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KHUPULI (pancada noxkropu (PhD) nuccepraumusicu aHHOTALUSICH)

Juccepranuss MaB3yCMHHMHI J0/13ap0JIMIA Ba 3apypaTu. XO03UPIU BakTAa
omeparopiiap anreOpaigapu Hazapuscd cod MaTeMmaTHKajgard kabu amanui
KUXATAaH XaM MYXUM axamusarra sra. UyHKd omepaTopiap ajireOpajapyuHUHT
XoJlaTiapu, TacBUpJIAlLIapH, aBToMopduzmMIap rypyxJjapu Ba
muddepeHnamianmap €paamMuaa KBaHT MalJIOHM Ha3apusCH Ba CTaTUCTHK
busnkaga Mojlen TU3UMIIAPUHMHT XYCYCUSITIAQpUHMU TaBcU(Ialll Ba YpraHull
MYMKHH.

Juddepennmannanuiap  Ha3apUACHHUHT  aCOCHMH  MyamMMojapu Oy
mudpepeHIUATIAIIHUAT ~ aBTOMATUK ~ y3YKCU3JIUTHHN, WYUK €Ki (pa30BUA
mubdepeHIMaUIaIK  JKAHJIUTUHU ~ HcOOTnam €KM  Xap XU TOMOJIOTHK
anreOpanapaa WYykd Oynimarad Ba y3yhumra osra auddepeHimamuaniap
MaBKYJIATUHU KYPCATHIITIUD.

Omnepatopnap anrebpanapuna nquddepeHnnamiamnsap Ha3apuscu MaTeMaTHK
busukana TtanOukura sra OYnuO, omepaTtopiap aireOpaJapuHUHT  YMYMH
HA3apMACHMHUHT MYXMM Ba SXIIM YpraHuiarad KucMumup. Masmymkn, C -
anredpaHuHr xap Oup muddepeHnmanIamm yerapaiaHran (SsbHU, HOpMa Oyiinya
y3nykcusnup) Ba ¢poH Heitman anredpacununr xap oup auddepeHimamiamg NIk
muddepennuamnam O6ynaau. Yerapananran auddepeHmauianuiap Hazapusacu
C.Cakaununr MmoHorpadusiapuaa 6atadcun 6aén stunran. I'.JIeJICHUHT Xap XU
cuHpnapraru Oanax anreOpanapu auddepeHuraUIalIapUHUHT  aBTOMATHUK
Y3IYKCU3JIMTUHU VpraHuiira OafulllJIaHTraH MoHorpadusacuia, yMyMud OaHax
anreOpanapuaaru nuddepeHunaianuiapai yprauui 6atadCcuil KEITUPUIITaH.

Huddepenumannanuiap Hazapusick OuiaH Oup KaTtopaa, orepaTopiiap
anreOpanapuaa Jokaa Ba 2-jokan guddepeHnuanianuiap Ha3apuscu XaMm MyXuMm
xucobnanagu. CYHITH HurupMa imn wumna ¢on Heiiman amre6pamapuma, C -
anrebpanapuna Ba JB -ywmkmapupa ymoy auddepeHnmamnammap Oyiinua
u3NaHunuiap camapainu ycau. Jlokan muddepennmamianviapan ypraaum 1990
nmwiga P.B.Ksiinucon ToMoHuaan xamaa yHaaH mycrakui pasumga [.P. Jlapcon
Ba A.P. Cypypaap ToMmoHHIaH OOILJIaHTaH.

Bazupnap MaxkamacuHUHT Kapopu OuiaH «Ausrebpa Ba (QyHKIIMOHAI
aHanu3» (aHIApPUHUHT YCTUBOP WYHAIUIUIApU OyiiHya Xankapo CTaHaapTiiap
Japaxkacua WIMHM TaaKUKoTiaap onub Oopuin acocuit Basudanap Ba (aonust
fiyranuuIapu 516 Genrunannn’. Kapop MKXpPOCHHM TabMHHIAIILA OIEPATOPIIap
anreOpanapu  auddepeHnpanIanuiap Ha3apUsICUHA PUBOXKIIAHTUPUILL MYXUM
axaMusTra ora.

V36exncron Pecniy6mukacn Ilpesunentunmnr 2017 iiun 7 despangaru
«Y36eKUCTOH PecnyOnukacuHu siHajga pUBOXJIIAHTUpHUIN OViinua Xapakatiap
ctparerusicu Tyrpucunantu [1d-4947-counu ®apmonu, 2017 iiun 17 deBpanmaru
«®Dannap akagemusicd (HaoNHATH, UIMUN-TAIKUKOT WIUTAPUHUA TAIIKWAJT DTHII,

1o . 5 .

V36ekucton Pecrybnukacu Basupmap Maxkamacuaumar 2017 #mn 18 wmaiimarm “Y36exucton PecmyOnmkacu
®dannap akaJeMHUSCHHUHT SHTUIAH TANIKWI STHITaH WIMHHA-TaIKAKOT Myaccacanapu (aoJHSATHHH TAIIKWI STHUII
TyFpucuaa’ru 292-coH Kapopu
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OOITKAPHUIIT Ba MOJUSJIAIITUPHINHN SHAIA TAaKOMWJUIAIITUPHUII YOpa-TaaOupiiapu
TVrpucuaanru [1K-2789-connmmu Kapopu, 2018 #iun 27 anpengaru «HHOBaIIMOH
FOsUIap, TEXHOJIOTUSJIAP Ba JIOWHUXATAPHUA aMaIui KOPUN KUJIUII TU3UMHUHM SHAJa
TaKOMUJUTAIITUPHUILl 4yopa-Taadupiapu Tyrpucuaanru I[1K-3682-conmm Kapopu,
2019 #un 9 wronmarm  «MaTeMaThka TabIuMHU Ba (AHJIIApUHM  SHAJA
PUBOXIAHTUPUIIHU  JaBiaT TOMOHHWAAH  KYJUIaO-KyBBaTiall, [IYHUHTJEK,
V36ekucron PecnyOnukacu @annap akaaemusicunuHr B.M. PomanoBckuit
HOMHUJard Marematnka WHCTUTYTH (AOMUATHHU TyOJaH TaKOMEJLIAIITHPHII
yopa-taaoupnapu tyrpucunantu [1K-4387-conmu Kapopu Ba 2020 #inn 7 maitnaru
«Marematrka coxacuaard TabJuM CU(GaTHHU OUTUPHIN Ba WIMAK-TaIKUKOTIAPHU
pUBOXJIaHTUpHUII 4Yopa-Tagdupnapu tyrpucuaantu I1K-4708-connmu Kapopnapu
xaMJa Ma3Kyp (aonusTra TEruuui OOIIKa HOPMAaTUB-XYKYKHU XyxoKaTiaapnaa
OenrmnaHrad BazuQallapHu amalira OIIMpHUIITa ymlOy JuccepTanus TaJKUKOTH
MyailsiH Japakaja Xu3maT KUJIaau.

TaakuKOTHUHT pecny0uKa (GaH Ba TEXHOJOTHSJIAPH PHBOKIAHUIIN
ycTyBOp iiyHaqumuiapura Ooraukauru. Jluccepramus Pecnybnuka ¢dan Ba
TEeXHOJOTUsIap  puBOXiIaHummHuHr [V, «MaremaTtuka, MexaHUMKa Ba
uH(pOpMaTHKa» YCTYBOP UYHAIUIIM JOMpacuia OakapuiraH.

MyaMMOHMHI Ypranmwjraniauk aapaxkacu. 2000 iwina akagemuk LLA.
AronoB Tomonuian ¢pon Heliman anrebpanapura HucOaTaH YI4oBIM onepaTopiap
anreOpanapuaa nuddepeHauianiapHy Ypraduill MacalaCUHU KYUHIIJIH.

Ascrpamus, AKII, Tepmanms, Poccus Ba VY30eKkHCTOHTaH GHp KaTop
MaTeMaTUKJIAPUHUHT UIUIapu ymidy MyaMMOHU YpraHuiira OaruIllJIaHTaH.
Kymnanan, A.®. bep, B.U. Ununun, @.A. CykoueBnap Ba yjapJaH MYyCTaKUJ
paBumiga A.I'. KycpaeBHuHr unuiapuga kommytatuB ¢oH Heiiman anreOpanapu
y4yH JacTiia0KM HaTuxkajgap OJIMHraH. AifHaH kommyTtatuB QoH Heliman
anreOpanapura HucOaTaH YIHOBJIM orepaTopiap ainredpacuaa TpuBHUal Oyamara
mud epeHnramIanIapHUHT MaBxKy/ 1 OVIIUIIN YIyH 3apypuid Ba €Tapiid IapTiapu
anukmanragau. Keinmavyanuk Oy macamanuar C. AnsOeBepmo, I11.A. AromnoB Ba
K.K. Kynaitbeprenopnapuuar ummiapuga tanmu | Ba tumum |l anrebpamapu
yuyH, A.®. bep, B.. Yunun Ba ®@.A. CyKOuUeBJIApHUHI HUUIApUAA 3Ca XOC
yekcu3 Qon Heliman anreOpanap yuyH eunmiiapu tonuirad. 2014 iiunra kenud
II.A.AronioB ToMOHMZaH Kydunran wyammo, tunu Il  ¢oun Heiliman

anreOpanapnan o6omka ¢on Heiiman anreOpanapu ydyH 3 €YUMHUHHM TOIJH.
Tabkunam xousku, Tunu 11, 6ynran xon P. Ksiigucon Ba XK. Jlto TomoHnIaH

XaMm ypranuwirad. Yumoy MyaMMoHHUHT TYnauK eunmu 2019 itunga A.®. bep, K.K.
Kynaii6eprenos, ®@.A. CykOUe€BHUHT HIILJIApUAA OJMHIAH.
I'mucon—Kaxane—Kenszko Ba KoBanckuii—CrnogkoBCKUM TeopeManapuiaH
wixomsianran I1. Mempn 1997 iunna 2-nokan auddepeHimamwiam Ba 2-JOKal
aBToMop(du3M TyuryHuajgapuHu kuputau. Y H — cemapaben runsbept ¢azocu
oynran xonma B(H) anrebpacumaru xap Kangai 2-jgokain audhepeHnrauiaiHiHT
maddepennmamnam skanmuruan  ucootnaau. 2004 dmnma C. Kum Ba K.
KumitapHuHT ummia KOMIUIEKC MaTpHIayiap anredpaiapuaa Xxap Kanman 2-Jokai
muddepennmamiamHuAT AU depeHnamian dKaHIMTHHUHT UCcOOTH  Oepuiian.



K XKanur Ba X.Jlm ymOy HaTwxkaHu UXTUEPUM HOCMMMETPUK MaTpuLaiap
anredpacuraya KeHrautupauiaap Ba 2X2-TapTHOJIM IOKOpU y4Oypuak KOMILIEKC
MaTrpuiaiap anreOpacuia nuddepennmranant OynMaraH 2-J0Ka
muddepennuaniamra Mucon kentupuiad. Uxtuépuit H (cenmapaben 6ynmaran)
rbOepT  daszocm  yuyn  B(H)  amreOpacuHmHr < xap Oup  2-JoKai

muppepennnautamuHUHr - quddepenmmamiam  6yaumum - LA ArornoB  Ba
K.K.Kynaiibeprenonap tomonuaan ucoOommannu. 2014 iwmnga LI.A.AronoB Ba
®.H.Ap3uKyJIOB IOKOpHUJArd HaTWKaJapHH KEHrauTupuO Ba Oy HaTHXKaHU
spumuekiau Gon Heliman anreOpanapu ydyH Kuckada ucootuHu Oepaumap. 2015
runu 1I.A.AronoB Ba K.K.KynaitbeprenoB uxtuépuit hon Heiiman anrebpacua
xap Oup 2-nmokan auddepeHuaLIAMHIHT auddepeHnnamiam OYIUITuHA
UCcOOTIAIITaH.
2-Jlokan nuddepeHnMaIIA  Ha3zapUsACUTra TETUIUIM  IOKOpuaaru  Oapua
HaTWXKaJIapHU HMHOOATra OJIraH XOJIiJa, YJIUOBJIM omeparopiap ainreOpanapu Ba
YIapHUHT KUCM anreOpanapu yuyH 2-mokan auddepeHnnamianiapHuHT
TY3WIMIIM Ba KaHAall XoiulapAa UXTUEpHM 2-1okan guddepeHunamiam oaaun
MabHOJa AudPepeHmamiam OYIuIm XaKu1a TaOuuii COBOJI TyFUIIA]IU.

JNuccepranus TAAKUKOTHHUHI JUCCEPTALMA 0aKapPUJITaH OJMil TabJIUM
MYaCCACACMHUHT MJIMMA-TAIKUKOT HILIAPH peKajapu OWIaH OOFJIMKJIMIH.
Juccepranusi TagKUKOTH V36ekucTon PecnyOnukacu ®@annap Axanemusicu
B.N.PomanoBckuit HoMmunaru Marematuka uHCTUTYTH OT-D4-82+ OT-D4-87 —
«Omeparopyiap Ba HoOaccollMATUB airedpanapaa jokan auddepeHiuamianm Ba
aBToMop(du3MIap, HOYM3UKIM JUHAMUK cHUcTeMaiapia ¢asza aaMaliuiuiap Ba
xaocn+ «EBkima  Ba mnceBmo-EBkmmna  ¢azonmapumarm  orpu UM3UKIAp  Ba
CUPTJIAPHUHT TJI00AJl WHBApUAHTIApU HA3apUsACH Ba YHHHT MeEXaHUKara
tagoukmapu»y (2017-2019 iwnmrap) Ba bepmak mommumaru Kopakaimok gaBiatr
yuuepcuternauar OT-4-27 «Mopaan yumukiaapu hasonapy, curumiap hasoapu
taBcU(Iapu Ba QyHKIMsIIApHU TosioMopd maBom strupuim» (2017-2020 iiumnnap)
MaB3yCHJIard WIMHUI TaAKUKOT JIOMKXanapy Joupacuaa Oaxkapuiras.

TaakukoTHUHT MaKcaau. Typim X orepaTopiap aiaredparapuaa 2-J1oKai
muddepeHuramIaniapH ypraiui Ba yJapHUHT AuddepeHuuamansiap Ouian
OOFIMKINKIAPUHN TAJAKUK KUITUIIL.

TankukoTHUHT Basudaaapu:

KommyTtatuB perynsap anreOpanapaa 2-jokan auddepeHimamuianiapHu
TaJKUK KUAJTUIIL.

ApeHc anreOpanapuia 2-nokan auddepeHnuauianiapHd TaIKUK KUATHIIL.

Martpunanap anrebpanapuna 2-jpokan auddepeHIuauianuiapad  TaaKUK
KA.

Jlokan VI40BIH omnepaTtopiap anrebpanapuaa 2-7I0Ka
nuddepeHnnamIanuIapHd TaAKUK KAJIHILL.

TaakuKOTHUHT 00beKTH. Typiau XuJ omeparopiap aiaredpanapu Ba YHUHT
KHCM aJireOpajapuHUHT 2-JI0Kal AuddepeHnuanianuiapu.

