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KHUPULI (pancada noxkropu (PhD) nuccepraumsicu aHHOTALUSICH)

Juccepranus MaB3yCHHHMHT 10,13ap0Juru Ba 3apypartu. JKaxon Mukécuna
om0 Oopwraérran Kymnad wWiIMHUH-aManuii TaIKUKOTIApP aKCapwsT XoJulapnaa
HOUYM3UKJIA OIEpaTopyiap JAWHAMUK CUCTEMAJapUHH TaJKUK KWIWII KaOu
Macananapra kentupuiaad. Pusznka Ba MKTUCOAMET KabW Typiau coxajapiaru
TaIKUKOTIAPHUHT acOCUW OOBEKTIapuaH OWpU TOHOCOMAI  HBOJIIOIMOH
ONEepaTOPJAPUHUHT JWHAMUK cucTeMmanapu xucobnmanaau. Ulynunrnek, reH
YACTOTAJIAPUHMHT TaxJIMJIMHU §3 HMYdra OJIyBYM MaTeMaTHUK OWOJIOrHs Ba
HOMYJISIIMOH TE€HETUKa Macanajapyuja MONYJSLUUSHUHT SBOJIOLMACUHM TaIKUK
KWJIMIITa TOHOCOMAaJl 3BOJIIOLMOH OIepaTopiapuiiaH XOCHJ KWIMHIAH JTUHAMHUK
cuctemanap OwiaH OOFIUK HaTWKajiap acoc cudaruia xuzmar Kwiaau. Ly 6ouc,
TOHOCOMaJ 5BOJIIOLMOH ONEPATOPUJIAH XOCWI KWIMHIAH TPAaeKTOPHUSUIAPHUHT
aCUMNTOTHK XapakKaTjapUHU YpraHulll HOYM3HMKIM ONeparopiap JIUHAMHUK
CUCTeMaJlapy Ha3apUsSCHHUHT 3HT MYXHUM Ba J013ap0 Bazudanapaan oupu 6yaud
KOJIMOK/IA.

X03upru KyHJia jKaxOHJa JTWHAMUK CHCTeMajap Hazapuscu Kyruiad amanuit
MacalajJapHUHT XapaKTepUHU TYUIYHHUIIAA, TaXJIWJI KWIUIIJA XaMJa ONTHMall
CUMMHUHM TOMHWIINZA AacocWii BocHWTa cudaThaa KyJIUIAaHWIMOKIA. XO3Hupaa
TOHOCOMAJI 3BOJIIOIIMOH OINEpPaTopy JUHAMUKACHHUHT TaBCU(U MYXUM MyamMMO
xucobmanagu. byHpait omepatopiap remoduiusi, 3pKMH Ba HMKKH JKUHCIH
nomyJsinysuiap Ba OolIKa TypAard OMOJIOTMK Ba (PM3MK CUCTEMAJIAPHUHT KYTjIad
TypJiapu OYiinya TeKmupyBiapjia maigo 6ynran. by Gopana, un3ukim OyiMaran
OINEpaTOPJIAPHUHT Ky3FaaMac HYKTaJApUHMU TOIMUII Ba YJAPHUHI TYpPFYHJIUTWHU
TEKIIUPUIL, JABpUIl HyKTajap TYIUIAMUHU TaBcU(Uall Ba YJapHU THUIHHU
aHMKJIAIl, THBAPUAHT TYTIJIAMJIAPHU TOIMUII Ba YJIAPHUHT TY3WIUIIWHU TaBcU(Iall
XamJla TPAeKTOPUSAJIAPHUHT JTUMHUT HyKTajapy TYIUIAMUHU TaBcHQIall MakcaJu
WIMHNA TaAKUKOTJIApAaH XUCOOIaHa M.

Mamnakatumu3ga CyHrru iwinapaa GyHaamentan (aHIapHUHT WIMHHA Ba
amManuii TatOukura sra OynraH reoJjiorusi, OWOJIOTHSA, MaTeMaThka Ba (u3mMKa
¢dannapura >pTHOOp KywatTupmiau. XKymianaH, MexaHuka, OOIIKapyB Ha3apuscu
Ba OMOJIOTHK CHCTeMaslap/ia KeHI TaTOWKHra sra OyJaraH HOYM3WKJIM 3BOJIOIMOH
ONepaTOpJIADHUHT JAMHAMUK CHCTEMajapu Ha3apHsICHHU PHUBOKJIAHTHPUIITa
aloxyuaa axamusaT Oepwinu. YmlOy HYNaHWUIIHM PUBOXIIAHTUPHILN HATHXXKAcHUJa
UKKU JKUHCIM MOMYJISIUSHUHT TOHOCOMAJ 3BOJIOIMOH oOrepaTopiapu OuiaH
OOFIIMK CaJIMOKJIM HaTwKazapra Spummwian. «OyHKIIMOHAT aHaIW3, MaTeMaTHK
¢u3rka Ba CTATUCTUK (U3MKa» (QaHIApUHUHT YCTYBOp HyHanumuiapu Oyiinua
XaJIKapo CTaHJApTIap Aapakacuja UIMHUI TaAKUKOTIAp 0JuO OOpHILI MaTeMaTUKa
(baHMHUHT acocwil Basudamapu Ba (GAOTHAT HYHAIMIUIAPH STHO OEITHIAHIN .
Kapop wxpocuHM TabMUHJIAIIAA TOHOCOMAJ 3BOJIOLMOH OMEpaTopiiap AUHAMHUK
CUCTeMaJlapy Ha3apUsCUHU PUBOXIAHTUPUII MYXUM aXaMuUsATra sra.

