAITUSICH Ba yJIap opacuaard u3oMophu3Miapu ypraHuiraH.
(A,") 6upop K maiion ycrunaru anredpa 6yacus. Arap
e-e =0 aeap i#j
e -6 = Zaikek, bapua i 1apoa
k

[IAPTHU KaHOATJIAHTHPYBUU €,6,,...,6,,...0a3uc Maxyn Oyica y xomnma Oy

anrebpara ssoaroyuon aneeopa naevunaau. by 0asucra sca Tabumii 6aszuc
euniIaan.
Tabkuiab yramusku, Xap Oup 3BOJOIMOH anrebpara (&, ) CTpyKTypaBHid

KOHCTaHTalap xeadpam MaTpUIlACH MoC Kenaau. by aca ymymuii anreOpa OuiaH
TaKKOCJIaraHja 3BOJIIOIIMOH anreOpaHu TaAKUK KUJIUIIHU OCOHIamTupaan. YyHku,
yMyMaH OJTaH/a ajireOpaHuHT KYNauTHpHUIN >KaJABaIM KyOuk MaTpuia OuiaH

oepunaau.
Umsukan OyiMarad TUHAMHUK CUCTEMaHH YpraHWIIIA YHU3HKJIAMNTHPUIT —
oy YH3UKIIH Oymaran aKCITaHTUPHUIITHA YU3UKIUCH Oman

anMmpoOKCUMAIMSJIALIIUD, SbHU YU3UKIW OYaMaraH akCIAHTHUPUIIHK YHUHT
Ky3ranimac HyKracuaaru SlkoOuanHu kapanaau. Jlucceprauusiia 4ekiau YIYOBIH
anreOpaHy CTPYKTypaBUi KOHCTAHTaJap KyOMK MaTpHUIIACHTa MOC KBaJpaTHK
omneparop YYyH YM3MKJIAIITUPHUILIAH (oiinanaHamu3. KBajapaTuk ornepaTOpHUHT
anreOpaHUHT OMpOp HyKTacuaaru SIkoOMaHura MOc YU3HMKJIW omnepaTop €paamua
ABOJIIOLIMOH airedpanap OWJlaCMHU Kypamu3. bepuiiran ymymuii anredpa Ba yHra
MOC 3BOJIIOIIMOH ajiredpayiap opacujaru OOFJIaHUIITHU KEITHPAMU3.

OHau  anreOpaHu  SBOJIIONMOH  anrebpa OwWwiaH — anmpoKCUMAILMSICH
TylIyHYacHHU Kuputamus. bupop K wmaiimon Gepuiran, xap OUp 4eKId YI4OBIN

o . - 3
A anreOpa n3oMopPu3M aHUKJIUTUAA Y3UHUHT YIdoBW (adTaiiumk M) Ba M° Ta
CTPYKTYpaBHH KOHCTAHTaJIapH J € K Ownan anuknanagu. By crpykrypasuii
KOHCTaHTamap A anrebpanunr {€,...,€ } 6asucoaru KynaiTManapuHu KyHuaard

Konga OMiIaH aHUKJIanIn.
m

k=l
[Myngait kuiuO, YeKIM YIYOBIM aireOpallapHUHT KymadTManapu (7ij’k)
KyOMK MaTpuua ousian oepuiaim.

Ilynunrnek, 6y marpuna épaamvuga F: K™ — K™ spomonuon oneparop
KyuuJiarnya aHuKJIaHaIu:
F:x'= E Vi XX, kK=1,...,m.
i
Vmyman onranma, A anrebpa Ba F kBaaparuk omepatopHH YpraHwuii
yJIapHUHT KyOMK MaTpuliajap OpKald aHUKJIAHTAHJIUTH cababiau MypakkaOIuK
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TYyFIUPAaH. AMMO, ¥; HUHT 0ab31 KHAMATIAPHHU HOJra TEHTJIATHPUO, TAIKUK

KWIMIITHA OCOHJIAINTHUPHUIN MyMKHH. bab3u Oup riobanm Ba JoOKajd XOcCccallapHU
yprauum yuyn F omeparopra yxmam umsukiau Oyamarad (yHKIMsUIAp, ogaTia
SxoOuan €pramMuia YM3UKIA QYyHKIMATA “aIMalITUPIIIaIN .

by  omeparopHuHT X=(X;, X,y X, ) €A HyKTagaru  SIkoOuaHu
KyWuaarudajup:

Je(X) = [Dpj.kxj + Dip,kxi] = (Zn:(ypi,k + yip,k)xij

i=1 p’k:l
By kBampar marpuiia Oyiranimra cababmu crpykrypaBuit Marpumacu J. (X)
OYJIraH SBOJIIOIMOH alre0paHy aHUKJIAIIMMA3 MyMKHH. BYHHHT yayH Kylingarnda

B (x) = Z(Vpi,k + 7ip,k)xi (1)
Genrunarr opkanu E, = span{€ ,€,,...,€ } sBomronnon anrebpanu

66,=0, 6= B, (X)&,.
k
KyTaiiTMa OuIaH aHUKJIaMu3.
Tabkugna® yTum >kousku, Oy THUIAArd 3BOJIIOIMOH airedpa OUpUHYH
mapra Y.A.PosukoB Ba M.B.BenackomapHuHr wmakosacuga — ‘“4YMBHHIAP
NOMYJISIUUACH anreOpacu” yuyH aHUKJIAHTaH.

1-Tavpud. [Oxopuoacuua anuxnamean E, s6omoyuon ancedopa A
aneebpanune X HyKmaoazu annpoxCumMayuscu 0euunaou.

Mlynnmait kum6, A Ba E, opacumarm OGormuxymk (1) TeHrnwK OwiaH
aHUKJIaHATH.

HucceprauussHuHT acocuid caBom “bupop X e A yuyn E, sBomornmon

anreGpanuHr  Xoccanapuunm  Owaran  xomma ()i CTPYKTypaBHid

KOHCTaHTajap MaTpuiiacura sra Oyiran Ba (1) myHocabar OunaH OofjaHran A
anreOpa XxaKuja HUMa JAeHuIn MyMKUH?”

E xaxkukwii commap MaigoHumarm 2 VIIYOBIM 3BOJIOLMOH airedpa
oyncun. bynnaii anredpanap LLI.MypomoB ToMOHUIaH KyHugarnia TacHU(IaHTaH:

Xap kanoaii E uxxu ynuoenu xaxuxuii seomoyuon areebpa Kyiuoazu y3apo
uzomopgh obyimaecan aneedbpanapoan oupuea uzomopphoup:

(i) dim(E?) =1:

E,:ee=¢e,ee =0;

E,:ee =¢e,ee =¢;

E,:ee =¢+e,, 66,=—€—6,;

E,:ee =¢,, ee, =0;

Es: €6 =6€,, 6,6, =—6;;

(i) dim(E?) = 2:
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E.(a,;a,): ee =€ +a.,, e,e,=ae +¢e,; 1-a,a,#0, a,,a,€R. Bynoan
mawkapu Eg(a,;8,) arceopa Ey(a;;a,) ancebpaca usomopghoup.

E.(a,): ee =e,, e8e,=€+a,.,, 6vepoa a,€R;

OHau Oy MabiIyM SBOJIOIMOH alreOpalapHUHT XaKUKUH (KOOpauHaTaIapu
XaKUKHAN) Ky3raaMmac HyKTaJlapuiard aninpoKCHMalMsIapuHd Kypamu3. F
SBOJIIOIIMOH OTIEPATOPHUHT HOJIMAC XAKMKHH Ky3FajiMac HyKTaJlapUHU KapaiMus3.
FOkopunarn tacuudamma Gepwiran E,i=1,2,...,7 sBomormon anrebpanap
yuyH F 9BOMIONMOH ONEpaTOPHUHI KY3FanMac HyKTanapudu (X ;Xs) OpKau

OenrunaiimMu3 Ba Oy Ky3Faamac HyKTajgapra MOC JBOJIIOIIMOH anreOpanap OwiaH
OOIIIKa 3BOJIOLMOH anre0paTapHUHT H30MOPGUIMIIApU YpraHUIaIH.