TaakukoTHUHT npeametu. {uddepenunamnam 6ynmaran 2-nmokan audde-
peHIMaUTAlIAPHUHT MABXYJIMTH Ba TYPJIM XWJI ONeparopiap ajiredpanapuaa 2-



jgokan  auddepeHuuauianuiap OunaH  ogamii  auddepeHIraTIanIapHUHT
OOFJIMKJINTY Macajaiapu.

TaakuKOTHUHT ycysiapu. TaakKMKOT UWIIMAA MaTpUllajiap Ha3apHUsCH,
GyHKIMOHAT aHallM3 Ba olepaTopiap aiaredpajapyd Hazapusicu ycyJulapujaH
dboinananuIraH.

TaagKMKOTHUHT WIMMI SHTWINTH Kyiuaaruiapaad nuoopar:

KommyTtaTtus perysip anredpanapuaa auddepeHiyanian oyiMarad 2-JIoKail
v pepeHInaTTaITHUAT MaBXKy 1 OYJIAIY TIapTAapy TOTUIIIN;

Apenc anreOpanapuma uxTHEpHA 2-1okan  auddepeHuaianm - oI
MabHOMA TudpepeHnmanian OyIuimy ncOOTIaHIH,

Matpuniamap anreOpamapuna wuxtu€puii  2-mokan  auddepennuamiant
muddepennmamiam 0y nCOOTIaHIN;

Jlokan ymuoBnIM  omepaTopiap — aiareOpaiiapuia  UMXTUEPUN  2-JOKa
muddepenuuamiam oaauii MabHoAa nuddepeHIamian oyiumyu ncOoTIaHIu.

TaaKUKOTHHHT aMaJIMii HATHXKAJIApH KyHuaaruiapaad noopar:

Typau xun oneparopiap ainredpanapuga 2-moxkan auddepeHimamsianuiap Ba
muddepeHnnamianuiap opacuaa OOFIMKINK YPHATUIIIH.

TaakuKOT HATWKAJAPUHMHI HIIOHWIWINIM  (QYHKIMOHAT  aHaJIHU3
ycyiutapu, anreopa, nud@epeHnuanianuiap Ha3apusCcH, MIYHUHTICK MaTeMaTHK
(GUKpIAITHUHT KAaTHbUIIUTH OUJIaH acoCliaHa Iu.

TagKUKOT HATWKAJIAPUHUHI WJIMMHA Ba aMajiMil axamMusiTH. TaakukoT
HATWOKATAPUHUHT WIMHH aXaMHUsATH IIyHIaH uWOopaTkw, O0ab3W  oImepaTop
anreOpasapuHUHT 2-TIOKa nuddepeHnuannanuiapu Ba ro0an
muddepeHumamianmapy  GazoJapUHUHT  yCTMA-yCT TYIIMIIM UCOOTIIAHTaH,
OyHJlaH TallKapud, KOMMYTAaTHUB peryysip anreOpanapuaa auddepeHimamianil
oynmaran 2-nokan qudGepeHnnanian MaBKyUITH MapTIapy TOMUJITaH.

Huccepranusi ~ MIIMHUHT  aMalldid  aXxaMUsTH  UIYHJAKW,  OJIMHTaH
HaTWXaJapJaH onepartopiap anredpanapuaa quddepeHnuamiansiap Ha3apuscuia
doitnanaHu MyMKHH.

TaagkuKOT HATHXKAJAPUHMHI sKOpuid KujuHuimm. OJMHraH HaTWXaiap
KyHH1ard WiMun Jionuxanapuaa GoigaraHuiran:

Vinyosnn omepatopnmap — anrebpanapd, MaTpuuanap —anredpanapd  Ba
KOMMYTAaTUB peryisip anreOpanapu 2-mokan auddepeHnuamianuiapu TacHudu
FLI70100052 pakamiu «HOKOMMYTaTHB aHAJIM3HUHT STHTU METOJIAPW» XOPHIKHUI
Jourxacuaa YadoBiaM (YHKIUsIAp anreOpallapHUHT TPAHCISIIMOHAI-WHBAPHAHT
nuddepeHnraUIanuiapy anreopacuay taBcudiain yayH ¢oigananuiarad. (SIaru
Kanyouit Yanc ynusepcurerununr 2020 itun 20 siHBapjaru mMabiyMOTHOMACH,
ABcrpanust). Wamuii  Hartwokanmap — YVidoBidM  QYHKIOMsUIap — anreOpaiapu
TPAHCISLIMOH-UHBAPUAHT muddepeHunamanapuHu TaBcuIall Y4YH
KYJUTAaHWITaH,

VinyoBnn omepatopmap — anrebpanapu, MaTpunanap —amreOpamapu  Ba
KOMMYTATUB peryisip anreOpamapu 2-nmokan auddepeHnuamianuiapu TacHupu
FRGS/1/2016/STG06/UPM/03/2 pakamin «AnrebpanapHUHT anpum
CUH(MIAPUHUHT yMyMJIAIITUpWIran auddepeHnmamuianmiap Ba  YJIapHUHT
KYJUIAHUJIMIIW» ~ XOPWXKUM  JoMMXacuJa YEKIM  YIYOBIM  HOACCOLMATHUB
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anreOpanapHuHr adpum cuHdrmapu guddepeHIMATUTAUIApY  alreOpacuHU
tapcudam yuyH ¢oingananuirad (MAPA TexHosorusicu yHUBEPCHUTETUHHHT
2020 #iun 10 urongarm MabiaymoTHomacu, Illax Amjam, Manaizus). Wamui
HaTHXKaJlap YeKJIW YIYOBIM HOACCOLMATHB alreOpaJlapHUHT aHUK CUHGIApUHUHT
nuddepennpanianuiapyu aredOpacuiy TaBcudan yuyH KyJIaHUITaH;

VyoBnnm oneparopnap anareGpazapu Ba KOMMYTATHB PEryisp aiarebpaaapu 2-
jgokan jauddepennuamnanuiapu tacHudpu PGC2018- 093332-B-100 pakamiiu
«DyHKIMOHAJ aHAJIW3 HYKTaW Ha3apJaH «XUMOSYWIAp» XaKHJard macaya»
xopmxkui noimxacuna C*-anreOpanapu Ba ¢oH Heiiman anreOpamapu Jiokan
YWIHK, 2-JIOKaJd yWIMK Ba Kydcu3 2-iokan auddepeHIraianuiapuHi TaaKuK
ki yayH (ovinananwirad (I'panaga yausepcutetunuar 2010 iimm 1 urormaru
MabIyMoTHOMacH, Mcmanus). Wnmuit Hatwkanap kywtanumm C *-anrebpanapu
Ba (¢oH Heliman anreOpanapu joKan y4iuK, 2-JOKajd y4JIUK Ba Ky4dcCH3 2-JOKal
nuddepeHnnamIanapuHy  anreopacuHu TaBcudIan IMKOHUHU OepraH;

ViyoBnn —omepaTopmap — anrebpanapu, MaTpunanap —anreOpamapu  Ba
KOMMYTAaTUB peryisip anreOpanapu 2-nmokan auddepeHiuamianuiapu TacHupu
«Hoacconmatu anrebpanap Ba cynepairedpanap» XOpWXKUK JolHuxacuia
HOACCOILIMATUB aliredpanap/a, Xxycycad, Maiies ainredpanapuia, JoKai Ba 2-J10Kal
muddepeHnuamIaniapuHl - TaAKUK KWl yayH Qoitnananwiran (Denepain
yHuBepcuTeTUHUHT 2010 inn 5 wutoHmarm mabiiymoTHOMacu, CaHTO-AHIpE,
bpazunus). Unmuii HaTwkanap HoaccollMaTUB airedpanapuua xycycaH, Mainies
anreOpanapuaa Jokaidl Ba 2-lokan auddepeHumamianiapy — anreopacuHu
TaBcH(IIAIl YyU4yH KYJJIAHUJITaH.

TaagKuKoT HATHKAJAPUHUHI anpodauusicd. Ma3Kyp TaaKUKOT HaTHXkKa-
Japy WKKUTa XaJKapo Ba ydTa pecnyOiuka WIMHA-aMaluid aHXyMaHJIapuaa
MyXOKaMa KUJIUHTaH.

TaaKuKOT HATHKAJTAPUHUHT IbJIOH KWIMHTAHJIMIH. TaaKUKOT MaB3ycu
Oyiinya >xamu 11 Ta WIMMIA WU YOI ATWITAH, IyJapJiaH, V36exucTon Pecry6-
mukacu Onuit ATTectanusi KOMUCCUSICHHUHT Qasicada TOKTOPH JuccepTarusiiapu
acoCHil MIMHUI HaTWXKaJaApPUHU YOIl ITHIN TaBCUS ITHITAH WMWK Halpiapaa 6 ta
MakoJia, ’KyMmJiaJaH, 4 Tacu XOPKUM Ba 2 TacH pecnyOiIrKa KypHaJJIapuaa Haiip
ATUITAH.

JuccepTauMSHUHT TY3WIHIIM Ba XaxkMH. [luccepranusi KUpUII KUCMH,
yura 000, Xynoca Ba (QoiganaHwiran anabuérnap pyuxatugadn udopar.
JuccepTallMsTHUHT XaKMU 68 O€THM TAIlIKUII dTa/IH.

JIMCCEPTAIIUSIHUHT ACOCUM MA3ZMYHH

Kupum xucmuga auccepranusi MaB3yCHHHMHT J0J3apOjUTd Ba 3apypaTH
acocCJIaHTaH, TaAKUKOTHUHT pecyOiauka ban Ba TEXHOJIOTUSJIapU
PUBOXJIAHUIIMHUHT YCTYBOp WYyHaIUUUIapura MOCIWIA KYypCaTWITaH, MaB3y
Oyiinua XOpPWXKHUN WIMHH-TAIKUKOTIAp MIApXH, MYaMMOHUHT YPTraHWJITAHIHK
Japaxkacu KeITHPHJITaH, TAIKUKOT MaKcaau, Badudanapu, 0ObEKTH Ba MPEAMETH
taBcU(dIaHTaH, TAJAKUKOTHHHI WIMHUH SHTWIATH Ba aMalMi HaTwKajlapu OaéH
KWIMHTaH, OJIMHTaH HaTIKAJapHUHT Ha3apuid Ba aMajauil axXaMusaTH O4u0



OepunraH, TAAKUKOT HATIKAJAPUHUHT >KOPUA KUJIWHUIIH, HAIIP STUJITAH UIILIAP
Ba JAWCCEPTAIMSI TY3WIHIIN OV MabIyMOTIAp KEITUPHUIITAH.
JuccepranussHuHr «JIokasa yJa4oBjM omepaTopJiap ajre0pacd Ba YHHHT
aupdepeHunaIanIaApu» 10 HOMJIAHYBYM OMpUHYM O000MIa YITYOBIIM, JIOKA
NALLEC0):3)07 orepaTopJiap anredpanapu Ba oy anreOpasapHUHT
nuddepeHIMaUTauIapy XaKu1a acocuii MabJIyMOTIap OepuiraH.
Anitaitmuk H T'minsbept ¢daszocu, B(H) sca H daszocumarn anumkianraxn

Oapua derapajlaHTaH YM3UKJIN OTIEPATOPJIAPHUHT * -anredpacu OVIICHH.

B(H) anreGpacuHuHT aliHUI OTIEpaTOPHU ¥3 HUMTA OJTYBYH KyUCH3 OIEPaTop
tonojiorusicuia €nuk Oynaran M *-kucm anreOpacu ¢own Hetiman anrebpacu
neiunagm.

M cB(H) ¢don  Heitman  anreOpacuHM  Kapaliwk,  aWTalIuK
PM)={peM:p=p*=p} tymmam M anrebpanuar 6Gapya MOPOEKTOPIAPH
namxkapacu Ba P, (M) 0y P(M) mamxkapamarn Oap4a 4exkim MpOEKTOpiapAaH
ubopart TymiaMm OYIICHH.

1-Tabpud. M ¢don Heliman anredpacu 6yiacuH, arap:

uxtuépuit Honmman (apkm e € P(M) mpoekrop yayn muauMan pe P(M)
MaBxyJz 0ynub P <€ Oaxapuiica, amomux;

1 GupIUK PIEMEHT YEeKJIN MPOEKTOp OYyiica, uexiu;

uxtu€puii ze€M wMapkasuii mpoekTop yuyH HoimaH ¢apkm e e P(M)
YEKJIM IPOEKTOP MaBxKy]l 0ynb e <z Oaxapuica, Apum-yexiu,

uxtuépuii z€ M Mapkasuii npoekTop yuyH HoigaH dapkmm €€ P(M) aben
IPOEKTOp MaBxkya 0ynub e <z Oaxapuiuca, munu | ;

M spumuekin anrebpa O0ynu0 HoimaH dapkiu aden MPOSKTOPIapUHH V3

naura oamaca, munu |l
HOJIJIaH (DapKJIM YEKIU NPOEKTOPJIapUHU ¥3 nunra onmaca, — munu |1l ;

tunu | deknu anredpa 6ynca, munu g ;
tunu | dexnm Oynmaran anredpa Oynca, munu | ;
tunu |l yexnm anredpa 6ynca, munu 11;

< <KL

tunin |l yexnum 6ynamaran anrebpa 6ynca, munu Il ;

1 GupiKK IEMEHT XOC YEKCU3 TIPOCKTOp OVYiica, xoc uekcus;
M Tunu Il 6ynca, cog uexcus
¢bon Heiiman anreOpacu nenumnaiu.
Atnitaiinmuk, M < B(H) uxtuépuii hon Heliman anredpacu OVIiICHH.

Arap M ¢on Heitman anre6pacuHuHT
M'={yeB(H):xy=yx,vxe M}
KOMMYTaHTHJaru Xap Ooup yHutap U anementn yuyH U(D)c D Oaxapuica, y

xonga H Tmiebept dazonunr D kucm ¢azocu M anreOpara OMpUKTUPUITAH
nevimmamu (DnM xabu Genrunanam).

Arap X:D(X) > H umsukiam omneparop 6apua &€ D(X) Ba yautap ue M’
ameMenTiiap  yuyn  D(X)pyM  Ba  u(X($))=x(@u(&))  myHOcabatmapuHH
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KaHOATJIaHTUpCa, ¥ Xoiaa X omeparop M anredOpara OMPUKTUPHITaH ASHUIaaN
(XM xabu OenrunaHam).

Arap H ¢azonuar D kucm ga3zocu yuyH

1) DnM;,

2) P(M) na {p,}., npoekropiap KeTMa-KeTIuru Masxya 6ymu6 p, T1,
p,(H)c D BaGapua neN yuyn p; =1-p, mpoekropiaap M na yeknm 6yica, y

xonna D kucM pazo H dazona kywiu 3uy nevniaam.

2-Tabpud. Arap H T'unsbept dasocuaa aHukigaHraH X €MUK YU3UKIH
omeparop yuyH XnM Ba D(X) — H dasoma kywiu 3ud Oyica, y xomma X
onepatop M on Heviman aneebpaza nucoaman yauoenu NeMnIaan.