lo . . o

V36ekucton Pecniyonmkacu Basupnap maxkamacu 2017 #imn 18 maiigarn «Y36ekucton Pecyonukacu ®@anmap
AKaJCMHUSCUHUHT STHTHIAH TAIIKKUI 3THIITaH UIMUI TaAKUKOT Myaccacanapy (GaolUsSTHHU TAUTKUIT YTUIII
TYyFpucuaa»tu 292-coHnu KapopHu.



V36exucron Pecniy6mukacu ITpesmpentunuar 2017 iun 7 deBpanmaru
«V36ekucToH PecryOnMKacMHM sHAjA PUBOMKJIAHTHPMIN OVyifMya Xapakatiap
crparerusicu Tyrpucuganru [1d-4947-connu @apmonu, 2017 #un 20 anpenmaru
«Onmuii  TabIUM ~ TU3UMHHM  SHAJla  PUBOXKJIAHTUPHIL  4YOpa-TaaOupiapu
tyrpucugarru [1K-2909-connu Kapopu, 2019 iun 9 wutonmaru «MartemaTtuka
TaBJIMMHU Ba (DaHJIApUHU SHAJA PUBOKJIAHTUPUIIHM J1aBJaT TOMOHHMIAH KYIIao-
KyBBaTJalll, IIYHUHTAEK, Y30ekncTon Pecnybnukacu Pammap akajeMHACHHHHT
B.M.PomanoBckuii Homumarn MaremMaTtuka HHCTUTYTH (DAOJUSTHHH TyOmaH
TaKOMWJUIAIITUPUII Yopa-Tanoupiapu tyrpucuganru [1K-4387-connm Kapopu Ba
2020 iun 7 maiinarn «MaTtemaTtuka coxacuiard TabiuM CU(ATUHU OMIMPUII Ba
WIMUNA-TAIKUKOTIAPHU ~ PUBOMJIAHTUPHILL  YOPA-TAOUpiapu  TYFPUCUIANTH
[1K-4708-connu Kapopu xamaa maskyp ¢aonausitra TerHuuiM OOIIKa HOpMaTHB-
XYKYKHI XyxoKaTiapAa OedruiaHrad BasudalapHU amalira OMIMpHUIIia Yoy
JUCCepTaIMs TAAKUKOTH MYyailsiH Japaxaja Xu3maT Kujaaau.

TagKMKOTHUHT pecmyo0uka dan Ba TEeXHOJIOTUSIJIAPH
PHMBOJIAHMIIMHUHT YCTYBOP HYHAJIMILIAPUTa MOCAMIH. Maskyp TaaKuUKOT
pecnybnuka ¢(aH Ba TeXHOJIOTHsUIap puBOAUIaHMIIMHUHT [V. «Martemaruka,
MeXxaHuKa Ba UHPOpPMATHKa» YCTYBOP MYHAIUIIN foupacuaa OakapuiiraH.

MyaMMOHMHI VPraHwiranjamk aapaxkacu. PusukaBuii €ku OHOJOTHUK
cucTteManap/ia MaTeMaTHK MOJeJUIapHU TYUIYHMINra KapaTWIraH Xapakatiap
JUCKPET-BAKTJIM JIMHAMUK CUCTEMAJIADHUHT YCYJJIADUHU YPraHuIra KU3UKUIIL
yiroTau. MyalisH NOmyJsius y4yH acOCH MaTeéMaTHK MyamMMmo Oy HOmyJsiuus
ABOJTIOIUSICUHU, SIBHA XOJATIIADHUHT BaKTTa OOFIMK TUHAMUKACUHU YPTaHUIIIHD.
Ym0y wmyammoHu Vypranuimga —(QoipamaHWIaguraH MaTeMaThK — ycyJap
AXTUMOJUIAP HA3apUsCH, CTOXACTHK >Kapa€Hiap, JUHAMUK CUCTEMajap Ha3apusCH,
MaTeMaTWK Ba (PYHKIIMOHANT Taxjiuiap, Xamaa auddepeHiuan TeHriamaiap
Hazapusicura acocianrad. 2021 #un uroH oW Xojatura kypa MathSciNet
MabIyMOTJIap O0azacuaa "momyssiusa" Cy3uHUHT KUAUpyB HaTmwxkacuaa 42350 nax
OPTUK Makojajap Tomwiau. Ymly Mabiymotriap Oazacu Oyiinua mnomyssuus
Oowrtan Oofnuk OupuHuM Hamp 1924 Hunga E.b. Buicon TomMoHmpman &3uiiras.
2020 nunga ¢akarruna 1850 ta Hamp maBxyn sau. Iy Gomc xo3upru KyHaa
NoMyJsiUMsSIap AMHAMUKACH Ha3apusCl MaTeMaTUKala >Kajal pPUBOXIaHAETTaH
coxajiap/iaH Oupu JeluI acoCIuIup.