E,.,i=1,2,...,7 3BoxoIMOH anreOpalapHUHT annpoKcumanusuiapuan E,

OpKaiu Oenruiacak, y Xosi1a Kyiuaart TeopeMa YpuHIHIup.
1-Teopema.

~

Ei, Ez sa E. ssonoyuon ancebpanap E, ancebpaa usomopghoup;,

)
ii) E,(a,;a,) ancebpa E,(b,;b,) seomoyuon ancebpaza uzomopoup, 6y epoa

X0\ XY
o] neag]
0
i) E,(a,) areebpa E,(b,) ancebpaza usomoppoup, 6y epoa b, = a, 3/(%)2 :

DHAM y4 YIA4OBIM XaKUKWil sBomonmoH anredpanapau  dim(E?) =1
mapTaa TaCHU(UHU KEITHPaMH3 .
2-Teopema. Xap xanoaii dim(E?)=1 wapm 6unan Gepuncan E yu

VIYOGNU XAKUKULL D80JIOYUOH aleedpa Kyuuoazu y3apo uzomopgh 0Oyimacan
aneebpanapoan oupuea uzomophoup:

1 1 0 1 1 0 1 1 0
E:l-1 -1 0|, E,;|-1 -1 0, E,:|-1 -1 0],
0 0 0 1 1 0 1 -1 0
100 100 1 00 100
E4000,E5:[000,E6:0OO,E7:1OO,
000 100 10 0 100
1 00 1 00 1 00
E:l 1 00}59{100,510{100,
100 10 0 1 00
000 000 0 00
En:OOO},ElZ{lOO,EB{l 0 0]
100 100 10 0
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Oumu Teopema 2 marm E;,i=1,13 spomrounon anredpamap yuyn F
OIIEpaToOp Ky3FajMac HyKTaCHIa MOC 9BOJIIOIMOH anrebpanap Kypamus.

E, 1€{1,2,3, 11,1213} ssomonnon anrebpanap yuyn F omeparopHuHT
HoIaH (apKIM KY3FanMac HyKTalapu Maexya sMac Ba E,,i=4,10 spomomuon
anredpanap yuyH F oneparop nongan dapkiau srona xysranmac nykrara (1;0;0)
sra. lllyHuHr yuyH

2 0
J.(1;0;,0)=|0 0
0 0

o O O

J:(1;0;0) marpuumanu 3BomoouuoH anredbpa E, sBomtonuoH anreOpara

M30MOP(IINTUHU KYPUIIl KHHUH SMac.

JluccepTalUsIHUHT  “YeKJM YJI40BJAM  ajre0pajlapHud  JIBOJIOLUOH
ajredopajsap OMjIaH aNMPOKCUMANMSJIAI” HOMJIM UKKUHYM 000MIa UXTUEPHIL
YEeKJIM YIYOBIU aiureOpa YUyH SBOJIOIMOH ONEPTOPHUHT airedpa HyKTacHujaru
SkoOuanura MocC OHBOJIOIMOH aiuredpajiap OWIACHMHU Kypranmus. Ajredpa
Xoccajlapy MOC DHBOJIIOIMOH airedpaiap OWJIacM Xoccalapd OwWwIaH KaHJau
OOFNMMKIUrura >xaBo0 OepyBurM Oab3u HaTWKajgap OJWHraH. byHnaH Tamkapw,
WKKM Ba yd4 VYI4OBIM HWIBNOTEHT JleiOHuil anreOpanapura MoC 3BOJIOLHUOH
anreOpanapu xam ypranwirad. byHmail sBooLMOH ajnredpanap XaMm HUJIBIMOTEHT
oymuuuurn  ucOomianrad. IllyHunrnek, OyHaaill SBOJIONMOH — ajreOpanap
TacHU(]IIaHTaH.

CrpykrypaBuii  koHctanTamap Matpumacn M, =(y;, )i Oymran

Oepunran A anrebpa yuyH
|, ={pe{l,2,...,n}:detl" =0},

n

Genrunammu onamus. By epna I') = ( Voik + Viow )i’kzl.
xeA Hu Quxcupnad, &, =a (X) opkamu (1.1) ga anuxmanran (8, (X))
MATPULIAHUHT P -yCTYHUAH TAIIKHJI TONTaH BEKTOPHU OeruiaiMus.

3-Teopema.  bepunean M, = (apk) mampuyanu mpusuan 6yimacan
sgonoyuon anceopa E sa M, = (7/pi,k) mampuyanu A aneeopa yuyn (1) Hu
kanoamaanmupysuu X € A \{0} snemenm axam ea paxam
F;l a, = F;l + 8y, uwxmueépuil p,q € 1, yuyn
6a
rankl" | = rank(Fp,ap), wxmuépuii p={1,2,....,n}\ 1, yuyn

OY12aH0a MasHCYO.
E sBomrormon anrebpa yuyH Kyidugara KeTMa-KeTIMKIapHA KAPUTaMU3

E[l] — E<l> — E, E[k+1] — E[k]E[k], E<k+1> — E<k>E, Ek — iEiEk—i’ k >1.

i=1
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2-Tavpud. Acap E™ =0 wapmnu xanoamnanmupysuu 6upop Se N
maedxcyo oyaca, y xonoa E seomoyuon ancebpa yme nunvnomenmm oetiunaou.

<S> «
E*” =0 wapmnu xanoamnanmupyeéuu sne kuyux S couuea yHe HUANOMEHMIUK
UHOeKcu Oetunlaou.

3-Tabpud. Acap E" =0 wapmnu xanoamnanmupysuu 6upop neN
maedxcyo oyaca, y xonoa E seomoyuon ancebpa nunvbnomemm (éxu  nunw)

oetunaou. E"=0 wapmnu xanoamaanmupyeuu swe kuuux N conuea
HUTbNOMEHMIUK UHOEKCU 0eUUIaoU.

JI.M.Kamauo Ba OomikaiapHUHT MaKoJIacua 3BOJIIOLKOH anredpaiap yuyH
HWIBIIOTCHTIUK Ba YHT HWIBMOTEHTJIMK TYIIYHYAJIapu AKBUBAJICHT JKAHJIUTU
ucobormanrad. bynman Ttamkapu, JX.M.Kazac Ba OomIkajgapHUHT MakKoJacHaa
OyHIail anreOpaJlapHUHT CTPYKTypaBUM KOHCTAHTajlap MaTpUIlACH IOKOPH
yuOypuak (Kyiu yuOypuak, 6a3uc 3JIeMEHTIapUHU aJIMallTUPUIILIAp aHUKIUTHIA)
mraKymaa OV ucOOTIaHTaH, IhHU KyWHJard HATHKa MabJIyM:

Kytoaeu ocymnanap n-ynuosnu  E - seomoyuon  ancebpanrap  yuym
9KB8UBANEHMOUD
(@) E 2a moc mampuyanu ytiuoaeuua ézuw mymxun:

0 a, a; ... a,
0 0 a, .. a,

Mc=10 0 O ... a,|
o 0 0 .. O

(b) E yne nunonomenm ancebpa,
(¢) E nunw ancebpa.

4-Teopema. E  N- yuuoeru yue nunvnomemm xaxuxuii (Komniexc)
260I0YUOH aneedopa Oyacun. Y xonda uxmuépuii X€E yuyn E_ s60moyuon

aneebpa xam yHe HUIbNOMeHmoup.

DOHnu Oepuirad anrebpara MOC 53BOJIIOLMOH aireOpaHu Kyluparuya
aHUKJIaMH3: DBOJIOIMOH airedpa CTPYyKTypaBUWl KOHCTAHTajap MaTpPULIACHHU
I0OKOpU/a aHuKJIaHraH J.(X) MaTpUIIAHUHT TPAHCIOHUPJIAHTAHU cudaTHIA

o . n
KapaiiMu3, TbHY aHUKJIAHAETTaH SBOJIIOLMOH alredpa MaTpULIACH (,Bpk (X))p,kzl’ oy
epaa

B (x) = Z(Vki,p + 7/ik,p)xi- (2)

By sBomonnon anrebpa Oepunean A ancebpanune mpaHcnoHupiaHeam
Arobuan oOytiuya annpoxcumayusacy NEUAIaan Ba EZX kabu OenrunaHaau.