H TI'uisbept pazocuna anuknanran M ¢on Heliman anrebpacura HucOatan
yirgoBim Oynran Oapya omepaTtopiap TymiamMuan S(M) kabu OenrmnaHaau. Arap

xeS(M), 1e€C, 0y epma C xoMIUIGKC COHJap MaWaoHW O¥ica, y XoJjjaa
AxeS(M) Ba X muHr Kymmacu X omeparop xam M anre6para HucOaTaHn
yigoBim Oynanu. bynman tamkapu, arap X,y € S(M) OVyinca, y xoiaa 3ud KHCM
da3zonapna aHuKIaHraH X+ Y Ba Xy omeparopiiapu €nuk OYiaumd, MOC paBHIIIA

KyWwId WUFUHIM Ba KywId KymailTMma Jedunagud Ba yinap X+Yy Ba Xy Kkabu

Oenrmnanaan. A.M.Curanm ToMOoHHMIAH X+Y Ba Xy onepatopiapauar S(M)
TYIIaMura Terunum Skaraura Ba S(M) Tyram anreOpank amaiiapra HUcOaTaH

KOMIUIEKC COHJIap MaiJoHU ycTuaa 1 OMpIHK 3JIEMEHTIa dra * -ajredpa TallKul
stTrmn Kypcatwirad. byama M — S(M) anreOpacuHUHT *-KUCM anreOpacu

Oymanu. Bynnan OyéH, X Ba Y omepaTOpJApUHUHT KYWId WUFUHAMCU Ba KyWId
KyTaTMaJapuH OJUINM X + Y Ba XYy KaOu Oenruiaimus.

Arap H ¢da3ona anukmanran X €muk 4u3ukiu oneparop yuyH XyM Ba M
anreOpacuga myHmai {z }._, Mapkaswil NPOEKTOpilap KEeTMa-KEeTIMTH MaBXKYII
6ym6, z, T1 Ba z,xeS(M) Gaxapuica, y xonga X omeparop M aneebpaca

HUcbamau J10Kan ynuoenu NeHunaau.
M anrebpara HucOatan Oapua JOKad YIYOBIM OmepaTopiap TYIJIaMUHU
LS(M) xabu Oenruinanamy.

Aitraitnuk, 7 — M ¢don Heliman anreOpacuaaru aHuK HOpMasl IPUMUYEKIIA U3
oyncun. Arap H tunebept dasocuma X Emuk umsukim orepatop yuyn XM Ba

D(x) tymiam 7-3u4 Oyica, y xoima X omeparop M ¢on Heiiman anre6pacura
HucOaran 7-pruosnu nevinnanu, sean D(X)nM Ba £>0 Oepuiaran COH Y4yH
p e M mnpoexrop masxyn 6ymm6, p(H) = D(X) Ba 7(p*) <& ypunmu 6ynagu. M
ra HucOaraH Oapua 7-yiauoBnu omeparopiap Ttymiamuan S(M,7) Ownan

OeNruIaHaau.
Mabiaymku, S(M,7) *-anrebpa LS(M) anreOpaHuHT

* -KICM anredpacu Oynau.
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Ouaun 6u3 nuddepeHnuamianuiap Ha3apUsACUHUHT 3apypHil TylIyHUYaJapUHU
KEeNTHUPaAMU3.

Anitaitmiuk, A anrebpa Ba D:A — A uumsukim omeparop OyncuH. Arap
Oapua X,y e A smementiap yuyn D(xy)=D(X)y+xD(y) (JleiOuun xoumacm)
aitHusTn  Oaxapwica D:A—> A  gumsukam  omeparop ouggepenyuania
nevimnamu.  AccommatuB A amreOpama  uxtuépuit  a€.A  dneMeHT
D, (x) =[a,x] = ax—xa, X € A xypuHuiaa anuknanrad D, auddepeHuunamianzm
xocun Kunamu. bynanaii D, muddepenumamnammap wuku ougpgepenyuanriauwnap
aeiiunanu. Arap D, nuddepennuaniamyy Xocua KWIyBYd a 31eMeHT A HU §3

yuura OJyBYM KaTrapok [ aireOpara Ttermnumm Oynca, y xomma D,

muddepernmamiam A na gazosuii oughgepenyuaiiaw NSHANIAIH.

Uxtnépuit  xe A osmemenT yuyH A(X) =A(X)X+XA(X) TEHINIHKHH
KaHoaTJIaHTUpyBYH um3ukian A: A — A oneparopra tiopoan ouggepenyuaiiauiu
JennIaau.

Arap At A —> A (umsukm OVIHIIK MapT 3Mac) omepaTop y4yH xap Oup
X,y € A snementnapura Mmoc D, 1A — A mupdepenumaniamm Masxyn 0Ymmo

D.,()=A(X) Ba D, (y)=A(y) renrnuknapu Oaxapuica, y xomma A

omeparopura 2-10kan ouggepenyuanriawl NEHUIaIN.

HucceprauussHuar «KomMMyTaTuB peryjsip aJjre0pajapHUHr 2-JI0KAJ
auddepeHunaNIAILIAPH» €0 HOMIAHYBYM MKKMHYM O00MAa KOMMYTATHUB
perymsip anreOpanap Ba yJaapHUHT AuddepeHuaianuiapu Xakuaard JacTia0Ku
MabJIyMOTIap KEeNTUPUIITaH. KommyTaTus peryssip anrebpanapaa
mubdepennuaniam Oynmaran 2-mokan auddepeHIMauIalUIapHAHT  MaBXKY/l
OVJIMIIMHUAT 3apypuil Ba €TapJiv MapTiapyu TOMMIITaH.

Avnitaiimuk, A — C xoMIUIEKC COHJIap MaiIoHM ycTuaa 1 OUpIIMK 3JeMeHTra

ora KOMMYyTaTHB anrebpa Oyncun. A amrebpamarm Gapua {ee.A:e”=¢}
UACMIIOTEHTIIAp TYIUIaMUHU V Kabu Oenrwnaiimmu3. Arap €,f eV map yuyn
ef =e Vpurmu Oynca, y xonga €< f ned xucoOmaiimMu3. By kucmuii Taptuora
uucoatan ev f =e+ f —ef, en f =ef namxapa amammapy Ba e =1-e

TynaupyBunra Hucbaran V Oyn anreOpacu Oymaau. Arap V Oyn anredbpacuaaru
Hoad apkiau ( sneMeHT yuyH O=e<(, e eV MyHocabaTinaH € =( SKaHJIHUTU

Kenud 4uKca, y Xojiaa ( dJIeMEHTHH amom Jedwnanu. Arap HonjgaH ¢apkiu
uxTuépuidi €€V yuyH (<€ TEeHICH3IMK YpUHIU Oynaaurad ( aroM MaBxKy.

oynca, y xonmga V Oyn anrebpacu amomux NS TN,

Arap mxtu€puii a€.A oayeMeHT yuyH a=aba TeHTIMK OakapwiiaauraH
be A smementn mamxyn Oyica, y xomma A peeyasap aneebpa (¢pon Hetiman
MavHOCUOQ) NSHHITAJIN.

Kenrycuma, A wu C ycTuma yHHTaI KOMMYTaTUB Perylisip airedpa Ba V HU
YHUHT Oapya WAEMIOTCHTIApUHUHT Oyn anrebpacu ned Kapaiimu3. by xomnna,
ae A »sjeMeHT yuyH €€V UIASMIIOTEHT MaBxKyn Oyniub, €a=a Ba arap
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ga=a, geV nskawmrugad €< ( KeJInO 4YHuKCa, y Xojijga € HIASMIOOTEHTH a
AIIEMEHTHUHT mautyeyucu Acinnany Ba S(a) kadu OelruiaHaIm.

Avitaitmuk 4 — A anreOpa uaeMnoTeHTIIapuHHUHT Oyn anreOpacu V na
KaTbUii MycOaT CaHOKJIU-aJJINTUB 4YeKIW YodoB OYyicmH Ba A anreOpana
p(a,b) = u(s(a—b)),a,b e A merpukanu xapaitmuz. Suaunukaa (A, p) HE TyIa
MeTpuK (azo ned dapa3 KuiiaMus.

Arap a=zn:akek, oynna o, €C, e, eV, ee, =0,k=j,k,j=1,..,n,neN

k=1

Oynca, y xonma ae€. A sleMeHT uexiu Kuitmamiu JeWnnand. Arap a= Zakek,

k=1
oynna o, €C, e €V, ee | = 0,i# ],1eN (cynrm xomnma Karop WHFHHIUCH O
MeTpuKara HucOaTaH TyHIyHWiIaau) Oynca, a€.A SIEMEHT caHoKIu Kuumamiu
neimnaau. A garm Oapya Yekiid KMHMAaTiu (MOC paBHIIA, CAHOKJIN KUIMATIIHN)
sanemenTinap tymiamuad K(V) (moc pasumma, K (V)) xabu Oenrmmaiimus.
Masbaymku, V c K(V)c K.(V) wmyHocabar Yypunmu, xamga K(V) cunrapu
K.(V) xam A anredpaHuHT peryisip KucM anredpacuaup, mry ouian oupra K(V)
HuHT (A, p) naru énunmacu K (V) ra tenr 6ymamm.

Oumumukaa A Hu C ycTHaa yHUTan KOMMYTAaTUB peryisip anreOpa, 4 HH
aca A nmarm Oapua MAEeMIOTEHTIApHUHT V Oyi anreOpacuaard KaThbhid MycOat
CaHOKJIM-aJ/TUTHB Yekiau yiuoB, xamna A anredpa p(a,b) = u(s(a—b)),a,be A
MeTpuKa Oyitnua Tyna ned ¢gapa3 KujiaMus.

B anrebpa A anreOpaHuHT YHUTAJ KUCM ajireopacu Ba a € A 3JeMEHTH:

arap peB[X] xkymxam wapkyn OYynmuO (IBHM X HUHT Kymnxaau
kodpdumenTiiapu B gan omuHran) p(a) =0 Oaxapunca, B ea Hucbaman
aneebpaux;

arap peB[X] ynurap kynxag MaBxyn Oymu0 (spHU P(X) Ja X HHUHT 3HT
KarTa aapaxanu xaau kodddumuentu 1€ B ra tenr) p(a) =0 Oaxapwica, B ea
Hucoamawn OymyH;

arap a fneMeHT B ra HucOaraH aiareOpamk Oynmaca, B ea Hucoaman

MPAaHCYyeHOeHm,

arap a=0 Ba uxtu€puil Hougan ¢apkiu e<S(a) WASMIIOTEHT YYyH ea
aneMeHT B ra HucOGatan OyTyH Oynmaca, B ea nHucoamarn Kyucus mpancyenoenm
JIeuniIaau.

B xucm anre6panuHr OyTyH é&nmnmacu Oapua B ra HucbGatan OyTyH
ynementnap Tymnamu 6ynaau Ba BY 6unan Genrmnamamm. Mawsaymkn, BY xam
A HuHT KuCM anreOpacuaup.

1-Jlemma. Aumaiiiux A Hume peeyasp p-énuk xucm areeopacu B yuym

V < B=BY mynocabam ypunnu 6yncun, 6ynoa B — B nume 6ymyn énunmacu.
V xon0a xap 6up a€ A yuyn wynoau €, €V udemnomenm magaicyo o6yiuo,
1) e,aeh;
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i) aeap e,#1, y xonoa (1—e,)a onemenm B oa Hucbaman Kyucus

mpancyenoenm 0ynaou.
3-Tabpud. Xxe. A sreMeHT yuyH KyHUAarmIapHA KHPATAMU3.
A, = F(x,V) — x Ba V nan xocun 0ynran A HHUHT KucM anredpacy;,

A, — A, Hu §3 nuura onuBYM A HUHT 5HT KHYHUK PETyJIsp KHCM ajredpacH;

A, — A, HUHT p MeTpHKa Oylinya ENUIMacH,

A, — A, HuHT OyTyH €nMIMAacH;

A, — A, BuHT p MeTpuka Oyin4a €NHUIMAacH.

2-Jlemma. Aeap K (V) ea nucoaman kyucuz mpancyenoenm a € A snemenm
maeocyo  oymo A=A, ypumru Oyrca, y xonoa A da uxmuépui

2-nokan ouggepenyuaniaw oughgpepenyuaiiaus 6y1aou.
3-Jlemma. Aeap s(a)=s(b) menenux bascxcapunaduecan ancebpaux spKiu

ukkuma a,be A onemenmnap maedxcyo 6yaca, y xonoa A aneebpacuda

ouppepenyuannaw 6yaimazan 2-10kan oupgepenyuaniauiu mMasxcyo o6yiaou.

Kyinnarn TeopeMaza peryisp KOMMYTAaTHUB anredpanapaa
muddepernmamiam Oynmaran 2-nokain AuddepeHnuamianm  MaBXKyIUTHHIHT
3apypuil Ba €Tapiy apTiapy KeITUPUIITaH.

1-Teopema. Aumaiiiux A — C ycmuoa ynuman xommymamug pecynsap
aneeopa, | sca A daeu 6apua uoemnomenmiaprune V 6yn areeopacuda Kamvuil
mycoam CAHOKIU-A0OUMUB yexu V408 8a A aneeobpa

p(a,b)=u(s(a—b)),a,be A mempuxaca nucbaman myna oOyacun. YV xonoa

Kyuuoazu wapmiap dKeusanienm oyiaou.
1) A oa uxmuépuii 2 -noxan oughghepenyuannaw oughgepenyuaniaw 6yra0u;
i) A=K.(V) éxu K. (V) ea nucbaman xyucuz mpancyenoenm acA

anemenm magaxcyo oyauo A = A, 6yraou.

OHau 6u3 xommytatuB ¢GoH Heiiman anreOpanapura HucOataH VI40BIU
omeparopiap  anreOpanapuna  auddepeHnmannam  OyiamaraH — 2-JoKal
nud epeHnnamIanapHIHT MaBXKy/UTUTUHA KapaiMu3.

1-Teopemanan ¢oiigaiann0 KOMMYTAaTHUB XOJIJIa YIIUOBJIHM OIepaTopiap
anrebpanapuaa muddepennramian Oynmaran 2-10Kan
mud pepeHnramIanIapHIHT MaBKyUIATH MacajlacuTra KyHuaard e94MMHHU OJTaMU3.

2-Teopema. Aumaiinuxk M kommymamus ¢on Heviman aneebpacu oyicun.
Kytiuoaeu wapmnap sxeusanenm 6ynaou:

(1) M nune P(M) npoexmopnap nanscapacu amomux smac,

(i) S(M)  aneebpaoa  ougpgepenyuannaw  6yaimacan 2 -10Kan
oupgepenyuaniaur Masxcyo.

«JIokasm yJ4YOBJM omeparopJjap ajaredpajapd Ba YHHHI KHCM
ajreopajapuHuHr 2-jokan  auddepeHumaIanuiapu» Ae0 HOMIIaHTaH
JTUCCEPTALIMSHUHT YYUHYM 000uaa ApeHc anredpaiapu, MaTpuLiayiap ajaredpaiapu
Ba JoKa YIT90BIN oreparopJiiap anreOpaapuHUHT 2-11oKajn
nudepeHnuamIanapuHl YpraHaMmus.
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AWitaiinmuk, M aHUK HOpMaJl SIPUMYEKIIM 7 HW3Ta 3ra UXTHEPUN SPUMYEKIH
dbon  Heiiman anrebpacu OyncuH. Xap Oup pP=1 coHM yuyH
L°(M,7)={xeS(M,7):7(| X|") < 0} Tymnamuu Kapaiinuk. Mabiymku,

Ix[l,= EAXPYY?, xeLP(M,7)

nopmara nucbaran L°(M,7) Ganax daszocu 6ynanmy.