[Tonmynsiuua guHamMukacu Oapya Japakajard TUPUK [OMYJISIUSIIApHU
TYHIYHHUII Y4yH MyXumaup. MaremaTuk OHUOJOTHUS coXacuja MOMyJsius
JUHAMHUKACH COXAacH TOMYJNALUSJIAPDHUHT COHM Ba €Il TapKUOMHU JTUHAMUK
cuctema cuaruga ypranagu. byHnaH Tamkapu, HOMyNSUMsS JWHAMUKACH Ba
yIapHUHT MYyKOOWJUIapura TaHjioB WYK Oynrannma, 1961 #unma O. Peumepcon
TOMOHUAH JKyJa camMapaiu anreOpavk EHAAIlyB XOpPUH KHIMHTaH. YOy
éumammyB 1971  i#imnga  HO.M.JIroOuy  TOMOHMJAH  yMyMHUH  SBOJIIOIUS
TEHIVIAMACUHUHT ~ aHUK €YUMJIApUHUA  TaBcU(iam y4yH KEHTaWTUPUIIU.
[Tonynsuust AMHAMUKACUHM YpraHUII y4yH HOUM3UKIU (XyCycaH, KBaJpaTHUK Ba
palMoHai) Kym YIYOBIM 3BOJIOLMOH onepatopiapu X.KecreH ToMoHHAaH



KUPUTWITAH. Y KBaJPATUK SBOJIOIMOH ONEPATOPIAPUHUHT YMYMUUN IIAKIU YUYH
AroHa Ky3rajMac HyKTara sra OyJaauraH eTapiu IapTiIapHA TOTAH.

["'onocomai (parmonan) oneparopiaap oupunun 6yau6 ¥Y.Po3ukos Ba P.Bappo
TOMOHMJIAaH YpraHWiIran Ba Oy TaAKUKOTIap OMOJIOTMK CHUCTeMalld reMo(uiusra
HucOaran kKyswtanwirad. 2020 iunga Y.A. Po3ukoB TOMOHMaaH —€3WIraH
“[lomynsiuysa AUHAMUKACH: anreOpauMK Ba 3XTUMOJUIM €HJOIIYB” HOMJIM KUTOOIa
APKUH Ba UKKH JKMHCIIW MONYJISALUS Ha3apusick TaBcuduianran 60ynuo, acocan 2010
WWIgaH KeHuH ONMHraH Hatwkanap kenarupwirad. lllyaunraek, ymOy kuto6aa
MOMYJISINAS TUHAMUKACH Ha3apusICUAArd aureOpank Ba dXTUMOJUIUMK EHIAINTyBIap
xaM kentupwirad. byHnaH Tamkapu, KyOMK CTOXaCTHK MaTpHIIAJIApHUHT MapkoB
xKapa€Hapyu HaTWKacuia XOoCwsl OynraH JuHaMuKaiap Kabu OWONOTHK
Moje/IapHUHI Oup Heuta auHaMuk cuctemanapu (JK.M.Kacac, M.Jlagpa,
V.Po3zukoB, b.MamypoB, C.XynaspoBiap TOMOHUAAH YpraHwiraH); >XUHCIa
oornuk mnonyasuusHuHT auHamukacu (FO.M.JIro6uu, V. Kamunos, VY.Po3ukos
TOMOHHMJIaH TEKIIMPWITaH); YUBUH MONYJALMSICUHUHT JUHAMUK CHUCTEMacHu Ba
sBoIONIMOH anrebpacu (M.Benacko, P.Bappo, V.Po3ukos, C.llloliumapioHOB); Ba
okean skocucrtemanapu (C. IloitumapaonoB, Y.Po3ukoB) Oepwiran. Xo3upru
kyHra kenu0, P. Bappo, H.H. I'anuxomxkaes, P.H. 'annxomxaes, V.VY. XXamuios,
A. 3ana, M. Jlagpa, ®.M. Myxameno, Y.A. Po3ukos, XK.II. Tuan, O. Xakumos,
A.M. Xapaun, A.JO. XaMpaeBiiap TOMOHUJAH HOUM3HUKIIM ONepaTopiaap ITUHAMUK
cucteManapu Oyinda Kymiad WIMANA W3TaHUNDIAD OJUO OOpHITAHIUTHUTA
Kapamai, HOUYM3UKJIU OllepaTopJiap OpKajiu XOCWI KWJIMHIaH JUHAMUK cUCcTeMaap
Y4yH JJUMUT HyKTajap TYTUIAMUHH TYJa TABCU(UHU OSpHIN XaIurada O4rK mMacaa
Ooymu6 KomMokma. XycycaH, TOHOCOMaJ ABOJIOIMOH ONEPaTOpy JTUHAMHKACUHU
ypranuimiga xaM Kymiab macanaiap OUYUKIUTda KOJIMOKIA.