1-A30x. JIu aneebpacunune (1) (sa (2)) o6yuuua annpoxcumayuscu
MPUBUATL IB0TIOYUOH Alleedpaoup.
1-Tacauk. A sa B N-puuoeru uzomopgh seontoyuon ancebpanap 6yicumn.

V xon0a wynoaii X € A 6a Y € B masocyoxu, E} ; Egy oynaou.
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A-Tavpud. Aeap X* =0 6Gnca, X €A snemenm abconom HULLROMEHM
oeuunaou.

5-Teopema. If x ozemenm A aneebpanune abconom HUTLROMEHM
anemenmu 6ynca, y xonoa, E, xam abconrom nunonomenm snemenmea s2a 6ynaou.

6-Teopema. R" — R wmaiioon ycmuoaeu kommmymamue aneebpa éa E, —

A n A - o
R"nune XeR" (X #0,i =1,...,n) nykmaoaeu annpoxcumayusicu 6yicun. ¥ xonoa
R" azoma abcomom Hunbnomenwm s1emenmea 32a Oyauwu yuyn E, acona

abconom HUILNOMEHM daeMenmaa 32a OVIUWU 3apyp 6d emapiu.
5-Tawvpud. L sexmop ¢pazo “xeadpam xasc” deb6 amanysuu Ouduzukiu
akcaaumupuu
[-,-]:LxL —>L
ounan dbepunean 6yauo, 6apua X,Y,Zz €L yuyn
[X,[y, Z]] = [[X, y]l Z] —[[X, Z], y]’

Jleubnuy atnusmunu  Kanoamnawmupca, L 2a K maioonoacu Jlenbnuy
aneebpacu oetunaou.

Bepuiran (L,[—,—]) JleitOuun anreGpacu ydyH FOKOpH MapKasHii KeTMma-
KETJIMKHU KyuJarnia aHuKJIanMus:

L'=L, L =[L* L],k >1.

6-Tabpud. Acap L"=0 wapmnu xanoamaanmupysuu wynoai neN
masdxcyo oynca, y xonoa L Jleiibnuy aneebpacu nunonomenm oeuunaou. Illynoaii
N napuune sne kuuueuea L ancebpanune HUTLNOMEHMIUK UHOEKCU OeUUunaou.

Nxku Ba yu YnuoBiu HUIBNOTEHT JlelOHul anredpanapu TacHudIapu MoC
paBuiia Jlog» Ba AinbOeBepuo, ArornoB, OMUPOB MakoJyiajiapuja KEITHUPUIITaH.
Kylinnaru Hatuxkanap ymoy tacHupaapHu udoaanaiiam:

L wuxkku yrwoenu nunonomenum Jleuonuy aneeopacu o6yacun. ¥ xonoa L
abenv ancebpacu 6yn1aou éxu Kyuuoacu areeopaza uzomopgd oyiaou.

wile.e]=e,.

L yu ynuosru nHunonomeuwm Jletibnuy ancedpacu oOyncun. ¥V xonoa L
Kyuuoazu y3apo uzompgh oyimean aneeopanapoar oupuea uzomopgh 6yiaou:

A, © abenp,

4o el=¢,

;ls :[evez] = €5, [eZ’el] =&,

A(a): e el=¢;.[e,.6,]=ae;, [e,6,]=¢,

A :[eZ’el] =&, [el’ez] =&,

2’6 :[el’el] = eZ’ [eZ’el] = e3'

2-Tacnuk. Uxku yruoenu nunnomenm Jleubnuy aneebpacurune uxmuépuil
HyKmacuoazu mpaHcnoHupianean Arxobuanu OYiuva annpoxcumMayusacu xam
HUIbNOMEHM 280J0YUOH alleebpa 6y1aou.

3-Tacauk. Yu ynuoenu umunrnomenm Jletibnuy ancebpacurumne uxmuépuil

HyKmacuoazu mpaHcnonupianean Akoouanu OYVUuUYa annpoKCumMayuscu Xam
HUILNOMEHM 280JI0YUOH alleebpa 6y1aou
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JucceprauustHUHT “Yu VJIYOBJIH IBOJIOLIHMOH ajreopasap
3aHKUPJIApPU” HOMJIM Y4YuHYM OoOWja yd4 VIIYOBIM 3BOJIONUOH anredpainap
3aHKUpJIapy TaBcU(U OJIMHTAH Ba 1Ty KypHJIraH 0apua 3amKupiap yayH OapuKIUK
XOCCACH Y3WMHU BakT OyiWYa KaHIail TyTUIIM YpraHuiarad. bab3u 3aHxkupiap
yMyMaH Oapuk OynMaciaurd Kypcatwirad. bomika (OapUKIMK XOCCAaCHHUHT
Y3WIWIIUTa dra OYiraH) 3amKdpiap ydyH OapUKIMK XOCCACHHHM OOIIKapyBYU
GyHKIUSIIApHU aHUKJIAHIW Ba Oy OOMIKapyBUYMTa KyWwmiraH Oab3u MmapTiapaa
OyHIait 3aHxkupiap 6apuk smMaciuruiu kypcatwiau. lyHunrnek, ymoy 6ynumaa
KENTUPWITaH 3BOJIOLUOH anredpaiap 3aHKUpiiapy YUyH aOCOJIOT HWIBIIOTEHT Ba
UJEMIIOTEHT DJIEMEHTIapH TYIUIAMJIApUHUHT BakT OViM4a Y3WHU TYyTHUIIH Ba
JUHAMHUKACH YPraHWITaH.

0<a<b<o yuyH 3-ya40oBIM IBOJIONHOH ajredpanap 3aH:KHpPJIAPUHA
(xuckaua DA3) [a,b] kecMana KyHugarnia aHuKJIaiMm3:

B, ={EF":a<s<t<b},

Oy epma xap Oup EPY yu y14oBNM 3BONIOIHOH anreOpaHUHT CTPYKTypaBHil
KOHCTaHTanmap Marpuiack MY (aBBanman Ttalimnnanran B Gaswmcra moc)
KyHumaru

MBI = MM (Komvoropos-Uenven Terrnamach). (3)
TEHTTUKHU Oapua a<s<r<t<b yuyH KaHoaTnantupagu. by xomnma Owus

M, ={M b8 a<s<t<b} mu E,,, Guwran Gormamran Kommoropos-Uemmen

(xuckaua K-Y) 3amxupu neimus.

Yumby 600HUHT Oomuaa OU3 yu YIIHOBIM 3BOJIIOLMOH ajaredpanap 3aHXKupu
TaBCU(UHU OEpraHMu3 Ba OM3 Y4 YIIUOBIW 3BOJIIOIMOH ajlredpayiap 3aHKUPUHU
(3) TeHrIMKHU KaHOATJIAHTHUPATUTaH 3x3 MaTpHUIAJApHU TOMHII OpPKaJIU
Kypranmus:

0 0 0
MET=|0 0 o
0 0 0
h(t)(%+ f(s)j h(t)[%+ f(s)J h(t)(%+ f(s)}
w02 o L 1 RUEAI|
M=t -a@| | -ae | ol -ew) |
h(t)(g(s)—f(s)) h(t)(g(s)—f(s)) h(t)(g(s)—f(s))
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1+yw(s)  1+w(s)  1+y(s)
1-¢(s) 1-9(s) 1-¢(s) |, arap s<t<a,
VIO P(s)—w(s) @(s)—w(s) o(s)—w(s)

> 2|0 0 0

0 0 0], arap t > a.

0 00

O O
MET= ST aOLO al9,0 aOho |
oL 2680 e

Oy epma, @, (8) = 1,(5) +¢1(5)g,(5) + 9, (s)h,(s) # 0.

0 0 0
MEI= 0 0 0 |
() f() 9

g(s) a(s) 9(s)

0 0 O
0 0 O0},ifs<t<a,
v [P0 v 1
0 0O
0 0 O|,ift>a.
0 0O

IlyHmaii kunu6, 6us rokopuaa kenrupumras M *11=0,1,2,3,4,5 napra
MOC Ei[s’t],O <s <t DA3napuHu XOCH KUIIHK.