Kyingaru kecuiiMaHu Kapanink
L°(M,7) =[L"(M, 7).

p>1

P.3.A6pynnaepanar wmmma  L°(M,7)  dasommar {||-[| )}, mHopmamap

p>1
cUCTeMacu Xocwi OynraH t Tomosorusira HUCOATaH JIOKAJI KaBapuK TYIa METPUK
*-anreOpa OynuIy UcOOTIaHTaH.

L”(M,7) anrebpa HOKOMMYTaTHB Apenc aneebpacu neimnamu. L*(M,7)
anredpa S(M,7) HUHT *-xucmanredpacu oynaau Ba arap
T ek u3 6yica, y xonga M < L?(M,7) 6ynanu.

OHau ymoy

Ly(M,7)=[L°(M,7)

p=>2
Ba
M+L(M,7)={x+y:xeM,yel)(M,7)}
dazomapuu kapaiimuz. C.AnGesepuo, III.A.AronoB Ba K.K.Kymaitbeprenosnap
LY(M,7) Ba M +Ly(M,r) ¢asomapuuar *-anarebpanap OYIMIIMHA Xamaa

L”(M,7) anre6panunar M + L (M, 7) anrebpana uaean 6y mumnHr KCOOTIIAIITAH.
Arap 7(1) <o Oyica, y XoiJa KyWuaarn MyHocadatiap YpHHIUIAD
M+L)(M,7)=L)(M,7)=L"(M,7).
Kyiinga xentupwiaguraH TeopeMaHW ucOoTiaml YyuyyH Owusra ApeHc
areOpacu sipuM OOIUIAHFUY YKAHJIMTUHU KYpCaTyBUH JJeMMa Kepak OyJiaau.
4-Jlemma. L°(M,7) ancebpa spum 6Gownanzuu 6ynaou, AvHu azap
aelL’(M,7) 6a aL”(M,7r)a={0} 6yrca, y xonoa a=0 6yraou.
Kyiiugaru teopema y4uH4YM OOOHHMHI acocuil HaTWXalapujaaH Oupu

XucoOIaHaIu.
3-Teopema. Aumaiiiuxk, M anux Hopman spumuexnu v usea 32a uxXmuépuil

apumuexau ¢on Hetiman ancebpacu 6yacun. 'V xonoa, L°(M,7) 0a uxmuépui
2-nokan oughghepenyuaniawt 000uti MavHooa ouggepernyuaiiaus 6yraou 6a oOupop
aeM+L)(M,7) yuyn D(X) =ax—xa, Xe L?(M,7) xypunuwmuea sea.

YOy Teopemanan Kydnuaru HaTvKa Keinub YuKaiu.

1-Hatuxa. Aumauiux, M anuxk HOpman sApumuekiu T usea 2ea
kommymamue pon Hetiman ancebpacu 6yncun. ¥ xonoa, L”(M,7) oaeu uxmuépuii
2-710Kan ouggepenyuaiiaul auHax Hoaea mete 6ynaou.
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Acnupa, 3-teopemManu ucoornamr ycyauHu {z,:i€l} Hopman deknu uznap

omnacura sra ¢oH Heliman anreOGpamapumaru 2-ynokan auddepeHnuanianiap
XOJIUTa OCOHJIMKYA YTKa3ull MyMKuH. MxTuépuii uexknu ¢pon Heliman anredbpacuna
HOpMaJI YEKJIN U3J1ap oujiack MaBxyanup Ba gpon Heitman anreGpanapunaru 0apua
mupdepeHIMaUIanUIap WYKM  Oynramnmuru  cababmm, 6wz  II.  Ilempn
TeopeMacHHHUHT yekiu pon Heliman anreOpanapu yuyH KyHugaru KeHraiTMacura
ara Oymammus.

4-Teopema. Yexnu pon Heiiman aneebpacuoa xap oOup 2-nokan
oupgepenyuannaw uuku ouggepenyuaniaw 6yaaou.

Adiraiimuk, M (A) yHHTan KomMMmyTaTuB perynsp amrebpa A yctumaru

Oapua nxn Matpunanap  anrebpacu  Oymcun.  IIILA.AromoB  Ba
K.K.Kynaitbeprenonap ToMOHUAAaH WYkH AuddepeHnuamiam Xoccacura ara
Oynran yHHTaN spuM Oomnutanruy banax anreopacu A kapairan Ba M ” (A),n=>2

anreOpamapuaa uXTUEpui  2-mokan  auddepeHnmamIam oAWK MabHOIA
nupdepennmamiam 6yaumm ucbotnanran. Ymlby Hatmka AW -anrebpamapura

Kyutanuiran Ba uxtuépuii AW ™ -anrebpana xap oup 2-mokan auddepeHmyaniar
muddepennmamiam O6ymumu ucobotnanrad. Y. Xyanr, XK.JIu wnutapuna M (A)

anrebpann M (M), n>2 ra akcnantupyBuH audQepeHnuamiianiap Ba 2-1oKai

muddepennmamianuiap TaBcuduanrad, Oynna A anreopa C yctuaa yHHTAN
anreobpa M sca yuurtan A-6umonyn. Yimap A yuutan banax anreOpacuian
uxtuépuit A -6umomyn M ra nxtuépuit Moprnan muddepeHnuaniamm MUK
nuddepeHnmramiam Oymaguran XxonHu kKapa0d, 4 kommyratuB Ba M Ounan
xommytatuB Oynaranma M (A) vu M, (M), (n>3) ra akcmaHTupyBYH Xap Oup

2-nokan nuddepernuammanHIHT 1udGepeHmanian SKaHIMTiHA UCOOTIIaIITaH.

Avitaitnuk, A yautan banax anredpacu 6yim0, A anreOpacunan nxtuépuii
A -6umonyn M ra xap 6up Mopnan muddepenupamiamy auddepeHmauan
OyncuH.

Arap A: A —> M 2-nokan muddepenimaniam 0yiica, y Xxoiaaa tabpudaan A
HUHT OMPXMHCIM SKaHJIUTH OCOH KelnO umkamu. AifHu maitia, xap oup xe A
Y4yH

A(X*) = A(X)X + XA(X),
ypurmm 6ynmaam. By sca, ammutuB 2-mokan auddepeHnmamamEuEr  Mopras
mudepeHuranianm SKaHIUTHHA aHTJIaTaIu.

bus kyiingaru xoccanapra sra ajareopagapHu KapanMus:

(J): A aneebpanu uxmuépuii A -6umooyn M ea ymxazyeuu uxmuépuil
Hopoan ougpgpepenyuannawu ougpepenyuaniaw 6yncun.

By (J) xoccacwura sra anreOpanapaa 2-nokan guddepennuamiam A:A4 — M
HUHT auddepeHnmanian 3KaHIuruay nootnam yayH A: A — M HUHr anauTus
OYUIIMHY UCOOTIIAI ETAPIIUTUD.

Kyiingaru Tteopema yunHYM OOOHMHT acoCHil TeopeManapuiaH Oupu
xXucoOaHaIu.

5-Teopema. Aumaiinuk A ancedopa (J) xoccacuea sea ynuman banax
aneeopacu, M ynuman A-6umooyn ea M (A) sca A ycmuoa bapua nxn-
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mampuyanap aneeopacu 6yacun, o6ynoa N=>3. V xyonoa, M, (A) ancebpanu
M, (M) aneebpaca ymxazyeuu uxmuépuu 2-n10oxkan oughgepenyuaniawi o0oui

MavHoOa oughghepenyuaniaws 6yaaou.

YauHun O0OHHUHT siHa OMpP acCOCHi TEOPEMACH.

6-Teopema. Aiumaiinuxk, M aben myepu tiueunourapuea sea 0yIMazau
uxmuépuii pon Hetiman aneebpacu sa LS(M) aca M ea nucbaman bapua noxan

yayoenu onepamopaap aneeopacu 6yacun. Y xonoa, M anceopanu LS(M)

aneebpaza ymKasyeuu uxmuépuil oup 2-nokan oupgepenyuaniawi - 000Ul
MavHoOa oughgepenyuaniaws 6yraou.

Aben ¢on Heiiman anreOpacuma uxtuépuil auddepeHnuaiam TpUBHAI
DKaHJIMTUHU XHUcoOra ojcak, 6-TeopemMaiaH KyHuaard HaTKa Keu0 YHKa/Iu.

2-Hatuwxa. Avumaiiiuk M uxmuéputi ¢pon Heviman aneebpacu 6yacun. ¥V
xonda, M aneebpada uxmuépuii 2-noxkan ouggepenyuaniaws 000Ul MavHOOA
oupgepenyuaniaw 6yaaou.

5-Jlemma. Aumatinuk B — LS(M) nune wynoau kucm anceopacuku M B3,

xamoa A:B—>LS(M) 2-noxan ougpgpepenyuanrawu yuyn Al,=0 oyacun. ¥V
xonoa, A=0.

7-Teopema. Aumavniux M aben myepu uueunounapuea d32a 0)yIMacaw
uxmuéputi pon Heiiman ancepacu 6a B sca LS(M) nune kucmaneebpacu 6yacun,

oynoa M c B. V xonoa B aneebpada uxmuépuii 2-noxan oughghepenyuainau
000uli MavHooa oughgepenyuaiiaus 6yaou.

1-9cnarma.  1-Teopemaoa  kommymamue  pecynsap  aneebpanrapod
oupgepenyuannaw oyimazcan 2-10xkan oughgpepenyuaniiaus  MasHCyOIUSUHUHS
3apypauk ea emapau wapmiapu bepunean 20u. Xycycuii xon0a, amomux 6yimaan
P(M) nanocapanu aben ¢pon Heviman aneeopacu yuyn S(M)=LS(M)
aneeopacuoa ougpepenyuarnaw oOyimacan 2-10kan  ouppepenyuannawnap
Masaxcyo 6ynaou.

Turmm I, ¢on Heiiman M anrebpacu yayn S(M)=LS(M) anrebpana
muddepeHInamIalIapHUHT  Ty3WIMIIMHA  TaBcupnam 2019  #wunrada o4uk
MyamMMoO OYiIu0 Kenau.

Tabkuanai YKOU3KH, 7-TeopeMa yiioy anrebpajna
mudepeHuramIanyiapHIHT YMYMUR [HAKIM XaKHJa MablyMOTra sra OyiMmaraH
xoJizia 2-nokan nuddepennuaniangiap Oyinda Wik HaTuxaaapaad Oupuup.

XVJO0CA

Ymlby nauccepramus Xap XWi omepatop anreOpamapaaru  2-JoKai
nudepeHnuamIaniapHy yprauuiira Ba yaapHuar auddepeHnuamnanuiap ounan
OOFMKIMKIIAPUHA YpraHuiiTra OaruIIaHTaH.

TaaKUKOTHUHT aCOCUM HaTWKajlapu KyluaaruiapaaH noopar:

1. KommyratuB perymsap anrebpanapaa auddepeHnyaniam OyiMaran
2-nokan nuddepeHnmranIam MaBXKyUIMTUHUHT 3apypuid Ba e€Tapiid IapTiapu
KEeNTUPUJIIIH.
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2. Apenc amrebpacuma xap Oup 2-mokan auddepeHIHaTIalIHUHT
nuddepennpanianm 6yaunm ucOoTIaH IH.
3. M.(A)  nman M, (M) (n>3) ra  HUXTUEpUA  2-JOKal

muddepennpamamuuar auddepenimaiam oyumu ucborianau, oyuma A —
mryHnaii yauran anreopaxu, A nam A -6umoxyn M ra uxtuépmii Mopnam
muddepeHnmamiamm oaauii MabHOAA ArddepeHIuaanm oyaaam.

4. AbGen Tyrpu WuruHAWIapura sra Oynamaran uxtuépuii Gon Heiiman
anrebpacura HucOaTtaH YIYOBIM orepaTopiap ainreOpacuna UXTUEPHI 2-ToKal
nuddepennpanaamHuHar udepeHImaian 3KaHaIurd COOTIaH N,
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BBEJEHMUE (anHoTanusi 1uccepranuu 1okropa ¢puiocodun (PhD))

AKTYaJbHOCTh U BOCTPeOOBAHHOCTH TeMbl AuccepTanuu. B Hactosmiee
BpeMs TEOpHsl ONEepaTOpHBIX auredp WrpaeT BaXKHYIO pOJb Kak B YHUCTO
MaTEMaTUYECKUX, TaK M MPUKIAJHBIX ACIEKTaXx. DTO OOYCIOBIEHO TEM (haKkTOM,
4TO B TEPMHHAX OMNEPATOPHBIX anredp, UX COCTOSIHUH, MPEICTaBICHUH, TPy
aBTOMOpGU3MOB U U PEpEeHIIMPOBAaHUNA BO3MOXHO ONKCAaTh U HCCIENI0BATh
CBOWCTBAa MOJENBHBIX CHCTEM B KBAaHTOBOW TEOPHM IOJS M CTATUCTUYECKON
¢dusuke.

OcHOBHBIE MPOOJIEMBI, paccMaTpuBaeMble B TeopHH U GdepeHIINPOBAHMIA,
COCTOSIT B TOM, YTOOBI JJOKa3aTh aBTOMAaTHUECKYIO HEMIPEPbIBHOCTh, BHYTPEHHOCTb
WIA TPOCTPAHCTBEHHOCTh AU(PPepeHIupOBaHNN WIH TOKa3aTh CYIIECTBOBAHUE
BHEITHUX W Pa3pbhIBHBIX Iu((epeHInpoBaHuil Ha Pa3IUYHBIX TOMOJIOTHYECKUX
anredpax.

Teopus nuddepenpoBanuii B 0nepaToOpHbIX ajredpax sBISETCS BaXKHOH U

XOopomo I/I3y‘I€HHOﬁ HaCTbIO 061]16]?1 TCOPHUHU  OIICPATOPHBIX anre6p C
IIPUIOKCHUSAMU B MaTEMaTHYECKOM (1)I/IBI/IKG. XOpOIHO HU3BCCTHO, YTO KaXJ0€

nuddepertmpopanre C -anre6psl orpaHUYeHO (T.e. SBISETCA HENMPEPHIBHON MO
HOpME), U 4TO Kaxaoe nuddepenunrpoBanue anreopsl ¢hon Heiimana spisieTcs
BHYTPCHHHM. [Toapo6HOE U3IIOKCHHE TEOpUHU OTpaHUYCHHBIX
mupdepenuupoBanuii  npuBeneHsl B MoHorpagusix C.Cakau. IlogpoGHoe
uccinenoBanue auddepeHnupoBaHuii B oOmx OaHAXOBBIX airebpax JgaHO B
MoOHOTpaduu X.Jenrnca, MTOCBAIIIEHHOMN H3YUYCHUIO ABTOMATHUYECKOU
HEMpPEePbIBHOCTHU AU(hEepeHITPOBAHII HA PA3IMYHBIX KJIaccaX 0aHAaXOBBIX aiureop.