Jduccepranmnsi TAAKMKOTHHUHT JUCCEPTANUA 0AKAPUITAH OJIMH TABJIUM
MYacCacCaCHHMHI MJIMMUA-TAIKHKOT HILJIAPH pe:Rajapu OMIaH 0OFJIHKINIH.
Huccepranus TagAKUKOTHU B.U.PomanoBckuit HOMUJAru MaremMmaTuka
uHcTuTYyTUHUHT OT-F4-82 + OT-F4-87  «Omneparopan Ba HOAccOLUMATUB
anreOpanap Jsokan auddepeHmamianuiapy Ba aBToMopuU3MIApH, YWU3UKIIU
Oynmaran AMHAMUK cucTemanapza ¢a3aiu YTUIl Ba TapTUOCU3nuK» + « EBkina Ba
nceBno-EBknua  (azonapuparn Srpu  UM3MKIAp Ba yJAPHUHT MEXaHUKAa/a
Kysanuaummy (2017-2020 umiap) MaB3ycuaard WIMHA TaIKUKOT JOWMMXalapu
noupacuaa xamaa CamapkaHj AaBjiaT YHUBEPCUTETH WIMHUN-TAKUKOT WILIapU
pekaiapu aoupacuaa 0akapuiiraH.

TagKNKOTHHHI MAaKCagH TOHOCOMAJl 3BOJIOLMOH OMNEPATOPHUIAH XOCHI
KWIMHTaH JUCKPET BAKTJIM AUHAMUK CHUCTeMaiapja WXTUEPHUMA OONMIIaHFUY HYKTa
y49yH TPAeKTOPUSHUHT JIMMUT HYKTaJapu TYIUIAMUHU Tyna TaBcuIanIan
uoopar.

TaagkuKoTHUHT Basudaaapu:

TErUIUIA OMOJIOTUK CUCTEMAHUHT TYPFYH XO0JIATUHU TaBCU(IIOBUM FOHOCOMAT
DBOJIOLIMOH  ONEpPATOPJIAPMHUHI  Ky3FaJIMac  HyKTajdapu Ba  HWHBApUaHT
TYIIaMJIapUHU TOTIUII;

JaBpUi HyKTanap TYIUIaMUHH TaBcU(Jall Ba yJIapHU TUIIMHUA aHUKJIAIIL



WKKUA JKUHCIIA TOMYJSIUUSHUHT TOHOCOMAJ 3BOJIIOIMOH OIepaTopiapuiaH
XOCHWJI KWIMHTaH TPACKTOPUSJIAPHUHT JIUMUT HYKTAJIAPUHU TAIKUK KWW,

TOHOCOMAJI ~ 3BOJIIOIMOH  ONEpaTopyiapd  TPACKTOPHUSUIAPUHUHT  JIMMUT
HyKTaJapura SKUHJIAIMAI TEe3MUr EpraMua OUOJIOTMK CUCTEMaJa TeHETHK
Kaca/uTUK (TeMouiIns) HU KaHYaIUK Te3 €KW CEKUHPOK MYKOJMITMHKA O0axoiarll.

TaagKNKOTHUHT 00beKTH. ['0OHOCOMAaN 3BOJIIOIMOH ONEPATOPIAPUAAH XOCUI
KWIMHTAaH JUCKPET BAKTIN JUHAMUK CUCTEMAJIAP.

TagkukKoTHUHr mnpeaMeTu. HoOYM3HKIM  3BOJIOLMOH  omepaTopiap
Ha3apusiCh, AUCKPET BAKTIM JAUHAMHUK CHUCTEMAaJlap Ha3apusiCh Ba CTOXACTHK
»Kapa€Hiap Ha3apusicu.

TaakukoTHUHT  ycyapu. [uccepramusga  QyHKIIMOHANT — aHAIM3,
OXTUMOJUTAp HaszapuscH, aiareOpa Ba AMHAMUK CHCTEMallap Ha3apHsCH yCyJUIapu
KYJUTAaHWITaH.

TaagKUKOTHUHT WIMMI SHIWJINTH Kyluaaruinapaad uoopar:

HOpPMAaJjaHraH TOHOCOMAJI dBOJIIOIMOH ONEPATOPU SITOHA  KYy3FajaMmac
HYKTACUHUHT TJ1I00aJ1 TOPTYBYAHJIMIY UCOOTIIAHTaH;

WKKHA KUHCIM MOMYJSUUSHUHT TOHOCOMAal HBOJIOLMOH ONEpPaTOpH Y4YyH
TPACKTOPUSIAPHUHT SIKUHJIAIIUII T€3JIUTUHUHT TAPTUOU TONUIITAH;

UKKA OJKMHCIM TMONYJSIUUSAHUHI TNapaMeTpid T[OHOCOMall 3BOJIIOLHOH
orneparopu KoopAuHaTa OommaaH OOIIKAa TOPTYBYM KYy3FajaMmac HyKTara sra
9MAaCJIUTHA UCOOTIIaHTaH;

TOHOCOMAJ JBOJIOIMOH omnepatopiap CUHGU YYyH YHUHT HYEKCH3 Ky
Ky3faaMac HyKTajapra OSrajurd Ba Xap OWp Ky3Faamac HyKrajapra
SKUHJIAIIAUTaH  y3ap0  KECUIIMAWAWraH  TpaeKTOpUsiIap  MaBXyJIJIUTH
UCOOTIIaHTaH.