7-Tavspud. @apaz xunaiinux, EU DA3 (s,t,) eaxkm oparuzuoa P
xoccaea 32a oyncun. Aeap wiynoai (s,t) = (S,,t,) 6axm opanrueu masdicyo 6yaub, oy

opaukoa DA3u P xoccaza sea 6ynimaca, y xonoa 9A3nune P xoccacu ysunuwea
92a Oetunaou.
Kyiingarn 6enrmianuiapau KUPUTAMA3:
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T ={(s,t):0<s<t};
T, ={(s,t) e T :E®"' = P xoccaca sea};
TF,0 =T\T,={(s,t) eT: ElY — P xoccaea sea smac}.

by Tynnamnap Kyduaarua MabHOJIapra ora.
T, — P xocca naBomuiinuruy;

0 oo o
TP — P xoccanunr HNYKOJIT'aHJIUK JaBOMUUIINIH,

o 0 o
T tyrmunamuunr {T,, T, } kydrmurn P xocca nuarpamMmmacu neiinmai.

Macainan, arap P =xommyrtatuBiuk 0yica, y Xxoiaa 3BOJIONHUOH anrebpa
JIOMM KOMMYTATUB OYiranauruaan A3 KOMMYTATUBIMK XOCCACH Y3WJIMIIINMIa 3ra
sMac JieTaH XyJjiocara KeJlaMus.

A anrebpanuHr xapakrepu — Oy A Jgard HOJAMAac MyJIbTHILIMKATHB
yn3ukIn popmaaup, spHH A HEM R Ta akciaHTHPYBYM HOJMAac aareOpamk
romomopusmanp. bapua anreOpamap xam xapaktepra sra OYyiaBepMaiiiu.
Macainan, HOJ KyTlaT™Maiu ajiredpa XxapakTepra ara smac.

8-Tabpud. A arcedpa 6a ynune © xapakmepuoan MawKuil MmMoONSam
(A o) ascypmauxka 6apuk ancebpa oevunaou. & 2omomop@uzm A aneebpanumne

oeupaux (éxu bapux) gyukyuacu ea o(X) aca X snemeHmHuHe oupaueu (6apux

Kutimamu) 0euunaou .
7-Te0peMa
st
* (Bapuxmacnux xoccacu Y3UNTUWUHUHE MABHCYO OMACIUSU) E[ I

i =0,3 aneeopanap (s,t)eT eaxkmoa bapuk smac.

* (bapuxknuk xoccacu y3unUWUHUHE MABHCYOIULY) Ei[s’t], i=1,2,4,5

DA3napu b6apuxiux xoccacu y3unuwiuea 2a 8a OAPUKIUK XOCCACU OABOMULIUK
myniamaapu Kyuuoasuia

T, ={(s)eT :g(s)=f(s) = +ﬂ}u{(5 DeT:g(s)=-1(s)= m}

Ty? ={(s) €T : () =y (s) =L} A{(s,1) € T 1 o(8) =1,/ (s) = -1},

T ={(s,t) eT :g(t) =0}, T, ={(s,t)eT :s<t<a}.

OHau “abcontom HunbnoOmMenm 21eMeHmuU A2OHAIUSU” XOCCACH Y3WIIUILN
MaB)XyUIMK MyaMMOCHTa >1<aBo6 oepamus.

T ={(s,t) eT :E"" srona abcomoT HUIBIOTEHT dIEMeHTra 5ra},

To=T\T,.

nil

8-Teopema.
. Ei[s’t], i1=0,4,5 DA43napu uxmuépuii (s,t)eT 6axkmoa uyexkcu3z Kyn
abconom HUIbNOMeEHn 1eMeHmaa ;
. Ei[s‘t], i=1,2 OA3napu “abconom Hunbnomewm  21eMeHmMuU

AeoHanueu” xoccacu y3unuwiuea 922a 6a ‘‘abconom HUTLNOMEHM dleMeHmu
sAeonanueu”’ xoccacu 0a8OMUUIUK MYRIAMIAPY KYyUUOa2uya
18



1 1,.
e
TO={(s,t)eT :~1<p(s) < p(s)<Lt<a};

nil

TO={(s,t)eT : f (1),9,(t),h (t) — uwopanapu 6up xunsmac}.

nil

T ={(s,t)eT :h(t) =0, f(s) < g(s) <

nil

9-Teopema. (1) E([,S’t] aneeopa sieona (0,0) uoemnomenm snemenmea sea.
{(0,0,0)},if (s,t) e{(s,t) € T :h(t) =0}
(2) 1d(EFY) = h(s) h(s) h(s))| . _
{(0,0,0),( h® h@' h(t)] Jf (5,1) €{(s,t) e T : h(t) =0}
{(0,0,0)},if (s,t) e{(s,t) e T :t>a}
{(0,0,0),(1,1,1)},if (s,t) e{(s,t) e T :s<t<a}

(3) 1d(E;") ={

{(0,0,0)},if (s,t) e{(s,) e T : F(s,t) = O}
NERE {

R 9.0 h®).| . .
(0,0,0),(F(S’t), 0’ F(S’t))},lf (s,t)e{(s,t) e T :F(s,t) =0}

where F(s,t) = f,(s)(f,(t) +w(s)(g, ()" + @(s)(h, (1))°).

{(0,0,0)},if (s,t) e{(s,t) e T : g(t) = 0}
| d(ERT) = {

6(s) 9(9)T V) 9()e(), ] - |
0,0,0), , , AfF (s, ) e{(s,t) e T : 0
OO0 60wy oy )}' GOABDT 00 =0}

{(0,0,0),(l,(//(’[),@(t))}, if (s,t) e{(s,t) eT :s<t<a},

(6) | d(EéS,t]) = {{(0’0’0)}’ if (S,t) e{(S,t) el :t> a}-

XVJO0CA

JluccepTanus UIA YEKJIU YJIUOBIU ajareOpajapHu 3BOJIIOIMOH anredpaiap

OwilaH anmpoKCUMAIMACH XamjJa Y4 VIYOBIM JBOJIOLMUOH  ajredpayiap
3aHKUPJIAPUHU TAJIKUK KUAJIUINTa OaFuIllIaHTaH.

TaaKUKOTHUHT acoCHii HaTWXKajlapu KyWuaarmiapjaaH noopar:

1. XaKuKWil COHJIAp MaWJIOHW yCTHAa OepwiraH y4 VYIUYOBIU SBOIIOIMOH
anreOpanap TacHU(IIaHIM, XaMmJa WKKH (yd) YIHOBIM SBOIIOIUOH
anrebpanap Ba yJapHUHT UJIEMIIOTEHTIApUTA MOC KEJIauTraH 3BOJOIHOH
anrebpanap ypracuaaru n3oMophusmiIap Kypuiay;

2. VHT HUJBIOTEHT OYJIraH 3BOJIIOLIMOH anredpa anmpoKCUMAalUACH XaM YHT
HUJIBIIOTEHT SKaHJIUTH UCOOTIIaHTaH;

3. UKKM Ba y4 VymuoBnd HuinmoTeHT JlewOHuI anreGpanapyuHUHT
anmnpoOKCUMAIMsICK XaM HWIBIIOTEHT 3BOJIIOIMOH airedpa 3KaHIUTH
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a s

KypcaTuirad, OyHJIaH TallKapy Yoy 3BOJIIOIMOH ajredpanap TacHubuU
XaM OJIMHTaH;

y4 YIIYOBIIM HBOJIIOLIMOH anre0paap 3aHXKUPJIapu KypuiraH;

HBOJIIOLIMOH  anredpanap 3aHKUPUHUHT aOCONIOT HUJIBIOTEHT Ba
HUJEMITOTCHT JJIEMEHTJIApU TYJIaMJIIAPWHHUHT BaKTra OOFJIMK THHAMHUKACH

(V)

YPraHwIraH.
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INTRODUCTION

Actuality and demand of the theme of the thesis.