Hapsiny ¢ Teopueit nuddepennrpoBannii Takke BaKHON CUUTACTCS U TEOPHS
JIOKaNbHBIX M 2-JIOKAJIbHBIX AU(PGEpPEeHIIMPOBAHUI HA ONEepaTOpHbIX anredpax. B
MOCJIETHUE JIBAILAThH JIET MPOU30LIEN MJIOJOTBOPHBIA POCT MCCIENOBAHUNA TaKHX
oToOpakeHmii Ha anreOpax ¢on Heiimana, C -anrebpax um JB -Tpoiikax.
HccnenoBanus gokanbHbIX quddepenurpoBanuii Obuid Hauatel P.B.Kaliguconom,
u He3asucumo J[.P.Jlapconom u A.P.Cypypom B 1990 rony.

[IpoBeneHre Hay4yHBIX HCCIEAOBAaHUI Ha MEXIYHAPOJIHOM YpPOBHE IIO
Ba)KHBIM HAIIPaBJICHUSIM CIEIHAIBHOCTH «Anredpa U (PyHKIIMOHAIBHBIN aHATN3)»
paccMaTphBaeTCs KAK OCHOBHAS 3ajada (DyHIAMEHTAIBHBIX HCCIICIOBAHHIL .
PazBurtne Teopun nudhepeHInpoBaHmil ONIEPATOPHBIX aAIredpax UTPArOT BaKHYIO
POJIb ITPU UCHIOJIHEHUH CJIEAYIOIIMX TOCTAHOBJICHHMN:

HccnenoBanuss JaHHOM AUCCEPTAlMA B ONPEACICHHOW CTEIEHU CIyKaT
pemieHuto 3aaay, YykasaHHbIXx B [locranoBienmsx Ilpesupentra PecnyOnuku
V36exkuctan YII1-4947 or 7 depans 2017 roga «O Crpareruu AeHCTBUIA IO
nanpHeleMy pasButuro PecnyOnmuku Y30ekucran», YII-2789 ot 17 deBpans
2017 roma «O Mepax MO JalbHEHIIEMY COBEPIICHCTBOBAHUIO JESITEIBHOCTH

ITocranoBnenne Kabuwnera MunuctpoB PecrmyOmmku VY30exkuctam Ne292 “O mepax 1O OpraHu3aIiiu
JIeITeIbHOCTH BHOBb CO3JaHHBIX HAy4YHO-HCCIIEIOBATENbCKUX yupekaeHuid Axagemun Hayk PecrmyOnmkn
V36ekucran” ot 18 mast 2017 rona.
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AkanemMun HayK, OpraHW3allud, YOpaBICHUS W (UHAHCUPOBAHUS HAYYHO-
uccienoBarenbckon aestenpHoctny, 11I1-4387 ot 9 urons 2019 roga «O mepax
rOCyIapCTBEHHOW  MOMJICPKKM  JAJIbHEMINIEr0  Pa3BUTHS  MaTeMaTHYECKOTO
o0pa3oBaHMs W HAYKH, & TaKKE KOPEHHOTO COBEPIICHCTBOBAHUSA JESTEIbHOCTH
uHcTUTyTa MaTeMatnuku umMenu B.W. PomanoBckoro Akagemun Hayk Pecniy6nuku
V36ekuctan» u [1I1-4708 ot 7 mas 2020 roga «O mMepax MOBBIIICHUIO KayecTBa
00pa3oBaHMs W Pa3BUTUIO HAYUYHBIX HCCIIEIOBAHUA B 00JACTH MaTeMaTHKW», a
TaKkXe B JIPYTMX HOPMATUBHO-TIPABOBBIX aKTaX, OTHOCSIIMXCS K JTaHHOW 00JlacTu
NEeSATEIbHOCTH.

CooTBeTCTBHE  HCCIEAOBAHUS  NPUOPUTETHHBIM  HANPABJIEHUSAM
Pa3BUTUSI HAYKH ¥ TexXHoJorud pecny0iauku. JlaHHoe wucclenoBaHue
BBITIOJIHEHO B COOTBETCTBUM C MPUOPUTETHBIMU HAMPABICHUSIMU PAa3BUTHS HAYKU
u TexHoioruii B Pecnybsmke VY306ekucran |V. «MaremaTuka, MexaHUKa U
uH(pOpMaTUKaY.

Crenenp m3yueHHoctu npodJemsbl. B 2000 rony akagemuk III.A.Aronos
BBIJIBUHYJ TpoOjieMy wuccienoBanus auddepeHnrupoBaHnii  Ha  anredpe
U3MEPUMBIX ONIEPATOPOB OTHOCUTENHHO anredp pon Heiimana.

UccnenoBanuto mpobiembl III.A.AronoBa  ObUTM TIOCBAIIEHBI PabOTHI
MaTeMaTukoB U3 ABctpanuu, ['epmanuu, HwupaepnanmoB, Poccuu, CIIA,
V3b6ekucrana u Apyrux crpad. [lepBble pe3ynbTaTbl OBUIM MOJTYYEHBI IS
KOMMYTaTHBHbIX anreOp ¢on Heiimana B pabore A.D.bepa, B.M.Uununa u
®.A.CykoueBa u He3aBucumo oT HUX A.I'.KycpaeBa. A UMEHHO, ObUIM MOJYyYEHBI
HEOOXOJMMBIE U JIOCTAaTOYHBIC YCIIOBUS CYIECTBOBAHUS HETPUBHAIBHBIX
muddepeHuupoBaHuid Ha anredpe M3MEPUMBIX OMNEPATOPOB OTHOCUTEIBHO
KOMMYyTaTuBHBIX anredp ¢on Heitmana. [lanee nns anreOp ¢on Heitmana tuna |
u |ll pemenus Obun monmydensl B paborax C.Anb6eBepuo, II.A.AwmnoBa u
K.K.KynaiibeprenoBa u ajist coOCTBeHHO OeckoHeuHBIX anreop (pon Heiimana B
paborax A.D.bepa, B.U.YUmmmna u @d.A.CykoueBa. K 2014 romy mnpoOiema
[II.A.ArorioBa Obina pemeHa ans ainreOp ¢on Helimana, kpome anredp Qo
Heiimana tunma Il,. Otmerum, uro cioyuyair tuna |l  Ttakke Obula

nepepopmynupoana P.Kaiimuconom u XK.JIw. IlomHoe pemieHue mnpoOaeMbl
[II.A.AronoBa  Obul0  mojydeHO  HegaBHO B pabore  A.®D.bepa,
K.K.Kynaiibeprenona, ®@.A.Cykouena.

BnoxHoBiIeHHBIN TeopeMaMu I'mncona—Kaxane—XKensa3ko 151
KoBanbckoro—Cnogkosckoro B 1997  romy Il.Illempn BBenm  NOHATHSA
2-nokanpHOTO nuddepeHnrpoBanns W 2-MokajgbHOTO  aBToMopdusma. OH
JI0Ka3ajl, 4To BCsAKOe 2-ToKabHOE nuddepernupopanue Ha anredbpe B(H), rae

H — cenapabenbHOe THUILOEPTOBO MPOCTPAHCTBO, sBisieTcs auddepeHunpo-
BanueM. B 2004 roxy C.Kum u K. Kum ganum kpatkoe J0Ka3aTeabCTBO TOTO, YTO
Kaxg0oe 2-nmokainbHoe JuddepeHnrpoBaHMEe HAa KOHEYHOMEpPHOM anreOpe
KOMITJIEKCHBIX Matpull siBisiercs  auddepennupopanuem. XK.OKaar u X.JIn
pactIMpuiid  ATOT PE3yJbTaT Ha MPOM3BOJIBHBIE CHMMETPUYHBIC MATPUYHBIC
anreOppl W TOCTPOWIM TpUMEp 2-TIOKaabHOTO AuddepeHIIupoBaHus He
sapisroruMcst  auddepeHiupoBaHuieM  Ha  anredpe  BepXHE-TPEYTroJIbHBIX
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KOMIUIEKCHBIX 2X2-MaTpuil. JlokazaTenbcTBO (akTa, 4TO KaXKIAO€ 2-JOKaJbHOE
mupdepenuupoanue Ha B(H), rme H — npousBoibHOE THIBOEPTOBO

MPOCTPAHCTBO (ue JIOITyCKaeTCst cenapabenbHOCTB), SBJISIETCS
muddepeHMpoBaHreM, OBLUTO peajn30BaHO HOBBIM METOAOM B  pabote
I.A.AronoBa u K.K.Kynaitbeprenoa. B 2014 rony B paborte III.A.AromoB u
®.H.Ap3uKynoB pacuIMpuid MPHUBEACHHBIC BBIIIE PE3YyIbTaThl U JATH KPaTKOE
JI0Ka3aTeNbCTBO /ISl IPOU3BOJIBHBIX MOYKOHEUHbIX anredp ¢on Heiimana. B 2015
rogy LI.A.AromnoB u K.K.KynaiiGepreHoB mokaszaid, 4TO KaxJ0€ 2-JIOKaJbHOE
nuddepeHniupoBanre Ha TMPOU3BOJIBLHOM anredbpe ¢on Helimana sBusercs
niddepeHupoBaHueM.

YuutpiBasi ~ BCE  BBIIICNEPEUUCIICHHBIE  PE3YJIbTaThl  Kacalolluecs
2-1oKaNnbHBIX JUdPepeHpoBaHull Ha OMNEPATOPHBIX airedpax eCTECTBEHHO
BO3HUKAET BOMPOC O CTPYKTYype 2-JIOKaJbHBIX Tu(depeHpoBanuili Ha anredpe
U3MEPUMBIX OIEPaTOPOB OTHOCUTEIBHO ainredp ¢gon HeliMana u e€ pasnuyHbIX
noganreop.

CBsi3b TeMbl JHCCEPTALMU € HAYYHO-UCCJIEI0BATEJIbCKUMH PadoTaMu
yupe:KIeHueM BbICIIero 00pa3oBaHMs, I/e BBINOJHSIACH JHCCEPTALMSL.
HccnenoBanue BBIIOTHEHO B COOTBETCTBUU C IIJIAHOM HAYYHBIX TPOEKTOB
OT-04-82+0T-D4-87—«Jlokanbubie  muddepeHIMpPOBaHUS U ABTOMOP(PHUIMBI
OTEpaTOPHBIX W HEACCOIMATHBHBIX anreOp, ¢a3oBble MEpPexoabl U Xaoc B
HEJIMHEWHBIX JAMHAMUYECKUX cucTteMax»+«Teopuss rio0anbHBIX WHBAPHAHTOB
KPUBBIX U OBEpXHOCTEH B EBKINI0BOM U 1ceB0-EBKINIOBOM IPOCTPAHCTBAX U
e¢  MpPWIOKEHHUA B  MEXaHHKE»  MHCTUTYyTa  MaremMaTUKu  HUMEHH
B.U.PomanoBkokoro (2017-2019 rr.) u OT-4-27 «Onucanue mpeayaibHbIX
IPOCTPAHCTB MOPAAHOBBIX TPOEK, MPOCTPAHCTBA EMKOCTEH M TojoMopdHOe
npoaopkenue ¢GyHkuuny, Kapakanmakckoro l'ocynapcTBEHHOTO YHUBEpPCHTETa
um. bepnaxa (2017-2020 rr.).

Heanb ucciaenoBanusi — u3yueHue 2-JIOKAIbHBIX Mu(depeHnupoBanuii Ha
pa3IMYHBIX  OMEPATOPHBIX anredpax W  HCCIAEJOBaHUE UX CBsi3ed ¢
mudpepeHuupoBaHUAMM.

3axaum ucciae10BaAHUA:

— HCCclleoOBaHUE 2-JIOKaIbHBIX UG (GEepeHIIMPOBaHU HAa KOMMYTATHBHBIX
PETYISPHBIX aredpax;

— nccnenoBanne 2-10KaIbHBIX nuddepeHmpoBannii Ha anredpax ApeHca;

— HCCIEeNOBAaHWE 2-JIOKAJIbHBIX JU(PEepeHIMpoBaHUd HA MaTPUUYHBIX
anredpax.

— UccleoBaHnue 2-JI0KaIbHBIX Tu(epeHrpoBannii Ha anredpax JOKaIbHO
U3MEPHUMBIX OMEPaTOPOB.

O0bekT wHcciaenoBaHust — 2-jokanbHble  Aud@epeHIupoBaHus  Ha
Pa3IMYHBIX OMEPATOPHBIX aJiredpax U UX mojaireopax.
IIpenmer mcciaeq0BaHUS — BOMNPOCHl CYIIECTBOBAHUS  2-JOKAJIbHBIX

muddepeHmpoBanuii  He  sABisIonierocss AuGQepeHIMpoBaHUEM U CBS3b
2-nokanbHOro AuddepennupoBanuss u AUGEPEHIUPOBAHUS HA PA3TUIHBIX
OTIEPATOPHBIX ANTeOpax.
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Metoasbl uccaenopanusi. B pabore ncnonab3yeTcss METOAbI TEOPUH MATpPHII,
(yHKLIMOHAIBHOIO aHAJIN3a U TEOPUH OIIEPaTOPHBIX anreop.

HayuyHasi HOBH3HA MCCJIeJ0OBAHUSI COCTOUT B CIEIYIOLIEM:

— HalJIeHbl yCIIOBUS CYLECTBOBAHUS 2 -JIOKaJIbHBIX IU((epeHIpoBaHuil, HE
ABIAOIMXCS TU(pHEepeHIIMPOBAHUAMHI HA KOMMYTAaTUBHBIX PETYJISIPHBIX anreopax;

— JIOKa3aHO, 4YTO Kaxkjoe 2-lokaibHoe auddepeHimpoBanue Ha anredpe
ApeHca saBisercs AMPpPepeHINPOBAHUEM;

— JIOKa3aHoO, 4TO Kaxaoe 2-mokaibHoe Aud(depeHIMpoBaHHEe HAa MaTPHUUHBIX
anredpax u anredpax U3MEPUMBIX OIEPaTOPOB SBIsSIETCA AU HEPEHIIUPOBAHUEM;

— JI0OKa3aHO, 4YTO Kaxaoe 2-jokanbHOe muddepeHnmpoBanne Ha anredpe
JIOKaJIbHO HM3MEPUMBIX ONEPATOPOB OTHOCHUTENBHO anredp ¢on Heiimana 06e3
a0eNeBbIX MPAMBIX CIaraeMbIX siBIsieTcs nudepeHupoBaHuEeM.

IIpakTHyeckue pe3yJbTaThl HCCJIEI0BAHUA — YCTAaHOBJICHA CBS3b
2-nokanbHbIX auddepeHnrpoBannii U AuddepeHIupoBaHUN Ha Pa3TUUYHBIX
OIEpaTOPHBIX alredpax.

Jl0CTOBEPHOCTH pe3yJIbTaTOB nuccJieJ0BaHus 000CHOBaHa
UCIIOJIb30BAaHUEM METOJIOB (DYHKIMOHAIBHOIO aHajuu3a, airedpbl, TEOopUHU
Iu¢depeHINPOBaHMsI, @ TAKKE CTPOTOCThIO MATEMAaTUUYECKUX PACCYKIECHUH.