TaaKMKOTHHHT aMajuii  HATHKAJIAPUH  MaTEeMaTWK  OWOJIOTHsIIaru
NONYJISIUS  Kapa€HIAPUHUHT MaTeMaTUK MOJEJUIAPA TOHOCOMAJl 3BOJIFOLUS
oreparopJiapu OpKaiu udoasaHraHIury Ba yii0y onepaTtopiap €paaMuia XOCHII
OYNraH TMHAMUK CHCTeMaJa TPACKTOPHS JIMMHUT HyKTaJapu TYIJIAMUHU aHUKJIAIl
ycyJulapuHu 0a€H KMJIMHTaHJIMTUIaH noopar.

TaakKuKOT HATHXKAJIAPUHUHT HWIIOHWIWJINIH  (QYHKIMOHAN  aHaju3,
DXTUMOJIAP HA3apUsICH, CTOXACTHK »apa€Hjap Ba JIHUCKPET BAKTIM JIWHAMHK
cucTeMajapu Hazapuscu ycyulapuiaH GolJalaHWIraHd Xamjaa  OJMHIaH
HaTIKaJap MaTeMaTHK KUXATAaH KaTbUi UCOOTIIaHTaHU OMJIaH acOCIaHAIM.

TagKUKOT HATWKAJTAPUHUHI WIMMHA Ba aMaJuil axaMusITH. TaakukKOT
HATWKAJIAPUHUHT WIMHM axaMusTH TOHOCOMAaj 3BOJIOLIMOH OlepaTopiiapujian
XOCWJI KWJIMHTaH HOYM3UKJIU JUCKPET JUHAMHUK CHUCTEMAaJapHUHT XapaKTepUHU
aHUKJIAII Ba MATEMATHUK OMOJIOTHSI MyaMMOJIAPUHY XaJl KWJIUIIIaH noopar.

JluccepTansTHUHT aMajuil axaMUATH TOMYJISIIUS OWOJIOTHSICHHUHT KYTIIa0
MOJEJUIapya Ky3faliMac HyKTaJlap Ba TPACKTOPUSJIAPHUHT JIMMUT HYKTaJlapu
TYIUIAMIIApUHUHT TaBcuuaan (oiganaHrad xoJja MOMYJSIUs 3BOIIOLIUSICUHA
Oaropatian MyMKUHIUTH OWJIaH U30XJIaHA !,



TagKUKOT HATHIKAJTAPUHUHT KOPUN KMJIMHHUIIU. ['OHOCOMaN 3BOIIOLIMOH
ONEPATOPUNIAaH XOCWUJI KWJIMHIaH TPACKTOPUSUIAPHUHT ACUMIITOTHUK XapaKTepu
Oyiirua OJIMHraH HaTHXXaJlap acocua:

HOpPMAaJaHraH TOHOCOMAJI dBOJIIOIMOH ONEPATOPU STOHA  KYy3FajaMmac
HYKTaCUHUHT Ty100an ToptyBuanHiuruiad NeOT-d4-03 pakamim “Y3nykeu3 xamjia
JUCKTPET BaKTJIM aHUK IJUHAMHUK CHCTEMAasap, KUCMUN HHTErpaji omneparopiap
CHeKTiiapu”’ MaB3ycujaard (QyHJIaMeHTall JIOMMXacuja CTOXacTHK orepaTopiap
TPACKTOPHUSIIADUHHUHT JUMUT HyKTaJlapu TYIIJIaMUHU TaBcudamaa
doiinananunran  (Kapmm npasnat ynuBepcuteTuHuHr 2021 iun 26-utongaru
Ne(04/2058-connmu  MabiymoTHOMacH). WnamMuil HATWXKAHUHT  KYJUTAHWIWIIH,
Bonbsreppa xamna Bombreppa Tunuaa OynMaraH KBaapaTHK Ba KyOMK CTOXACTHK
OTIePaTOPJIAPHUHT JIMMUT HyKTaJapUHH TaBcU(IaIl IMKOHHHH OepraH;

TOHOCOMAJ »JBOJIOIMOH omnepatopiap CUHGU YYyH YHUHT HYEKCH3 Ky
Ky3ranMac Hykrajgapra osramurugan  NeOT-®4-02 pakamm  “MartemaTuk
(bU3MKaHUHT XOJaTiap TYIJIaMd 4YeKCcH3 OYJraH MoJe/ulapyd TEPMOJIMHAMHUKACH
Map3ycuaarupyHaaMeHTan JjoWuxacuga (UMK CUCTEMAHUHT  TPAHCISAIUOH-
WHBApUaHT Ky3FaaMac Ba JaBpuid HyKrajapra Moc [ub0c YimuoBnapuHu
taBcudnamaa doigananuiarad (byxopo naenar yauBepcutetuHunr 2021 iwn 21-
utoHaarn  Ne04-04/01-158-connmu  MabiaymoTHoMmacu). WMiaMuii  HaTH)KaHUHT
KYJUIAHWIMIIY, CTAaTUCTUK (PU3MKAHUHT YEKJIM COHJIard CIWH KUiiMaTura jsra
Oynran Oup HedTra MoACIUIApW OWJaH TOMyJSAIUs MOJACIUIApH Opacuaaru
VXIIANUTMKHA aHUKJIAI IMKOHUHU OepraH.