Numerous scientific and practical researches conducted worldwide are
often brought to the study of some algebras using the non-associative algebras and
the theory of algebraic systems. Algebraic tools are very useful in the study of the
elementary particles in quantum mechanics, properties of solids and crystals, in
problems of population genetics, in the analysis of modeled problems of
economics, and in other matters. The foundations of modern algebra are based on
the theory of finite groups and finite-dimensional associative algebras. The
development of algebraic systems and their relationship to other fields of
mathematics and physics led to the emergence of new algebras, including
alternative, Jordan, Lie, Leibniz, genetic, and evolution algebras. Evolution
algebras are important in the study of genetic populations. Therefore, the study of
some properties of algebras by bringing them closer to evolution algebras is one of
the actual and important tasks.

Today one of the important directions of modern algebra in the world is the
study of the theory of evolution algebras. Evolution algebras are related to other
fields of mathematics, including graph theory (especially random graphs and
networks), group theory, Markov processes, and dynamical systems. Evolution
algebras was first proposed by Lyubich in 1992 (under the name of evolutionary
algebra). It should also be noted that Tian used the term evolution algebra in his
monograph in 2008 and cited the applications and some properties of these
algebras. After that interest in evolutionary algebras has increased dramatically.
Note that the main focus of Tian’s research was on the applied problems of
evolution algebras. However, a natural approach to the study of a variety of finite-
dimensional algebras, such as the construction of structural theory, has not been
considered by him. Pioneering results devoted to the study of structural theory
appeared in the works of Sh.A.Ayupov, B.A. Omirov, U.A. Rozikov and J.M.
Ladra. In particular, the classification of 2-dimensional complex evolution algebras
IS obtained, the classical properties of nilpotent evolution algebras are described.

In recent years, our country has paid increasing attention to mathematics,
physics, geology and biological sciences, which have a scientific and practical
applications of fundamental sciences. In particular, special attention was paid to
the development of the theory of evolution algebras, one of the main objects
encountered in population biology and genetics. Significant results have been
obtained in the study of evolution algebras and their chains. Investigations on the
international level in such important areas as the functional analysis and algebra
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considered as the main task of fundamental research! . At the present time, the
development of investigations on the theory of evolution algebras plays an
important role in the implementation of this decree.

The subject and object of research of this thesis are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan", UP-2789 dated February 17, 2017 “On measures to
further improve of the activities of the Academy of Sciences, organization,
management and financing of research activities”, PP-3682 from April 27, 2018
“On measures to further improve the system of practical implementation of
innovative ideas, technologies and projects” and PP-4387 from July 9, 2019 “On
measures to further development of mathematical education and science, total
improvement of the activity of the Uzbekistan Academy of Sciences
V.I.Romanovsky Institute of Mathematics" and also PD-4708 from May 7, 2020
"On measures to improve the quality of education and research in mathematics" as
well as in other regulations related to basic science.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
«Mathematics, Mechanics and Computer Science» .

The degree of scrutiny of the problem. In recent years non-associative
analogues of classical constructions become of interest in connection with their
applications in many branches of mathematics and physics. Mathematical methods
have long been successfully used in population genetics. Connection between
mathematical research and population genetics is established via Mendel’s laws,
where he used symbols that from an algebraic point of view, suggest the
expression of his genetic laws. Thus, mathematicians and geneticists once used
non-associative algebras to study Mendelian genetics, and later some other authors
called it "Mendelian algebras."

The notion of approximation of finite-dimensional algebras by evolution
algebras were not introduced yet. But this kind of evolution algebra first was
defined in the paper of M.V.Velasco and U.A.Rozikov for an algebra of mosquito
population without explicitly mentioning .

The main problems concerning these notions are to find similar properties
of given algebras and corresponding evolution algebras.

The investigation of chains of three-dimensional evolution algebras came
out from discussions with professor U.A.Rozikov and professor V.M.Velasco

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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(University of Granada, Spain) during my visit for internship to University of
Granada, Spain, on October, 2019.

By M.Casas, M.Ladra and U.Rozikov a notion of a chain of evolution
algebras is introduced and a wide class of such chains is obtained. Several
properties of such chains are studied by these authors and Sh.Murodov, B.A.
Omirov, K.M. Tulenbayev.

The first results concerning chains of two-dimensional evolution algebras
were obtained in the PhD thesis of Sh.Murodov. Moreover, in his thesis the author
constructed chains of evolution algebras of a “chicken” population, and also
studied the dynamics of the constructed chains of evolution algebras of a “chicken”
population.

The connection of the theme of the thesis with the research plans of the
higher education institute, where the research on the thesis is carried out. The
thesis research fits the aims and scops of the projects OT-F4-82 + OT-F4-87
«Local derivations and automorphisms of operator and nonassociative algebras,
phase transitions and chaos in nonlinear dynamical systems» + «The theory of
global invariants of curves and surfaces in Euclidean and pseudo-Euclidean spaces
and its applications in mechanicsy at the Institute of Mathematics after named V.1
Romanovskiy (2017-2019).

The aim of the research work: The study of approximation of some
finite-dimensional algebras by evolution algebras and to study of chains of three-
dimensional evolution algebras.

Research problems:

to investigate approximations of two and three-dimensional evolution
algebras;

to investigate absolutely nilpotent elements of approximation of an
arbitrary algebra by evolution algebras;

to investigate approximation of nilpotent Leibniz algebras by evolution
algebras;

to describe chains of three-dimensional evolution algebras;

to investigate the behavior of the baric property, the behavior of the set of
absolutely nilpotent elements and dynamics of the set of idempotent elements
depending on the time of chains of the evolution algebras.

The research object: Approximation of finite-dimensional evolution
algebras, chains of three-dimensional evolution algebras.

The research subject: two and three-dimensional real evolution algebras,
two and three-dimensional nilpotent Leibniz algebras, the set of absolutely
nilpotent and idempotent elements of evolution algebras.
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Research methods: In the thesis the methods of the theory of non-
associative algebras, theory of non-linear dynamical systems, the structural
methods and the methods of invariant theory are used.

Scientific novelty of the research work consists of the following:

a family of three dimensional real evolution algebras are classified and
iIsomorphisms between evolution algebras corresponding to idempotents of two-
dimensional (three-dimensional) evolution algebras and two-dimensional (three-
dimensional) real evolution algebras are investigated;

it is proved that the approximation algebra of nilpotent evolution algebra is
also nilpotent;

it is shown that the approximations of two and three-dimensional nilpotent
Leibniz algebras are also nilpotent evolution algebras, moreover, classifications of
these evolution algebras are obtained,;

chains of three-dimensional evolution algebras and the behaviour and
dynamics in time of the set of absolute nilpotent and idempotent elements of the
chain of evolution algebras are described.

Practical results of the research. The obtained results and used methods
in the dissertation can be taught as a graduate course for masters and doctoral
students of higher education institutions. Furthermore, obtained classification of
real three-dimensional evolution algebras and constructed chain of three-
dimensional evolution algebra  allow us to investigate the evolution of
coresponding biological and physical systems and the isomorphisms between
these algebras.

The reliability of the results of the study. The results have been obtained
by using the methods of abstract algebras, non-linear analysis, linear and evolution
algebras, as well as the rigorous of mathematical reasoning. The proofs of obtained
results are mathematically correct.

Scientific and practical significance of the research results. The
scientific significance of the research results is that the scientific results obtained in
the study can be used for further study of other chains of algebras. In particular, the
techniques and methods developed in this dissertation can be used to find the
chains of all evolution algebras. The practical significance of the thesis is that the
results can be used in the theory of structure and chains of evolution algebras and
to study evolution of biological and physical systems.

Implementation of the research results. The results were used in the
following scientific studies:

the obtained classification of three-dimensional evolution algebras over the
field of real numbers were used to obtain the classification of two- and three-
dimensional complex evolution algebras in the foreign project with number
MTM2016-76327-C3-2-P  (AEIFEDER, UE) (Implementation letter from
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November 30, 2020, University of Granada, Faculty of Mathematics, Spain). The
application of the scientific result allowed to show that the number of complex
evolution algebras is finite up to isomorphism;

the triviality of the second Leibniz cohomology for a simple Leibniz
algebra with self-coefficients was proved in the research project: «Cohomological
groups of semi-simple and nilpotent algebras» using the results of the dissertation
that evolution algebras, which are approximations of two- and three-dimensional
nilpotent Leibniz algebras, are also nilpotent (Reference No. 2/1255-84 of the
Academy of Sciences of the Republic of Uzbekistan dated January 12, 2021).