Hayuynasi u npakTu4yeckass 3HAa4YHMOCTh Pe3yJIbTATOB MCCJIEAOBAHMS.
HayuHoe 3HaueHue pe3ysnbTaTOB HCCICAOBAHMS 3aKJIIOYAETCs B TOM, YTO
JI0OKa3aHO  COBMAJEHHUE  MOPOCTPAHCTB  2-JOKAJIBHBIX W TJI00aNbHBIX
mudepeHuupoBaHNl HEKOTOPBIX OINEPATOPHBIX anredp, KpoOMe TOro HaWeHbI
YCIIOBUSI CYIIECTBOBAaHUSA 2 -JOKaIbHBIX MU dEepeHIMPOBAHUHN, HE SBISIOIIUXCS
i pepeHIrpOBaHUSAMUA Ha KOMMYTAaTUBHBIX PETYJISPHBIX aiareop.

[TpakTryeckas 3HAUUMOCTH AMCCEPTALMA COCTOUT B TOM, YTO PE3YNHTATHI
MOTYT OBITh MCIOJIb30BaHbl B TEOpUH JU(DPEepeHIUpPOBAHUMN ONEPATOPHBIX
anrebpax.

BHenpenue pe3yabTaroB uccienoBanus. [lomydeHHbie pe3ynbTaThl ObLIH
UCII0JIb30BaHbI B CIEAYIOIINUX HAyYHbIX MPOEKTaX:

2-1oKanbHBIX nuQdepeHITMPOBaHN Ha anredpe U3MEpPUMBIX ONEepaToOpoB, HA
MaTpUYHBIX airedpax U KOMMYTAaTUBHBIX PEryJSIpHBIX anreOp HCHOJIb30BaHbI B
3apy0OexxnoMm mpoekte mox Homepom FLI70100052 «Hoseiimne MeTombl AJis
HEKOMMYTAaTUBHOTO aHAJIW3a» JUIsl  ONUCAaHUS  aireOpbl  TPaHCISALUOHHO-
WHBAPUAHTHBIX au(depeHMpoBaHniA Ha anredpax HU3MEPUMbIX (DYHKIMIA
(CrpaBka ot 20 siHBaps 2020 ronma YuuBepcutetra Hosoro HOxxHoro VYambca,
ABctpanus). Hayunble pe3ynabTaThl ObUTM  TPUMEHEHBI ISl OTMHMCAHUS
TPAHCISIIIUOHHO-UHBAPUAHTHBIX  TU(PPEpeHIIMPOBAHUIA  anredpbl  M3MEPUMBIX
GbyHKIUH;

2-nokanbHble TU(QepeHIpoBaHus Ha anredpe HM3MEpPUMBIX OINEPaTOPOB,
MaTPHUUYHBIX alreOpax 1 KOMMYTAaTHUBHBIX PETYJISIPHBIX allreOpax UCIOIb30BaHbI B
3apyOexHom  mpoekte moj  Homepom  FRGS/1/2016/STG06/UPM/03/2
«O06006mmennbie  auddepeHIMpPOBaHUS HEKOTOPHIX KJIAaCcCOB anredp u HX
NPUIOKEHUS» MUHHCTEPCTBO BhICHIEro oOpa3zoBanust Mamaiisuu (2016-2019),
oI omucaHus — anreOpbl  auddepeHnupoBaHUsS  HEKOTOPHIX  KJIACCOB
KOHEYHOMEpHBIX HeaccounatuBHbix anredp (CmpaBka oT 10 umions 2020 roga
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VYuuBepcutreta Texnomoru MAPA, Illax Anam, Manaiizusa). Hayunsie
pe3yibTarthl ObUIM MPUMEHEHBI IJi1 OomucaHus aireopsl auddepeHIrnpoBaHUMA
KOHKPETHBIX KJIACCOB KOHEYHOMEPHBIX HEACCOLIMATUBHBIX aJreop;

2-nokanibHble TU(dEepeHIINPOBaHUS Ha anredpe U3MEPUMBIX ONEpPaTOPOB U
KOMMYTAaTHBHBIX PETYJISAPHBIX alreOp UCIOIb30BaHbl B 3apyOEKHOM MPOEKTE 101
Homepom PGC2018-093332-B-100 «3amaum 0 coxXpaHEHHs C TOYKU 3PEHHUS
dbynkionanbHOro ananuza» Ministerio de Ciencia, Innovacion y Universidades
(2019-2021) ans mccinemoBaHus JIOKAIbHBIX TPOWHBIX, 2-TOKAIBHBIX TPOWHBIX H
cmabo 2-nokanpHbIX nuddepennupoBannii Ha C*-anrebpax u anredpax QoH
Heitmana. (CnpaBka ot 1 utons 2020 rona YuuBepcureta ['panana, Mcnanus).
[IpumeHeHne HAy4YHBIX PE3yJIbTATOB JAl0 BO3MOXKHOCTH OMHCAHHUSA JIOKAJIbHBIX
TPOUHBIX, 2-JOKAJIbHBIX TPOMHBIX W €1a00 2-JTOKaNbHBIX AU(PEpeHITNPOBAHUN
C*-anredp u anre6p ¢hon Heitmana;

2-nokanbHbIe TuddepeHIIupOoBaHNS Ha alreOpe U3MEPUMBIX ONIEPaTOPOB, HA
MAaTPUYHBIX aiareOpax U KOMMYTATHUBHBIX PEryJSPHBIX anreOp HCIOJIb30BaHbI B
3apyOexxHOM Tmpoekte «HeacconuatuBHble anreOpbl W cymnepaireOpb» s
UCCIIEJIOBAHUS  JIOKAJbHBIX W 2-TIOKaJNbHBIX  JOuddepeHnupoBanuii  Ha
HEaCCOIMAaTUBHBIX anredpax, B 4aCTHOCTH s anredop ManbieBa. (CrnpaBka ot 5
utonst 2020 roma Denepanbubiii  yHuBepcuter Canto-AHzape, bpazunus).
Hayunbie pe3ynapTaTbl OBUIM MPUMEHEHBI IS JIOKAJIBHBIX W 2-JIOKAJIbHBIX
mudpepeHuMpoBaHU  HEACCOIMAaTUBHBIX  anredp, B YAaCTHOCTH, anredp
Manbuesa.

AmnpoOGauusi  pe3yJbTaToB uccjeqoBaHusi. OCHOBHOE  COJEpiKaHUE
JUCCepTaIi 00CYKIANIOCh HA IBYX MEKIYHAPOIHBIX U B TPEX PECIYOIMKAHCKUX
HAYYHO-TIPAKTUIECKUX KOH(PEPECHIINAX.

[yOinukanuss pe3yabratoB wucciaeaoBanusa. Ilo Tteme puccepranuun
omyO6nukoBaHo 11 Hay4yHbIX paboT, U3 HUX 6 BXOIAT B TNEpPEUYCHb HAYUYHBIX
W3IaHu#, MpenoxkeHHbIX Bricmielt Atrecrannonnoit Komwmccueint PecnyOnuku
VY306ekucTtan sl 3alMTHl AUCCEpTalMil JokTopa (uiiocodun, U3 KOTOphIX 4
OImyOJIMKOBaHBl B 3apyOeKHBIX KypHajiax W 2 B PECIyOJMKAaHCKOM Hay4YHOM
U3JIaHNH,

Crpykrypa m o0bem auccepraumu. /luccepranusi COCTOMT U3 BBEICHUA,
TpeX TJiaB, 3aKJIIOYEHUS M CIUCKA UCIOJb30BaHHOW suTeparypbl. OO0beM
JTUCCEPTALMK COCTaBIsET 68 cTpaHwMIl.

OCHOBHOE COJIEP’KAHUE JUCCEPTALIUU

Bo BBegeHnn 0OOOCHOBaHbI aKTyaJlbHOCTh M BOCTPEOOBAHHOCTH TEMBI
JUCCepTallii, OINPEACNIEHO COOTBETCTBUE  MCCIEAOBAHUS  NPUOPUTETHBIM
HAIpaBJICHUSIM Pa3BUTHA HAYKH M TEXHOJIOTHM pecryOJuKd, MPUBEACHBI 0030p
3apyOeKHBIX HAy4YHBIX HCCICIOBAaHUM TO TEeMe JUCCepTallid W CTENeHb
M3YYEHHOCTH MPOOsIeMbl, CHOPMYIMPOBAHBI IIEJIM U 33J1a4i, BBISIBJICHBI OOBEKT U
npeaIMeT WCCIEAOBaHUsA, W3JOKEHbl HaydyHas HOBU3HA H TMPAKTUYCCKUE
pe3yNbTaThl  MCCIEAOBAaHUS, PACKpBITA TEOpPETUYECKas W  MpaKTHYecKas
3HaYMMOCTb IOJIyYE€HHBIX PE3yJbTaTOB, JaHbl CBEJICHUS O BHEIPEHUU PE3YJIbTATOB
UCCIIEIOBaHMsI, 00 OMyOJIMKOBAHHBIX pab0TaxX U O CTPYKType AUCCEPTALIHH.
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B nmepBoil rnaBe guccepTaldMd, Ha3BaHHOW «AJITeOpbl JIOKAJIbHO
U3MEPUMBIX OnepaTopoB U ux aAudepeHIUPOBaAHUS), IPUBEICHBl OCHOBHbIE
CBelleHUs 00 anredpax U3MEpUMBIX, JIOKAJbHO HM3MEPUMBIX OINEPATOPOB H
nuddepeHIUpoBaHMIX ITHX alNTreop.

[Tyctb H - runsbeproBo mpoctpanctBo u B(H) — =*-amrebpa Bcex

OTrpaHHYCHHBIX JITHEHHBIX OrepaTopoB Ha H .
3aMKHyTass B Ci1aboil orepaTopHod Tomojoruu *-mogamredbpa M B B(H)

coziepxaliiee TOXKIECTBEHHBIN onepaTtop Ha3biBaeTcs ainreopoii pon Helimana.

Paccmorpum  anre6py  ¢on  Helimana McB(H), wu nycrs
P(M)={peM:p=p?>=p’} pemerka Bcex mpoextopoB M u P, (M)
MHOECTBO BCEX KOHEUHBIX TPOeKTOpoB B P(M).

Omnpenenenue 1. Anre6pa pon Helimana M Ha3zbiBaeTcs

— amomuyeckou, €ciu Jia JIo00T0 HEHyJIeBoro mnpoekropa e P(M)
CYIIECTBYET TaKOW MUHUMAIBHBIN poekTop P € P(M), uto p<e;

— KoHeuHou, ec’au 1 — KOHEUHbIN IPOEKTOP;

— NONYKOHEeYHOU, €eCIu JUI JH00TO0 IIEHTpalbHOrO mpoekTopa ZeM
CYIIIECTBYET TaKOW HEHYJICBOW KOHEUHbIH npoekTop € € P(M), uto e<7;

— muna |, ecnu s m000T0 IEHTPAIBLHOIO MpoeKTopa Z<€ M cyliecTByer
TaKoW HeHyseBol abeneB mpoektop e € P(M), uro e<z;

— muna 1l , ecniu M — monykoHeuyHasi anredpa, He cojeprKaiias HeHYJIEBbIX
abeJieBbIX MPOEKTOPOB;
—muna ll , ectn M He cogep>KUT HEHYJIEBBIX KOHEUHBIX TPOEKTOPOB;

—muna | ,ecin M — koHeuHas anreoOpa tuna | ;
—muna |, ecnu M — He koHeuHad anreOpa tuna | ;
—muna 1, ecnu M — xoHeuHas anredpa tuna Il ;
—muna 1l , ecniu M — He xoHeuHas anredpa tuna |l ;

— cobcmeenHo beckoneunou, eca 1 — cOOCTBEHHO OECKOHEUHBIN TTPOEKTOP;
— yucmo oecxkoneunotu, ecnu M —tuna |l .
[Tycte M < B(H) — npousBosbHas anredpa ¢pon Heiimana.

Jluneiinoe momnpoctpanctBo D B H HaswBaeTcs npucoeounennviv kK M
(o603nauaercs kak DpM ), eciu U(D)c D st Kaxaoro yHUTapHOro U U3

KOMMYTaHTa
M'={yeB(H):xy=yx,vVxe M}
anreopsl (poH Heitmana M.
Jluneinpiii  omepatop X:D(X) > H, rme oOnacte ompeneiacHue D(X)

JAaHHOTO oIlepaTopa W JIMHEHHOE MOANpPOCTpaHCTBO B H, Ha3bBaercs
npucoeounennvim M (oOo3Hadaercss kak xpM), ecim  D(X)nM  u
u(x(&)) = x(u(&)) s Beex £ e D(X) u ans Kaxaoro yuutapaoro U e M’

JIuneiitnoe noampoctpanctBo D B H HaswBaercsa cutvrno naiomuviv B H
oTHOCUTENBHO anreOpsl poH Helimana M, eciu

1) DyM;
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2) cymIecTByeT Mmocae0BaTeIbHOCTh poekTopoB {p.}, B P(M) Takoi, uto

p, T4 p,(H)cDu p;=1-p, xoneunaB M s Bcex ne N,

Omnpepnesienue 2. 3aMKHYTBIM JIMHEWHBIA oOmeparop X, ACUCTBYIOIIMA B
rJIbOEPTOBOM  MPOCTpPAaHCTBE H, Ha3bIBaeTCs u3MepuMvlM  OTHOCUTEIBHO
anreopsl pon Heiimana M , ecmu xyM u D(X) cuibHO TUIoTHO B H .

O06o3HaunM vepe3 S(M) MHOXKECTBO BCEX JTMHEWHBIX oreparopoB Ha H,
U3MEPUMBIX OTHOCUTENBbHO anreopbl pon Heilimana M . Ecm xe S(M), 1e€C,

rae C — moste KOMIUTEKCHBIX yrced, To AX € S(M) u omepatop X', CONpsKEHHBIH
C X, Takke m3MepuM oTHocuTenbHo M . Bosiee Toro, ecimu X,y e S(M), To
omepaTtopbl X+Y W Xy ONpeleieHbl Ha IUIOTHBIX MOJANPOCTPAHCTBAX M
JIOMYCKAIOT 3aMbIKAHUSI, KOTOPbIE HA3bIBAIOTCSI COOTBETCTBEHHO CUJIBHOW CYMMOM

Y CWIBHBIM IIPOM3BEIECHUEM OIEPAaTOPOB X M Y M 0003HA4YaroTCA X+Y U XY.

AN.Curan nokazain, 4ToO X—Fy u Xy mnpunamiexar S(M), W OTHOCHTEIHHO
anreopanyeckux onepamuii S(M) o0Opa3syroT * -anreOpy ¢ enuHuIei 1 Ha mojaeM
C.3nece M sBasiercs * -noganredpoit S(M). B nanbHeiiieM cuibHas cymma u
CHJIbHOE TIPOM3BEJIEHUE OMepaTopoB X W Yy Oyaem o0o3HadaTh Tak ke, KaKk U
OOBIYHBIC OTICpAIlUU, HA X+ Y U XY.