TagkukoT  HATWKAJAPUHMHI  anpodamusick.  Maskyp  TaIKUKOT
HaTWXKanapu 4 Ta XaJKapo Ba 4 Ta pecrmyOyMKa WIMHM-aMaliii aHKyMaHJIapua
MyXOKaMaJlaH YTKa3UJIraH.

TagkKuKoT HATWKAJAPDUHHUHI JbJOH KWIMHranauru. J[uccepranus
MaB3ycu Oyiinua skamu 13 Ta WIMMIl MII YOI STHIITAH, LIyIapjaH, Y30eKHCTOH
PecnnyOnukacu Onuit  AtTrecranus KOMHUCCUSICMHUHT  (ancada  JOKTOpU
JUCCEepTalMsIapy aCOCUM WIMHUN HATWIKAJapUHU YOI ATUII TaBCUS JTUITAH
WIMUKA Haumpiapaa 5 Ta Makoja, KyMJIaJaH, 2 Tacu XOpWXKUKA Ba 3 Tacu
pecnyOnuKa )KypHaJIapy/ia HalIp STUJITaH.

JAuccepTanMsiHUHT TY3WJIMIOM Ba XaxXMH. Jlucceprauus KHUpHUIL KHUCMH,
yutra 000, xynoca Ba ¢oilpanaHuirad anabuémiap pyWxaTtugaH TalIKWI TONTaH.
JuccepranusHUHT XXMy 90 OETHU TAIIKWIT STraH.

JTUCCEPTALIMSIHUHT ACOCHUI MASMYHH

Kupnm kucmmuna guccepransi MaB3yCHHUHT [OJI3apOJIMTH Ba 3apypHUSITH
acocjaHraH, TaJKUKOTHUHT  pecrnyOoimka  (aH  Ba  TEXHOJOTHUsJIApU
PUBOXXJIAHUIUIMHHAHT  YCTYBOp  WYHaJMUUIAPUIa  MOCIMIHM  KypCaTWITaH,
MyaMMOHHUHI YpraHWITAHIUK Japa)kacl KeJITUPWIraH, TaJKUKOT MAaKCalH,
Bazudanapy, OOBEKTH Ba MpeAMETH TaBCU(IaHTaH, TAJKUKOTHUHT WJIMHNA
SHIWINTH Ba aMaiuil HaTwxkanapu OaéH KWIMHIAH, OJMHIAH HaTWKaJIapHUHT
Ha3apuil Ba aMaIuii axaMUsITH O4MO OepuiiraH, TaAKUKOT HaTHKaJapUHUHT KOpUN



KWIMHUIIK, HaIp JTWITAaH WIUlap Ba JUCCEpTaIUs TYy3WIUIIM Oyiinda
MabJIyMOTJIAp KENTHUPUIITAH.

HucceprauusstHuar  “I'oHocoMAaJI 3BOJIIOIHOH OINEPATOPH  Ky3Fajmac
HYKTACMHHMHI TJI00aJl TOPTYBYAHJMIH” 10 HOMJIAaHTaH OupuHYM OoOuna,
MONYJISIUS TWHAMUKACH Ba TOHOCOMAaJl 3BOJIIOLIMOH OINEPaTOPH YUYyH acOCUM
TyllyH4Yasuap Ba Tabpuduap OepwiraH. Hopmananran roHocoman 3BOJIIOLMOH
ONEPaTOPUJIaH XOCHJI KWIMHIaH JWHAMUK CUCTEMAJIADHU TAAKUK KHWIHILIJIA
Po3ukoB Ba BapponuHr runoresacu ucOoTiIaHrad. byHnan Tamkapu, roHOcoMall
HBOJIIOLMOH OIepaTopuIaH XOCHJT KWJIMHTaH JTUHAMUK cucrema
TPAEKTOPHSUIAPUHUHT XapaKTepU YpraHUIraH.

h

Temodumus - X ronocoma OuimaH GOFIIMK pEIECCUB Kacaivk: X OpKaid

reMopuIMsAHU cakjiaiguran X roHocoManu Oelruiaacak y xoijga (GpakaT HKKUTa
hoovhyh < o

yproun runorumap: XX Ba XX (X X" Oy yaumra onu0 Kenaau) Ba MKKHTA

h .
spkak rurotumap: XY Ba XY nmapra sramu3. busma TYpT XM MOCIUK MaBXKY/I:

)(XxXYHlXX,lXY;
2 2
)O(xXhYHl)Q(h, lXY;
2 2
" 1 1., 1 1, (1)
XX" % XY ——=XX,— XX",~ XY,— X"Y;
4 4 4 4
1 1

|
XX'"x XY —=XX" - XY,- X'Y.
3 3 3
F={XX,XX" Ba M ={XY,X"Y} Tynnammap Moc Xonga ypFouW Ba 3pKaK
TMHOTHIUIAD TYymiamuapud OyiacuH. F TYIulaMHUHT XonaTuHd (X,)) XaKUKHi
BeKTOp OwiaH, M TYIulaMHMHT XoJaTHMHU 3ca (U,V) XaKUKHi BEKTOp OwiaH

oenmrunaiimus. Y xomga F UM TtymiamHUHT Xonaté s = (X, y,u,V) e R* BEKTOP
opkaiu Oepwinanu. Arap s’ = (x',y",u’,v') BekTop F'UM HUHT KEHHHTH HACIIAru
XOJIaATUHM Ouiaupca y xonjaa (1) xompara acocaH Kyhujarua Qopmyrna OuiaH
arnktanrad W R* — R* spomonmon omepaTopra sra 6yiamMu3

x'zlqurl u
2Ty

y'=lxv+1yu+1yv
W - 2 4 3 )
u'=lxu +lxv+lyu +1yv

2 2

473

!