Approbation of the research results. The main results of the research
have been discussed at 6 international and 4 national scientific conferences.

Publications of the research results. On the topic of the thesis, 18
scientific papers were published, 8 of which are included in the list of scientific
periodicals proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of theses of the Doctor of Philosophy, including 2 of
them published in foreign journals and 6 in national scientific journals and 10
abstracts.

The structure and volume of the thesis. The thesis consists of the
introduction, three chapters, conclusion and bibliography. The total volume of the
thesis is 108 pages.

THE MAIN CONTENT OF THE THESIS

The introductory part includes a justification of the relevance and
necessity of the thesis, the relevance of the research to the priorities of science and
technology, the review of foreign research on the topic, the degree of scrutiny of
the problem, the purpose, objectives, object and subject of research, scientific
novelty and practical results, theoretical and practical significance of the results
obtained, the statement of research results, published works and information on the
structure of the thesis.

In the first chapter of the thesis, titled “Approximation of two and three-
dimensional evolution algebras by evolution algebras” we give some results
concerning approximations of two- and three-dimensional real evolution algebras.
We present results on description and classification up to isomorphism of two-
dimensional evolution algebras and we classified three-dimensional real evolution
algebras in the case dimA®=1. Also we have studied their approximations and
iIsomorphisms between them.

Let (A,-) be an algebra over a field K. If it admits a basis €e,,...,&,,...,

such that
e-e =0,ifi=]
e - = ae, foranyi
k
then it is called an evolution algebra and such a basis is called a natural basis.
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We note that to every evolution algebra corresponds a square matrix (a, )

of structure constants. This makes the investigation of an evolution algebra
simpler compared to general algebra. Because, the multiplication table of a general
algebra can be given by a cubic matrix.

The theory of evolution algebras is well developed. In the study of
nonlinear dynamical systems, a linearization means an approximation of the
nonlinear mapping by the linear one, i.e. by the Jacobian of the nonlinear mapping
at a fixed point. In this thesis we use this linearization for a quadratic operator
corresponding to cubic matrix of structure constants of a finite dimensional
algebra. By the linear operators (corresponding to Jacobian of the quadratic
operator at a point of the algebra) we construct a family of evolution algebras. We
give relations between given general algebra and its corresponding evolution
algebras.

Now we define an approximation of an algebra by evolution algebra. Given
a field K, any finite-dimensional algebra A can be specified up to isomorphism

by giving its dimension (say m), and specifying m* structure constants Vik K.

These structure constants determine the multiplications in a basis {e,,...,e,} of A
via the following rule:

m

€e; = ) 7iC

k=1
Thus the multiplications of a finite-dimensional algebra is given by a cubic
matrix (7).

This matrix also defines an evolution operator F : K™ — K™ as
FiX =D XX, k=1,...,m
ij

In general, the investigation of the algebra A and the quadratic operator F
is difficult, since they are determined by cubic matrices. While this investigation
can be simplified by taking some values of y;, equal to zero. Non-linear
functions, like F, mainly reduced to linear functions (linearization) by Jacobian to
prove the local and some global results.

Jacobian of this operator, at X=(X;, X,,...,X,) € A, is the following:

Je(X) = (Z}/pj,kxj + Dip,kxij = (Zn:(ypi,k + 7ip,k)xij

i=1 p.k=1
Since this is a square matrix we can define an evolution algebra with structure
constants matrix J(X) . To do this, denote

,Bpk (X) = Z(7pi,k + 7/ip,k)Xi (1)
and define an evolution algebra E, = span{€ ,€,,...,€ } by the multiplication

66,=0, & =) B, (XE,.

k
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Note that this kind of evolution algebra first was defined in U.A.Rozikov
and V.V.Velasco’s paper for an algebra of mosquito population.
Definition 1. The evolution algebra E, defined above is called an

approximation of the algebra A at point x.
Thus (1) is a relation between algebras A and E, .

The main question of this thesis is “What can we say about algebra A
with matrix of structure constants (y; )} knowing properties of the evolution
algebra E, for some x € A with the relation (1)?"

Let E be a 2-dimensional evolution algebra over the field of real numbers.
Such algebras are classified by Sherzod Murodov as following:

Any two-dimensional real evolution algebra E is isomorphic to one of the
following pairwise non-isomorphic algebras:

(i) dim(E*) =1:

E:ee=¢,ee =0;

E,: ee =€, ee, =¢;

E;:ee =¢+e,, 6.6, =—€ —6,;

E,: ee =¢,, ee =0;

E.:ee =¢,, e, =-6€,;

(i) dim(E?) = 2:

E.(a,a,): ee=e+ae,, ee=ae+e,; 1l-aa=0, a,aceR.
Moreover E,(a,;a;) is isomorphic to E,(a,;a,).

E.(a,): ee =e,, e8e,=¢ +a,.6,, where a, eR;

Now we construct approximations of these evolution algebras at the real
(coordinates are real) fixed points. We find real non-zero fixed points of the
evolution operator F . We denote by (xf ;xg) the real non-zero fixed points of the
operator F for algebras E,i=1,2,...,7 mentioned in above classification and

study isomorphisms of evolution algebras corresponding to these fixed points with
other evolution algebras.

~

If we denote by E, approximations of E;,i=1,2,...,7 then we have the
following theorem.
Theorem 1.

i) Evolution algebras E,, E, and E, are isomorphic to E;;
i) E,(a;a,) is isomorphic to the evolution algebra E,(b,;h,), where

XO 2 Xf 2
e
- 0
iii) E,(a,) is isomorphicto E,(b,), where b, = a43/(x—g)2 :
X
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Now we shall consider classification of three dimensional real evolution
algebras with dim(E?) =1.

Theorem 2. Each three-dimensional real evolution algebra E with
dim(E*) =1 is isomorphic to one of the following pairwise non-isomorphic
algebras:

1 1 0 1 10 1 10
E:-1 -1 0|, E,:{-1 -1 0|, E,:|-1 -1 0],
0 0 0 1 1 0 -1 -1 0
100 100 100 100
E4:000,E5:[000,E6:000,E7:100,
000 100 10 0 100
1 00 1 00 1 00
E,:| 1 OOJ,Eg{lOO,Em:{lOO,
10 0 -1 0 0 1 00
000 000 0 00
E,:[0 0 Of,E,:[1 0 Of,E ;|1 0 O
100 100 10 0

Now for the evolution algebras Ei,i:1,_13 from Theorem 2 we will
construct evolution algebras corresponding to fixed points of the operator F .

There is no non-zero fixed point of the operator F for the evolution
algebras E;, 1€{1,2,3, 11,12,13} and (1,;0;0) is the unique fixed point of the

operator F for the evolution algebras E,,i =4,10. So
2 00
J-(1,0;0)=/0 0 O]
0 0O
It is easy to see that the evolution algebra with the matrix J_(1;0;0) is

isomorphic to the evolution algebra E, .

In the second chapter of the thesis, titled “Approximation of finite-
dimensional algebras by evolution algebras” for any finite dimensional algebra
we construct a family of evolution algebras corresponding to Jacobian of the
evolution operator at a point of the algebra. We obtain some results answering the
questions - how properties of an algebra depends on the properties of the
corresponding family of evolution algebras. Moreover, we consider evolution
algebras corresponding to two- and three-dimensional nilpotent Leibniz algebras.
We prove that such evolution algebras are nilpotent too. Also we classify such
evolution algebras.
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For an algebra A with matrix of structure constants M, = (7, )} 1

denote
|, ={pe{l,2,..,n}:detl" =0},
where Ty = (7,1, + Vo ):kzl.
Fix x e A and denote by a, =a,(x) the vector considered as p-th column
of matrix (5, (x)) defined in (1).
Theorem 3. For a given non-trivial evolution algebra E with M =(a,, )

and an algebra A with M, =(y,,) there is an element x < A\{0} satisfying
(1.1) ifand only if
rt.a =I.a,foranypqel,
and
rankT", = rank (T, a, ), forany p={1,2,...n}\1,.
For an evolution algebra E introduce the following sequences

Ell = g<> = E, Elkl = E[k]E[k]’ E k> = E<k>E’ EX = kz_llEiEk_i, k>1.

i=1

Definition 2. An evolution algebra E is called right nilpotent if there exists
some seN such that E=*" =0. The smallest s such that E= =0 is called the
index of right nilpotency.