3aMKHYTBIA JJUHEWHBIA oniepaTop X B H Has3pIBaeTcs J10KAIbHO UIMEPUMBIM
oTHocuTenbHO anreopsl ¢oH Heiimana M, eciu XM  u  cymecTByeT
TOCIIeI0BaTeNbHOCTE {Z, ¥, leHTpanbHbIX HpoexTopoB B M, s kotopsix z, 11
uzXeS(M) nnsscex neN.

O6o3naunm uepe3 LS(M) MHOXeECTBO Bcex JIMHEHHBIX OIEPaTOPOB,

JIOKAJIEHO M3MEPUMBIX OTHOCUTENBHO M .

[IycTe 7 — TOYHBIM HOPMAJIBHBIA MOJYKOHEUHBbIM cien Ha M . Hamomauwm,
YTO 3aMKHYTBIN JUHEHHBINA ONIEpaTOp X HA3BIBAETCH 7 -UBMEPUMBIM OTHOCUTEIIBHO
anreopel pon Heiimana M, ecmu X7M u D(X) siBisieTcs 7-TWIOTHBIM B H | T.e.

D(x)nM  u 3amanHoro ¢>0 cymectByer mnpoektop PeM  Takoe, dro

p(H)cD(x) u z(p')<e. Ob6osnauumm uepes S(M,r) MHOMKECTBO Bcex

T -U3MEPUMBIX OIIEPaTOPOB OTHOCUTEIIEHO M .
Xoporro u3BectHo, uT0 S(M,7) sBisroTcs * -moganredpamu B LS(M).

Tenepb MbI H3JI05)KUM OCHOBHBIC TTOHATHUS M3 Teopuu U HEepEeHITUPOBAHHUIA.
Jns  anrebper A, nuHedHbiii  omepatop D:A —>. A  HaswiBaetcs

ougpepenyuposanuem, ecan D(xy) = D(X)y + xD(y) st Bcex X,y € A (mpaBuiio
Jleibnmna). Kaxxnprit snemenr ac. A mopoxnpaer nudpdepenimposanne D, Ha

acCOLMaTUBHOMN anredpe A, KOTOPBIU orpenensercs KakK
D,(x)=[a,x]=ax—xa, xe. A. Takue muddepenuuposanuss D, Ha3bIBaIOTCA
6HympeHHuMUu Ouggepenyuposanusmu. Ecaum diaeMeHT a, MNopokKAaroui
muddepennupoBanrie D,, mnpuHamiexut Oomee Oompmioit anrebpe B,

a?’
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coziepxKaien A, TOraa D, Ha3bIBAETCS NpOCMpPanCmMeeHHbIM

ouppepenyuposanuem Ha A .

Hns amrebper A, anmutuBHBIA (nuHEHHBINH) omepatop A A—>A
Ha3BIBACTCA 1OPOaHO8bIM Oupdepenyuposanuem, ecimn A(X?) = A(X)X + XA(X)
U1 Bcex Xe A .

Omepatop A:A—>A (He 00s3aTenbHO  JHHEWHBIM)  HA3bIBACTCSA
2-10KanbHbiM Ouppepenyuposanuem, eciav A Kaxmoro X,y e.A, cymiecTByer
mudbdepentmposanue D, 1A — A Takoe, uto D, (X) = A(X) u D, (y) = A(y).

Bo  Bropoii rmaBe — guccepranuu, — Ha3BaHHOW — «2-JlokajbHbIE
nuddepeHIMPOBaHUS KOMMYTATHBHBIX PeryJsipHbIX aJjredp», IPHUBCICHEI
IIpeIBAPUTEIbHBIC CBEJICHUS U3 TCOPUH KOMMYTATUBHBIX PETYIIIPHBIX aJireOp U MX
muddepernupoBannii. [lomydeHbl HEOOXOIWMBIE W JIOCTATOYHBIE YCIOBHS
JOMYCTUMOCTH  2-TIOKaJIBbHBIX  nuddepeHmpoBanuii, HE  SBISIOMUXCSA
¢ depeHIIMPOBAHMSIMI HA KOMMYTATUBHBIX PETYIISIPHBIX areOpax.

[yctb A — kommyraTHBHas anrebpa ¢ exuHuied 1 Hajg TmoJeM

KoMriekcHbIX uncen C. O6Go3nHaumMm uepe3 V mHoxkectBo {e €. A:e” =€} Bcex
uaemnoteHToB B A. g e, f eV Mb1 ycranaBimuBaem e< f, ecou ef =e. B
OTHOIICHUH DTOrO0 YACTUYHOTO TIOPSAAKA, K  PEIICTOYHBIM  OIepaIusaM
evf=e+f—ef,enf=ef upmonmomnenne e =1—e, MHOXKecTBO V sBIsieTCS
OyneBoii anredOpoil. He HyneBoit aseMeHT ( 13 OyseBod anreOpsl V HazbIBaeTCs
amomom, ecmn 3 0=#e<q,eeV, ciuenyer, yto €=(. Ecimmu 3amaHo mo0oe
HEHyJIeBoe €€V TO CyIIecTByeT TakoW atoM (], 4uro (<e, Torma OyJjecBas

anrebpa V Ha3bIBACTCS amomMuyecKkolu.

Anrebpa A HasweiBaeTcs pecyuaproi (B cmbiciie ¢on Heitmana), ecnm s
aro6oro a € A cymectByer b e A Takoe, uto a =aba.

Jlanee, MBI Bcerma Oynaem mpeamnojarath, 4to A SBISETCS YHUTAIbHOW
KOMMYTaTUBHOM peryisipHoii anreOpoit Han C u uro V sBusercs OyleBou
alreOpoil BceX e¢ HIESMIIOTCHTOB. B 3ToM ciywae g djiemeHra ae A
CYLIECTBYET MAEMIIOTEHT €€V Takoi, 4yTo €a=a, u eciim ga=a, g €V, toraa

e<(Qg. DTo UACMIIOTECHT Ha3bIBaCTCS HOCumenem A W 00O3HAYACTCS CHMBOJIOM
s(a).

[lpenmonoxum, dYTo g  SBISETCS CTPOTO  TOJOXKHTEIBHOH  CYETHO-
aTITUBHON KOHEUHOW Mepoi Ha OyineBoi anredpe V wuaemmnoTeHToB B A
paccmotpum metpuky po(a,b) = u(s(a—b)),a,be.A, na amrebpe A. Temeps
Oymem mpeamonaratb, 4T0 (A,p)  ABASETCS  TMOJHBIM  METPUYCCKUM

MPOCTPAHCTBOM.
Msb1 roBopum, 4to 3jiemeHT ac.A koweunoznaunvimM (COOTBETCTBEHHO,

n
CUEeMHO3ZHAUHBIM), eciu a= Zakek , rae a, €C,
k=1

e eV, ee = 0,i# J,1,J=1,..,n,neN (cooTBeTCTBEHHO, a = Zakek, rne o, €C,
k=1
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e eV,ee; = 0,i#j,i,JeN, B nmocimemHeM ciy4ae CXOAMMOCTb  PSIOB
NOHUMAETCS  OTHOCUTENIbHO  MeTpuku  p). O06o3Haumm yepes K(V)
(cootBercTBeHHO K (V)) MHOXECTBO BCeX KOHEYHO3HAYHBIX (COOTBETCTBEHHO
cYeTHO3HauHbIX) dneMeHToB B A . U3BectHo, uto V < K(V) c K (V), xak K(V),
tak u K, (V) sBusrorcs perynsipHeiMu mopanreOpamu B A, u Kpome TOrO,
3ambikanne K(V) B (A, p) coBmamaer ¢ K (V).

Jlanee mnpeamonaraeM, 4Yro A SBISETCS YHHTaJIbHOH KOMMYTAaTUBHOW
perynsipHoit anredpoit Hax C, a g — CTPOro NOJOKUTENbHAS CUETHO-aJAUTUBHAS

KOHCYHOMEpHAss Mepa Ha OyiaeBoi anreOpe V BceX HAEMIOTEHTOB B A.
[Mpeamnonoxum, uto A nonna B metpuke p(a,b) = u(s(a—b)),a,beA.

[lycte B — yHutanmpHas mnojanreOpa B anreope A. Dnement aeA
HA3bIBACTCS:

— aneebpauveckum omuocumenvHo [3, €ciu CymiecTByeT MmoJmHOM P € B[X]
(T. €. MHOTOWIEH OT X ¢ Ko3(dummentamu u3 ), uto p(a)=0;

— yenblM omuocumenvHo I3, €ClM CYIIEeCTBYET YHHUTApHBIM MHOTOYICH
p e B[X] (1. e. koappuruenT Hanbonpinei creenn X B P(X) paBHo 1€ B), uro
p(a)=0;

—  MpAaHCYeHOeHMHbIM — OmHOCUmenbho 3, eclium a He  sBICTCS
aNreOpandecKUM OTHOCUTEIBHO I3

— cnabo mpancyenoeHmuovlm omuocumenvrno B, eciu a#0 u mug ao00oro
HEHYJICBOTO HJACMIIOTeHTa €<S(a) »JJIeMEHT ea He SABIACTCI IEIBbIM
OTHOCHTENBHO B3.

[{enoe 3ambIKkaHue TTOAANTeOphl 3 3TO MHOXKECTBOM BCEX DJIEMEHTOB IICJIbIC
oTHOCHTENBbHO B; o6osmauaercs xak BY . UMssectno, uto BY rtarke sBisercs
nojaiareopoii B A .

Jlemma 1. Ilycmo B — peeynspuas p-3amknymas nooaneeopa ¢ A makas,
ymo V< B=BY, 20e BY saeusemes yenvim samvixanuem B. Tozda ons kasicoozo
ae A cywecmseyem uoemnomenm €, € V. maxoti, umo

1) e,aeb,;

ii) ecnu e€,#1,  moecoa onemenm (l—e,)a  asnaemca  cnabo
MPAHCYEHOCHMHBIM OMHOCUmenvho I3 .

Onpenenenne 3. Jns X € A 0603HaUNM:

A, = F(X,V) —nonanrebpa B A, mopoxxaeHHast X u V;

A, — HamMeHbIIas perynspHas noganreopa B A, coxepxkamas A,;

A, —3ambIkanue A, MeTpUKoOi p;

A, —1ensM 3ambikaHue A,;

A, —3ambIkanue A, METpUKOH p.

HNmeer MecTo crenyromas
Jlemma 2. Ecau cywecmgyem snemenm ac€A, ciabo mpancyenoeHmHulil
OMHOCUMENbHO K.(V) makoti, ymo A=A, eoe
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A, — nooancebpa, nocmpoenmnas no a, no onpederenuro 3, mo nwbHoe

2 -10KkanvHoe oupgepenyuposanue na A sensemcs ouggpepenyuposaruem.
Jlemma 3. Ecau cywecmsyrom 06a ancebpaudecku He3a8UCUMbBIX IeMEHMA
abeA ¢ s@=sb), mo anceopa A  Oonyckaem  2-n10KanbHOE

oupgepenyuposarue, Komopoe He s61semcs ougpepenyuposaruem.

B cnenyromeit TeopemMe MpUBEACHB HEOOXOAMMBIC U TOCTATOYHBIC YCIIOBHSI
JOMYCTUMOCTH  2-TIOKaibHBIe  TuddepeHIpoBaHUN,  HE  SBISIONUXCS
g depeHIMPOBAHUSIMI Ha KOMMYTAaTHBHBIX PETYISIPHBIX alreOpax.

Teopema 1. Ilycmo A — ynumanvruas KoMMymamueHas pe2yasiphas aneeopa
Hao C u u — cmpo2o nonoxcumenvHas cuemuo-a00OUumueHas KOHeyHas mepa Ha
Oynesotl aneedope V ecex uoemnomenmos ¢ A. Ilpeononosxcum, umo A nonna 6
mempuxke  p(a,b) = u(s(a—h)),a,beA. Toeoa  crnedyrowue  ycnosus
IKBUBANEHMHBL

i) moboe  2-nokanvhoe  ougpgepenyuposanue na A ss1aemcs
oupgepenyuposaruem,

ii) auoo A=K (V), aubo cywecmseyem osnemenm @  c1abo
mpancyenoenmuvitl  omuocumensrno K (V), maxoe, umo A=A, 2oe
A, —nooanzebpa, nocmpoennas no a coznacno Onpeodenenuio 3.

Tenepsr MBI MOKEM PAcCMOTPETH BOIPOC O CYIIECTBOBAHHWH 2 -JIOKAJTBHBIX
muddepeHIpoBaHUi, HE SBISIOMMXCA AUPPEpEeHIUPOBAHUIMU Ha anredpax
U3MEPUMBIX OIEPaTOPOB OTHOCUTEIHLHO KOMMYTAaTUBHBIX anreop gon Heiimana.

Ucnonb3yst Teopemy 1, moiyduMm CcHeAylollee peIIeHHe 3ajadyud o
CYIIECTBOBAHUM  2-JIOKANbHBIX  Ju(epeHIIMpOBaHui, HE  SBJISIONMIUXCS
mudepeHnIupoBaHUSIMU Ha anreOpax U3MEPUMBIX ONIEPATOPOB B KOMMYTAaTHBHOM
ciyyJae.

Teopema 2. Ilycmv M — kommymamusnas aneeopa ¢on Heiimana.
Creoyrowue ycio8ust IK8UBAIEHMHbL!

(i) pewwemrxa P(M) npoexmopos 6 M He siensiemcs amomuueckoi;

(i) anceopa S(M) Oonyckaem 2 -nokanvroe Jughghepenyuposanue, He

asnAOUWULICA OUPhepeHyuposanuem.

B TpETbE  TIJaBe  JUCCEpTAaLNH, Ha3BaHHOU «2-JlokajbHbIE
au(ppepeHUMPOBAHUS AJNre0Opbl JIOKAJIbHO H3MEPHMMBIX OIEPATOPOB M HX
nojaiaredp», uzydarorcsi 2-jokaibHbele nuddepeHunpoBanus anredp ApeHca, Ha
MaTPUYHBIX aJIreOpax v areOpbl JIOKATbHO U3MEPUMBIX ONIEPATOPOB.

[Tycte M — mpowu3sBosHas monykoHeuHas anreopa o HeiimaHa ¢ TOUYHBIM
HOPMAJIBHBIM ~ TIOJYKOHEYHBIM  ciaegoM 7.  Jlud p>=1  o0o3Hauum

L°"(M,7)={xeS(M,7):7(|x|°) <oo}. MUssectHo, uro L°(M,7r) sBnsercs
0aHaxOBBIM IPOCTPAHCTBOM OTHOCHTEIHLHO HOPMBI
Ix[l,= @ x")"?, xeLl’(M,7).
PaccmoTtpum niepeceuenue
L°(M,7) =[L"(M, 7).

p>1
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B pabote P.3.A0nymnaeBa mokazaHo, uro L?(M,7) — JOKaJbHO BBITyKIas
MOJIHAsE MeTpu3yemasi * -ajareOpa OTHOCHTEIBHO TOMOJOTHH [, TMOPOXIACHHOU

cemeifctomM HOpM {[|- || },.,. Asrebpa L”(M,7) HaspiBaeTcss HEKOMMYTaTHBHOM

p=>1-
aneeopoil Apenca. 3amerum, uto L”(M,7) sBusercs *-nomanredpoit B S(M,7) n

€CIM 7 KOHeuHbI# ciien, To M < L?(M, 7).
Jlajtee pacCMOTPUM CIIEIYIOIIKE TPOCTPAHCTBA

Ly(M,7)=[L*(M,7)

p=>2

M+L(M,7)={x+y:xeM,yel;(M,7)}.