~Lyuily
4y 3J’-
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Ym0y MucoaHd ymymiaamrTupuin MyMmkuH: Dapas kwmaimuk F={1,2,...,1}
yproun Tumap Tymiamd Ba M ={1,2,...,v} bdpkak THIUIAD TYIUIAMH,
x=(x,...,x,) €R” Bexkrop F TynnamuumHr Xonmatu Ba Y =(y,...,»,)€R’
BekTOp M TYmiaMHUHT X0JaTH OYJICHH.

Kyiugaru W :R"™" — R"™ 3poaonuon onepatopHu Kapaimus

/N4
- ) _
X, = szrj xy., j=1,...,n
i,r=l1

w: ’ 3)
prr’"l)xyr, =1,...,v.

i,r=1

Oy epaa pl(rfj) Ba p.") ko3 dunmenTIap

(f) (m) _
ir,j szrl 1

IIAPTHYA KAHOATJIAHTUPYBYM HACIHUHT XaKuKuil Ko3dduuuentiapu. (3)- omepartop
TOHOCOMAaJI SBOJIIOLIUOH OrepaTop Aeb aTaaaiu.

[Momynaiust PUBOXKIAHUIIKA s XOJaTHAAH OolutaHuO, KEWHMHIM Haciaa
s'=W(s) xomatura Vyramm, keiimn s"=W(W(s)) xomatura yTagm Ba XOKas3o.

[TonyAuusTHUHT X0JaT/Iapy KYyWHIard IUCKPET BaKTJIW IMHAMHUK CHCTEMa OpKaJld
TaBcuIaHaIu

s, sV =s'=W(s), s? =s"=W?(s), s¥ =W(s),...

By epna s € R™" 6epunran 6omutanrua aykra Ba W' (s) =W W (..W (s))...) - W

OMEpPATOPHUHT s HYKTaJaru n MapTa UTEpaluscu.
bepunran (3)-omeparopiaH XOCWJ KWIMHTAH JWHAMHK CHUCTEMa YYYH

uxTHépuil s Oowumanruy xonmataa {s"’}”  TpPaeKTOPUSHMHI JIMMUT XalaTHHH

TaBcU(IIall aCOCH MyaMMOIUP.
TabkugnammMnus Kepakku (3)-3BOJIIOLMOH ONIEPATOP

gl = S=(X1,- X, Vi ,yv)eRﬂW X>O Y, >0, Zx +Z)/ =1

Jj=1

CHUMIIJICKCHH CUMIIJICKCTa aKCHaHTHpMaﬁHH, YYHKHU

Ui |4 n 1%

' r
in + Z‘)’j - in ZVJ
i=1 = i=1 =1

udogaHUHT KUiiMaT yMyMUid xoJijga 1 ra TeHr smac.
K¥yitnnaru OenrunaiHl KUpUTaMu3

O={seS™": (x,...,x,)=(0,...,0) éxu (y,....y,)=(0,...,0)}.

11



S = 8"\,

W (0)=1{(0,...,0)} skarnuru pasmad. O TymjIamaaH OJWHTaH HyKTamap W

OnepaTopJaH XOCWJI KWIMHIaH JUHAMUK cucTteMara tabcup Kuiamangau. LIlyHuHr
yuyH K03 puirentiapu

pl(rf]) 0 pl(rW;) - 0
frf ]) prr'",) =1, bapua i,r,j,l yuyn.

mapTiapHd  KaHOATJIAHTUPAAUIraH |} HOpMallaHraH TOHOCOMAaJl 3BOJIIOLIMOH
ONepaTOpHU AHUKIANMU3

prf,’ Xy,
x' Lol - , j=1,...,nm
35
Ve 4
pr,'"? XY,

1
P=_ L [=1,...,v.

()

(3)-omepatop Ba (4)-omepaTOpJapHUHT HOpMaJlaHTaH MaHpwuil OYyimaraH
Ky3FaaMac HyKTaJdapy opacujia y3apo Oup KHAMATINU MOCIIUK MaBXKYyI.
Arap s=(x,...,x,,¥,...,»,) HyKTa (3)-ONECpaTOPHUHT Ky3FanMmac HyKTacH

0ynca, y xomma §=(x,/Z,...,x,/Z,y,/ Z,...,y,/ Z) HyKra (4)-OonepaTOpHHHT
Ky3FaaMac HyKTacu OyJaju Ba akcuHYa, Oy epaa
n v
i=1 k=1
Hopmananran sBontonuos V : S — 8> oneparop

' 2xu+ yu
4(x+y)(u+v)

, 6xv+3yu+4yv

12(x+ v)(u+v
. (x+2)(u+v) 5
, 6xu+6xv+3yu+4yv

12(x+ y)(u+v)

v 3yu+4yv
12(x+ y)(u + v)'

12



(2)-onepaTopHUHT HOpPMaJlaHTaH KypuHHMIIM Ba Oy (5)-omepatop yuyH Y.A.
Posukor Ba P. Bappo Tomonmman rumnotesa cudatuga OepwiraH Kyuugaru
TeopemMa UCOOTIIaHT aH.