Definition 3. An evolution algebra E is called nilpotent (or nil) if there
exists some ne N such that E" =0. The smallest n such that E" =0 is called the
index of nilpotency.

By L. M. Camacho and others it is proved that the notions of nilpotency
and right nilpotency are equivalent for evolution algebras. Moreover, in the paper
of J.M. Casas and others it is proved that the matrix of structure constants for such
algebras have upper (or lower, up to a permutation of basis elements of the
algebra) triangular forms, i.e. the following results are known:

The following statements are equivalent for an n-dimensional evolution

algebra E:
(a) The matrix corresponding to E can be written as
0 a, a; ... a,
0 0 a, ... a,
M:=({0 0 0 ... a, |
o 0 0 .. O

(b) E is aright nilpotent algebra;
(c) E isanil algebra.
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Theorem 4. Let E be any right nilpotent n-dimensional real (complex)
evolution algebra, then for any X € E the evolution algebra E, is right nilpotent.

We consider evolution algebras corresponding to a given algebra as
follows: the matrix of structure constants of the evolution algebra is transposed
matrix of J_(x) which defined above, i.e. matrix of considering evolution algebra

1S (B (X)) =1, Where

,Bpk(x):Z(7ki,p +7/ik,p)xi- (2)

This evolution algebra is called an approximation of the given algebra A

by transposed Jacobian and denote by E,Ix :

Remark 1. Approximation of a Lie algebra by (1) (and by (2)) is an trivial
evolution algebra.
Proposition 1. Let A and B be n-dimensional isomorphic evolution

algebras. Then there exist x e A and y e B such that E; ; Egy.

Definition 4. An element x € A is called absolutely nilpotent if x> =0.
Theorem 5. If x is absolutely nilpotent element of the algebra A, then E,

also has absolutely nilpotent element.
Theorem 6. Let R" be a commutative algebra over the field R and E, be

the approximation of R" at XeR" with & #0, i=1,..,n. Then the algebra R"
has a unique absolutely nilpotent element if and only if the algebra E, has a
unique absolutely nilpotent element.

Definition 5. A Leibniz algebra over K is a vector space L equipped with

a bilinear map, called bracket,
[-,—]:LxL —>L
satisfying the Leibniz identity:
[x.[y,zI1=[[x 1. zZI-[[x z], y],
forall x,y,zelL.

For a given Leibniz algebra (L,[—-,—]) we define lower central series as
follows:

L'=L, L =[L* L],k >1.

Definition 6. A Leibniz algebra L said to be nilpotent, if there exists
neN such that L" =0. The minimal number n such property is said to be the
index nilpotency of the algebra L.

The classification of the two and three dimensional nilpotent Leibniz
algebras were obtained in the papers of Loday and Albeverio, Ayupov, Omirov,
respectively. The following results contain these classifications.

Let L be a 2-dimensional nilpotent Leibniz algebra. Then L is an abelian
algebra or it is isomorphic to

tlenel=e,.
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Let L be a 3-dimensional nilpotent Leibniz algebra. Then L is isomorphic
to one of the following pairwise non-isomorphic algebras:
A, : abelian,

4 [e,8]=8;,

As :[evez] =€ [e2’e1] = €5,

Aa):[e.e]=¢6;[e,6,]=ae,;, [e,e,]=¢

15 :[GZ’el] = e3’ [el’eZ] = e3’

/16 :[el’el] = e2’ [eZ’el] = e3'

Proposition 2.  Approximation by transposed Jacobian of the 2-
dimensional nilpotent Leibniz algebra at any point xeL is also nilpotent
evolution algebra.

Proposition 3. Approximation by transposed Jacobian of the 3-
dimensional nilpotent Leibniz algebra at any point xeL is also nilpotent
evolution algebra.

In the third chapter of the thesis, titled “Chains of three-dimensional
evolution algebras” we give a description of three-dimensional evolution algebras
and we construct some chains of three-dimensional evolution algebras and studied
behavior of the property of being baric for each chains constructed in this section.
We show that some of the chains are never baric. For other chains (which have
baric property interruption) we defined a baric property controller function and
under some conditions on this controller we prove that the chain is not baric. For
each considered chains of evolution algebras in this section we studied the
behavior and dynamics of the set of absolutely nilpotent and idempotent elements
depending on the time respectively.

For 0<a<b<w , we define a 3-dimensional chain of evolution algebras
(CEA for short) on [a,b] as

B, ={EF":a<s<t<b},

where every EPY is a 3-dimensional evolution algebra provided with a structure
constant matrix M1 (respect to a prefixed natural basis B) satisfying that

MEY = MEAIMEY T (Kolmogorov — Chapman equation). (3)
for any a<s<z<t<b. In this case we say that M, ={M"":a<s<t<b} is
the Kolmogorov-Chapman chain (K-C chain for short) associated to E, ;.

In the beginning of the third chapter we have obtained description of chains
of three dimensional evolution algebras. And we have constructed some chains of
three-dimensional evolution algebras by solving the equation (3) for the 3x3
matrix:

M (gs,t] —

o O O
o O O
o O O
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h(t)(%+ f (s)] h(t)(%+ f(s)} h(t)£%+ f(s)}

o= 2 heof L _ 1 ERNI
M, =3 h(t)(h(s) Q(S)j h(t)ﬂh(s) g(S)J h(t)(h(s) 9(8)],

h)(a(s)-f(s)) hM®(g(s)-f(s)) hM)(a(s)-T(s))

1+y(s) 1+y(s) 1+w(s)
1=9(s) 1-¢(s) 1—¢(s) },ifs<t<a
M= L) @(s)—w(s) o(s)—w(s) o(s)-w(s)
> 2](0 0 0
00 o}, if t>a.
000

. f, () 9, (t) h, (t)
'\/'3[5’”=CD—(S) () f, (1) @(5)g,(t) @ (s)h, (1) |,
@) 1) 9:.()9,(t) @ (s)h, (1)
where, @ _(s) = f.(S)+@,(S)g,(S) +@,(s)h,(s) 0.

0 0 0
MET=| 0 0 0 |
pt) ) g
g(s) g(s) g(s)

0 0O O
0 0 0},ifs<t<a,
M 50 = pt) w(t) 1
0 0O
0 0 0},ift>a.
0 0O

Thus in this case we have CEAs: EP",0<s<t, which correspond to the
M1i=0,1,2,3,4,5 listed above.

Definition 7. Assume a CEA, E™", has a property, say P, at pair of times
(s,.t,); One says that the CEA has P property interruption if there is a pair
(s,t) = (s,,t,) at which the CEA has no the property P.

Denote
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T ={(s,1):0<s<t};
T, ={(s,t) e T : E®Y has property P};
T, =T \T, ={(s,t) e T : E®*Y has no property P}.
The sets have the following meaning:
T, —is the duration of the property P;
TPo — is the duration of the lost of the property p;

The partition {T,,T,'} of the set T is called P property diagram.

For example, if P = commutativity then since any evolution algebra is
commutative, we conclude that any CEA has not commutativity property
interruption.

A character for an algebra A is a nonzero multiplicative linear form on A,
that is, a nonzero algebra homomorphism from A to R. Not every algebra admits
a character. For example, an algebra with the zero multiplication has no character.

Definition 8. A pair (A,o) consisting of an algebra A and a character o

on A is called a baric algebra. The homomorphism o is called the weight (or
baric) function of A and o(x) the weight (baric value) of x.

Theorem 7.
* (There is no non-baric property interruption) The algebras Ei[s‘t],
i = 0,3 are not baric for any time (s,t) e T;
* (There is baric property interruption) The CEAs Ei[s‘t], i=1,2,4,5
have baric property interruption with baric property duration sets as the following
T,7 ={(s,)eT :g(s) = f(5) = +ﬁ}u{(s DeT:g(s)=—1f(s)= m}
T2 ={(s) eT :p(s) =y () =L} A(s,) € T 1 9o(s) =1, pr(s) = -1},
T ={(s,)eT :g(t) =0} T ={(s,t)eT :s<t<a}.