C.Ann0esepuo, 1I.A.AronoB u K.K.KynaiibeprenoB mokaszamu, uto L;(M,7) u
M + L5 (M,7) sBistorcs *-anrebpamu u L”(M,7) —unean8 M + L5(M, 7).

3ametnmM, uto eciu 7(1) < oo, Torma

M+LL(M,7)=L(M,7)=L"(M,7).

JIst moka3aTenbCTBA CICAYIONMIESH TEOPEMbl HaM IMTOHAJ00UTCS JIeMMa KOTOpast
MOKAa3bIBAET, YTO ayiredpa ApeHca SBIISIETCS MTOTYTEPBUYHOM.

Jlemma 4. Aneeopa L°(M,7) sensemcs nonynepeuunol, m.e. eciu
ael’(M,7) u aL”(M,7)a ={0}, mozoa a=0.

Crnenytomiasi TeopemMa SIBJISICTCS OJHHM M3 OCHOBHBIX PE3yJbTaTOB TPEThEH
TJIaBhI.

Teopema 3. Ilycmvs M — anceopa ¢pon Hetimana ¢ mounvim HOpMALIbHbIM
NONYKOHEeYHbIM cledom T . Toeoa écsakoe 2-nokanvhoe ouggepenyuposanue A Ha

arceope  L°(M,7)  saewsemcs  oupgpepenyuposanuem  u - umeem U0
D(x) =ax—xa, xe L”(M,7), ona nexomopozo ae M + L5 (M, 7).
N3 310l Teopemsl clienyer

CaencrBue 1. Ilycmv M — xommymamusnas aneeopa ¢on Heiimana c
MOYHLIM HOPMAILHLIM NOJIYKOHEYHbIM cliedom T. Toeoa noboe 2 -noxanvhoe

oughgpepenyuposanue A na ancebpe L”(M, 1) mooscoecmeenno pasno mymio.

Ha camom geme MeTtom JIOKa3aTenbCTBA TEOPEMBI 3  MOXKHO JIETKO
MOAM(UIIMPOBATh O Ciydas 2-JOKaJIbHOTO Au(depeHIIMPOBaHUS Ha anredpax
¢bon Heiimana c¢ paszaensionuM CeMeHCTBOM HOPMAJIbHBIX KOHEUHBIX CIIEIOB
{r, :i € 1}. Tak kak kaxgas koHeuHas anredpa ¢poH Helimana nmeer pasnensromiee

CEMEHCTBO HOPMAJIbHBIX KOHEYHBIX CJEAOB M Bce auddepeHnupoBaHus Ha
anrebpax (on Heitmana SBISIFOTCS BHYTPEHHHMH, MBI TOJIYYUM CIEIYyOIICe
pacmmmpenue Teopemsl [1.11Iemprna k koHeuHnsiM anredbpam pon Heiimana.

Teopema 4. Kaowcooe 2-noxanvnoe oughghepenyuposanue Ha KOHEUHOU
aneeope gpon Heiimana sensemcs 6HympeHHUM Ou@ghepeHyuposanuem.

[Myctb M (A) — anrebpa Bcex NXN MaTpull HAJA YHUTAILHOU
KOMMYTaTUBHOU peryJsipHON anredopou A. [II.A.AronoBsIM 151
K.K.KynaitbepreHoBbIM OBIJIO PAaCCMOTPEHO YHUTaJbHAs MOJyNEepBUYHAS
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OanaxoBa amrebpa A co CBOWCTBOM BHYTpPEHHEro  IU(PGEpEeHIMPOBAHUS H
JI0Ka3aHo, 4To JIt00oe 2-mokanbHoe auddepeHupoBaHie Ha anredpe M., (A),

n>2, spusercs auddepeHnrpoBaHueM. ITOT pe3yJabTaT ObUT NMPUMEHEH K

AW " -anrebpaM u [JoKazaHo, 4TO Jr0Ooe 2-IoKanbHOe auddepeHInpoBaHie Ha
npomsBonbHoli AW -anrebpe sBisiercst  auddepenmupoBanueM. B pabore
VY Xyanra, K.JIu Obutu oxapakTepu3zoBanbl 1udHepeHIMpOBaHUS U 2-JTOKAIbHBIC
muddepentmpobanus u3 M (A) B M (M), n>2, rae A sBisercss yHUTaIbHOM

anreopoi Han C u M sBnsieTcs yHuTaIbHBIM A -OnMomynem. OHE paccMOTpeIH
YHUTAJIbHYIO  0aHaxoBy  anreOpy  Takyl, 49ro  Jroboe  HOpIaHOBO
nuddepenmpoBanne u3  anredopel A B moOoi A -Oumonyns M sBiseTcs
BHYTpEeHHUM Ju(dEepeHIUpOBaHUEM M JIOKa3ald, 4YTO Jr00oe 2-JIOKaJbHOE
maddepennpoBanne u3 amreoper M (A) B M (M) (n>3) sBasercs

nuddepeHirpoBanremM, korjaa A KOMMYTaTHBHO U KOMMYTHPYET ¢ M .

[pennosnoxum, 4yTo A SBISETCS YHUTAJIbHOW OaHAXOBOW ajareOpoi Takas,
4yro Jr00oe HopmaHoBo auddepeHnupoBanne u3  anreopel A B mo0oi
A -6umonyie M sBnsetTcs muddepeHIIUpOBaHUEM.

Ecmu A: A —> M sBnsercs 2-nokaibHbIM Ju(GEpeHINPOBAHUEM, TO M3
OTpeIeTICHUS JIETKO CIEeNYET, UTO A SBIISIETCS OJHOPOAHBIM. B TO ke Bpems,

A(X?) = A(X)X + XA(X),
i Kakaoro XeA. DTo  o03HavaeT, uYTO AQJJIWTUBHOEC 2-JIOKaJbHOE
nuddepeHpoBanHue SBIsETCA HOPIaHOBBIM Au(dhepeHIITUPOBAHUEM.

Mpg1 Oyzem paccMaTpuBaTh anreOphl CO CIETYIONUMU CBOMCTBAMH:

(J): moboe tiopoanoso ouppepenyuposanue uz arcebpvr A 6 nr0bdOU
A -6umooyne M sensemces oughgpepenyuposaruem.

Wtak, B ciyuae anrebp co cBoiictBoM (J) © 4ToOBI J0Ka3aTh, YTO
2-nokanbHoe nuddepenuupoBanue A: A —> M sBusnack nuddepeHIupoBaHHEM
JIOCTAaTOYHO, J0Ka3aTh, uTo A A — M sABAsSETCS aIIUTHBHBIM.

Crnenyromasi TeopeMa SBIISICTCS OJHUM W3 OCHOBHBIX PE3yJIbTaTOB TPEThEH
TJIaBBI.

Teopema 5. Ilycms A — ynumanvhas 6anaxoea anceopa co ceéovicmseom (J),
M — ynumanvnoiii A -6umooyav u nycmoe M (A) — arneebpa écex Nxn-umampuy

Hao A, 20e n>3. Tocoa moboe 2-nokanvhoe oupgepenyuposanue A uz M (A)
6 M (M) sersemcs ougphepenyuposanuem.

E1te oTHUM M3 OCHOBHBIX PE3yJIbTaTOB TPETHEH IIABHI SBJISETCS CIICAyIOIas
Teopema 6. [Ilycmv M — npouzeonvhas ancedbpa ¢pon Hevimana 6e3
abenesvix npsmoix ciaeaemvix u nycmv LS(M) — aneebpa ecex noxanvho

usmepumuix onepamopos omuocumenvho M. Toeoa nwoboe 2-noxanvhoe
oughgpepenyuposanue A uz M 6 LS(M) sersemces ougghepenyuposanuem.

[Ipuaumas Bo BHHUMaHwme, 4To J00oe muddepeHniupoBanue Ha abeneBoi
anredpe ¢on Heiimane TpuBHaNbHA, W3 TEOpeMbl 6 ClEAyeT CIEeIyIONuit
pe3ynbTar.
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CaencrBue 2. [Iyemv M — npoussonvnasa ancebpa ¢pon Hevimana. Tozoa
nmoboe  2-nokanvHoe  oughgepenyuposanue A Ha M A61emcs
ougpgepenyuposaruem.

Jlemma 5. Ilycmov B — nodanceopa ¢ LS(M) makas, umo M < B u nycmo

A:B—>LS(M) 6ydem 2-noxarehvim Ouggepenyuposanuem maxkum, Umo
A|,=0. Toeoa A=0.

Teopema 7. Ilycmv M — npouszsonvnas ancebpa ¢hon Hetimana 6e3
abenegvix npsamvlx craeaemvix u nycmo B — nodancedopa ¢ LS(M) maxas umo

M c B. Toeoa nwboe 2-nokanvnoe oughghepenyuposanue A na B asensemcs
ougpgepenyuposaruem.

3ameuanue 1. B meopeme 1 6Ovino oanvl HeobXoOumble U O0OCMAMOYHbBIE
yenosus, donyckaiowue 2-10Kanibhvle Ou@depeHyuposanus Ha KOMMYMAMUGHbIX
pecynapubix aneeopax, Komopvle He AGNAmMcs ouggepenyuposanuimu. B
yacmuocmu, 0n1 abenegou ancedpvl ¢on Hetimana M ¢ He amomuueckou
pewemxor  P(M)  aneceopa S(M)=LS(M)  oonyckaem  2-noxanvhvle

oupgepenyuposanus, He asnsaowuecs ouppepeHyuposarnusmu.
Hna tuna |l anrebpel ¢on Helimana M  omnmcaHue CTPYKTypbl

muddepenmpoannii Ha anredbpe S(M)=LS(M) mo 2019 roma ocraBanoch

OTKPBITOM MPoOIEeMOH.

B cBsa3u ¢ »TUM cienyeT OTMETUTh, 4TOo Teopema 7 SIBISETCS OJHUM U3
NEPBBIX PE3YyIbTATOB O 2-JOKAIbHBIX AU EepeHIIMpOBaHUAK, KOTOpas Oblia
nmoJiydeHa B cly4yae  OTCyTCTBUsL ~ uHbopmamuu 00  oOmeMm  Buje
nudepeHnupoBaHuil Ha ITHX aireopax.

3AK/TIOYEHHE

Hactosmass ~ aumccepTanms — TMOCBSIIIIEHA — W3YYCHHIO 2-70KaJIbHBIX
muddepeHIMpOBaHN Ha Pa3IMYHBIX OMEPATOPHBIX anredpax W HCCICTOBAHHIO
uX cBA3el ¢ qudPepeHIupoBaHUIMM.

OCHOBHBIE pe3yNbTaThl HCCIEAOBAHUS COCTOST B CIICAYIONIEM:

1. Jlanel HeoOXomuMBIE W JOCTATOYHBIC YCJOBHS Ha KOMMYTAaTHBHOMN
peryisipHoi anreOpe AOMycCKaromue 2-joKanbHble Iud@epeHnrpoBaHus, He
aBIsronIrecs AudhepeHIuPOBaHUSIMHU.

2. JloxazaHo, 4TO Kaxmoe 2-mokajabHoe nuddepeHimpoBanne Ha anredpe
ApeHnca siBnsiercs qudGepeHnnpoBaHUEM.

3. Hoxazano, uto Bcsikoe 2-jokaynibHOE auddepeHImpoBaHre U3 anreOpbl
M, (A) B M (M) (n=>3) seasercs nuddepenipoBanuem, riae A — yHuranbHas

OanaxoBa ajnre0pa Takas, 4To JI000€ HopaaHoBo muddepeHuuposBanue u3 A B
moboit A -6umonyins M sBiseTcs auddepeHIMPOBAHNEM.

4. TlokazaHo, uto mr00o0e 2-mokanbHOe auddepeHImpoBanre Ha anredpe
JIOKAJIbHO HM3MEPUMBIX OTEPATOPOB OTHOCUTENBHO anreOpel Gon Heiimana 6e3
MPSIMBIX a0EJIEBBIX CIaraeMbIX sIBIsieTCs TUQdepeHITUPOBAHUEM.
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INTRODUCTION (abstract of PhD thesis)

The aim of research work is to study of 2-local derivations on various
operator algebras and their relations with derivations.

The object of the research work is 2-local derivations on various operator
algebras and their subalgebras.

Scientific novelty of the research work: is as follows:

conditions for the existence of 2-local derivations that are not derivation on
commutative regular algebras are found;
it is proved that every 2-local derivation on the Arens algebra is a derivation;
it is proved that every 2-local derivation on matrix algebras is a derivation;
it is proved that every 2-local derivation on the algebra of locally measurable
operators is a derivation.

Implementation of the research results. The results were used in the
following scientific studies:

2-local derivations of the algebra of measurable operators, matrix algebras
and commutative regular algebras have been used in the research project:
«Breakthrough methods for non-commutative calculusy, Project ID: FL170100052,
to describe the translation invariant derivations on algebras of measurable
functions (Certificate of University of New South Wales, Australia on January 20,
2020). Scientific results have been applied to describe the translation invariant
derivations on algebras of measurable functions;

2-local derivations of the algebra of measurable operators, matrix algebras
and commutative regular algebras have been used in the research project:
«Generalized derivations of some classes of algebras and their applicationsy,
Project ID: FRGS/1/2016/STG06/UPM/03/2, Ministry of Higher Education of
Malaysia (2016-2019) to describe the derivation algebras of certain classes of
finite-dimensional non associative algebras (Certificate of University Teknologi
MARA , Shah Alam, Malaysia on June 10, 2020). Scientific results have been
applied to describe the derivation algebras of certain classes of finite-dimensional
non associative algebras;

2-local derivations of the algebra of measurable operators, matrix algebras,
and commutative regular algebras have been used in the research project:
«Problemas sobre "Preservers" desde la perspectiva del Analisis Funcionaly.
Project ID: Grant, No. PGC2018- 093332-B-100, Ministerio de Ciencia,
Innovacion y Universidades (2019-2021) for investigation of local triple, 2-local
triple and weak-2-local derivations on C *-algebras and von Neumann algebras
(Certificate of Universidad de Granada, Spain on June 10, 2020). The application
of scientific results made it possible to investigation of local triple, 2-local triple
and weak-2-local derivations on C *-algebras and von Neumann algebras;

2-local derivations of the algebra of measurable operators, matrix algebras,
and commutative regular algebras have been used in the research project: «Non-
associative algebras and superalgebras» for investigation of local and 2-local
derivations on non-associative algebras, in particular for Malcev algebras
(Certificate of Universidade Federal do ABC, Santo Andre, Brazil on June 5,
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2020). Scientific results have been applied to investigation of local and 2-local
derivations on non-associative algebras, in particular, for Malcev algebras.
The structure and volume of the thesis. The thesis consists of an

introduction, three chapters, conclusion and bibliography. The volume of the thesis
IS 68 pages.
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