Now we answer to problem of existence of "uniqueness of absolutely
nilpotent element™ property interruption.

T ={(s,t) e T : E®has unique absolutely nilpotent element},

nil
To=T\T,.
Theorem 8.
* The CEAs E™, i=0,4,5 have infinitely many of absolutely nilpotent
elements for any time (s,t) e T;

* The CEAs EPY, i=1,2 have "uniqueness of absolutely nilpotent
element" property interruption with the property duration sets as the following

TO = eT:h 0, f —f
i =1(s:t) (t) = (S)<g(S)<h() (s) < h()}

T2 ={(s)eT :-1<y(s) < (s) <L t<a};

n||
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TO={(s,t)eT : f (t),9,(t),h (t)—the signs are different}.
Theorem 9. (1) The algebra E([,S't] has unique idempotent element (0,0).
{(0,0,0)},if (s,t) e{(s,t) € T :h(t) = 0}
[st]y —
(@ 1d(E7)= {(0,0,0),(28 , 2828}}# (s,t) e{(s,t) € T :h(t) = 0}
{(0,0,0)},if (s,t) e{(s,t) e T :t>a}
{(0,0,0),(1,1,1)},if (s,t) e{(s,t) eT :s<t<a}

(3) 1d(EF) = {

@ {0,0,0)},if (s,t) c{(s.) € T : F(5,t) = 0}

1d(EFY) = { 0.0.0) (Ff&‘s(,?)’ Fg( S(tt)) | Fh(g))} if (s.t) e{(s.) e T 1 F(s,t) %0}
where F(s,t) = f,(s)(,(t) +y(s)(9,(1)" + p(s)(h, (1))*).

©) {(0,0,0)},if (s,t) e{(s,) e T : g(t) =0}

T oo d SRR e o et 00

(6) 1d(EEY) = 1(0,0,0), Ly (), o)}, if (s,t) e{(s,t) e T :s<t<a},
* T {0.0,0)if (s e{(s,) €T it=a}.

CONCLUSIONS

The thesis is devoted to investigation of approximations of finite-dimensional
algebras by evolution algebras and chains of three-dimensional evolution algebras.

Basic results of the research are as follows:

1. a family of three dimensional real evolution algebras are classified and

iIsomorphisms between evolution algebras corresponding to idempotents
of two-dimensional (three-dimensional) evolution algebras and two-
dimensional (three-dimensional) real evolution algebras are investigated:;

2. it is proved that the approximation algebra of right nilpotent evolution
algebra is also right nilpotent;

3. itis shown that the approximations of two and three-dimensional nilpotent
Leibniz algebras are also nilpotent evolution algebras, moreover,
classifications of these evolution algebras are obtained;

4. chains of three-dimensional evolution algebras are described;

5. for each chain of three-dimentional evolution algebras the time-
dependending dynamics of the set of absolute nilpotent and idempotent
elements are investigated.
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BBE/IEHUE (anHoTauus auccepraunu 1okropa ¢puinocopuu(PhD))

Heab0 uccaeg0BaHUA SBISACTCS W3YYECHHME alMPOKCUMALMA HEKOTOPBIX
KOHECYHOMEPHBIX airedp »SBOMIOINHOHHBIMH anredpaMu U HU3Yy4YCHHE Lerei
TPEXMEPHBIX 3BOIIOLUMOHHBIX anreop.

OO0beKT Mcce0BaHNUA: ANIITPOKCUMALIS KOHEYHOMEPHBIX 3BOJIIOLMOHHBIX

anredp, uenu TPEXMEPHBIX IBOTIOIMOHHBIX anreop.

HayyHasi HOBH3HA HCCJIEIOBAHMS COCTOUT B CIEAYIOIIEM:

KJIACCU(PUIIUPOBAHO CEMENUCTBO TPEXMEPHBIX SBOIOIMOHHBIX alredp Hal
MOJIEM  BEIIECTBEHHBIX YWCET W  TOCTPOEHBI  M30MOPPUIMBI  MEXAY
HBOJIIOIMOHHBIMUA  alireOpaMu, COOTBETCTBYIOIIMMH HJIEMIIOTEHTAM JBYMEPHBIX
(TpEXMEpPHBIX) IBOJIOIMOHHBIX anredp W JABYMEPHBIMU  (TPEXMEPHBIMHU)
BEIIICCTBEHHBIMU 3BOJIOIMOHHBIMH alreOpamu;

JOKa3aHO, YTO aNMpOKCUMALMS HHJIBIIOTEHTHON 3BOJIOLMOHHON anreOpsl
TaK)Ke HUJIBIIOTCHTHA;

MOKAa3aHO, YTO aNMPOKCUMAIINU IBYMEPHBIX U TPEXMEPHBIX HIJIBIIOTEHTHBIX
anreOp JlelOHMIIA TakXke SBISIOTCS HWJIBIIOTEHTHBIMU  3BOJIIOIMOHHBIMU
anreOpamu, 0oJiee TOro, MOJyYEHbI KJIaCCU(PUKALIMKU ITUX IBOJIIOIMOHHBIX alredp;

OTIMICaHBI IIETIOYKN TPEXMEPHBIX IBOJIIOIIMOHHBIX are0p U TaHa TUHAMHKA B
3aBUCUMOCTH OT BpPEMEHHM, MHOXECTBA aOCOJIIOTHO HUJIBIOTCHTHBIX U
UJIEMIIOTCHTHBIX DJIEMEHTOB M3 KKIOM ILEMOYKU TPEXMEPHBIX HBOJIIOIMOHHBIX
anreop.

BHenpenne pe3yjabTaroB HccienoBaHusi. [lonyuyeHHble B AuccepTalMu
pe3yibTaThl UCMOJIB30BAHBI B CIECAYIONINX HAYYHO-UCCIEA0BATENbCKUX MTPOCKTAX:

MoJIy4eHHasl KiacCUuUKaIus TPEXMEPHBIX SBOJIOIMOHHBIX anredp Haju
MOJIEM JICUCTBUTENBHBIX YUCEN MCIOJB30BAIACh /I TOMYyUYEeHUS KIacCU(UKAIIUU
JBYMEPHBIX M TPEXMEPHBIX BOJIOIMOHHBIX anreOp B 3apyO0eKHOM MPOEKTE MO
Homepom MTM2016-76327-C3-2-P (AEIFEDER, UE) (ITucemo o peanuzanuu OT
30 HOs10pst 2020 1., YHUBepcuteT ['panansl, dhakynpTeT MaTemaTuku, Vcnanus).
[IpumeHnenne Hay4dHOTO pe3yJibTaTa TO3BOJIMIIO IMOKa3aTh, YTO KOJIUYECTBO
KOMITJIEKCHBIX 3BOJIIOIIMOHHBIX aare0p KOHEYHO ¢ TOUHOCTH M30MOop(du3Ma;

TPUBUAIBLHOCTh BTOPBIX KOTOMOJIOTHYECKUX TPYIII JJIsT MPOCTON alreOpsI
JlefiOnumla ¢ coOcTBeHHbIMU  kod(dduimeHTaMmu  Oblla  JOKazaHa B
uccienoBarenbckoM mnpoekte «Koromomornueckue rpynmbl MOMYNPOCTHIX U
HUJIBIIOTCHTHBIX anre0py», HCIONb3ys pe3yabTaT JUCCEpTAllMd O TOM, YTO
HBOJTFOITMOHHBIC alITeOPhI, KOTOPBIC SABJSIOTCS aNIPOKCUMAIUSIMHU JIBYXMEPHBIX U
TPEXMEPHBIX HUJIBIIOTCHTHBIX anreop JleiOHua, Takke HUIBIOTEHTHBI (CripaBka
Axanemun Hayk PecniyOnmku Y36ekucran Ne 2/1255-84 or 12 ssuBaps 2021 r.).

CrpykTypa u o0bem auccepTraumu. Jluccepranus COCTOMT U3 BBEIEHUS,
TpEX TJaB, 3aKIOYEHHS U CIHCKAa WCIOJBb30BaHHON JnuTeparypbl. OO0beM
nuccepTtanuu cocrapisier 108 ctpanuil.
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