1-reopema. (5) opkamu 6Gepuncan V:S> —S> onepamop zunep6onux
OyimMazan s20HA s0=(1/2,0,1/2,0) Ky32aimMac HyKkmaea 32a 6a Xap Kanoau

2,2
bownaneuy S € S HyKma yuyH

limV " (s)=s, = (%,0,1,0) (6)

n—0 2

1%

Ypumau.
2-teopema. (5)-onepamoprune (x("), y("),u("),v(")) MpaAeKmopusicu  yuym

Kyuuoazu 6axonap YpuHiu:

1wl G mcS
2 n n n
1 ol Soymls
2 n n n

oy epoa c,, c,, c,, c,, cs, c, Mycbam yseapmaciapoup.

sO=x2,92u®v?) e S  Gommamrmy  xomat  {XX,XX"; XY, XY}
TeHOTUILIAp TYIUIAMUAArd 3XTUMOJIJIMK TAKCUMOTH OYJICHH.

l-Teopema OMOJNIOTMK TalKUHra »sra: BakT YeKkCH3IMKKa WHTWITaH7a,
HOIYJIAUA S, = (1/ 2,0,1/ 2,0) XOJIaTUIa WHTHIIAAW, AEMaK, IOMyISIUIUHIHT

h
kenakarn 6apkapop: XX Ba XY reHoturuiap xap 10MM OMOH Kosiaaud amMmmo, XX

Ba X"Y reHOTHIIIAp ACUMITOTHK paBuIa YK 6Y1u6 KeTagu. BunoGapus, dakar
COFJIOM XpOMOcCOMasap OMOH KOJIaJIu.

(6)-HaT>KAaHUHT OUOJOTUK TAJKWUHMJAH IIYHU KYPUIIUMHU3 MYMKHHKH, (5)-
orneparop TPACKTOPUSUIADUHUHT  XapaKTepUHU Yyprauuin MyaMMOCH
reMOQWIMSIHUHT HAacAaH Hac/ra YTUIIMHU TYIIYHUIIa KaTTa aXxaMHsITra ara.

JuccepTallsTHUHT MKKUHYM 000u “IlapaMeTpsu roHocomMas 3BOJIOIHOH
onepaTopM TOMOHHJAAH XOCHJ KHJIMHIaH JAHHAMHUK cHcTeMajaap” el
HOMIJIaHUO, Oy 000Oma Ou3 mapamerpiapra kKapal, reMouiIns HaclaH Haclra
yTHIIa MapaMeTpiau TOHOCOMAaJl HBOJIIOLIMOH OINEpaTOpHIaH XOCWJI KHIIMHTaH
JUHAMHUK CHUCTEMalapHU KYpuO YMKIUK Ba YJIAPHUHT TPACKTOPHs XapaKTEpPHUHU
Vypranguk. byHnan Tamkapu, @ -TUMUT TYIJIaM KOOpJuHaTaidap OomujaH EKd

YEeKCU3JIUKAaH uOopar Oyiaauran Xap Xujl apriapra ra OyIiaukK.

l1-tacauk. s=(0,0,...,0)e R™ wmyxkma (3)-onepamopnune  Kyseaimac
nykmacu. Azap 0 €[0,4) 6a (3)-onepamopnune rospduyuenmuapu manguii
OyimMazan Xakukuil couaap Oyica, y Xoaoa Xap Kawoau OownaHeud HyKma
t=(Xpses Xy, Vpsees ¥,) € O VUYH YUOY UMUM YPUHIU,
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i7" (t) = (0,0,...,0),

Hn—>0
n+v

0y epoa
n v - -
Os =1 (X500 X, Ve 1) ERT ij+2y <38,x,20,y,20,j=1n,I=1v
=1 =1

2-Tacamk. (3)-onepamop K03gPuyuenmuapu 6a oowinanauy
1= (X505 X5 Vi5eeer ¥, ) HVKMAHUHE KOOPOUHAMANADU MAHGUU OYIMA2aH XAKUKUT

coHnap b6yacun. Aeap

(f) ,,(m)
max {pir,jpir,l xiyr} > 19
I<i, j<n,
1<r,I<v

oyaca, y xonoa limW"(t)=ow, avuun—sowo oda W"(t) nune xeu 6yimazanoa

n—®0
oumma KooOpOUHAmMacy YeKCu3UKKa UHMuIaou.
3-TeopeMma. (3)-360110YyUOH ONEPAMOPHUHS KOOPOUHAMA OOWUdan bowKa xap
KaHOAU KY32aIMac HYKMacu mopmyeyu dMac.

HucceprauussHuHr “CaHOKCH3Ta Ky3FajJiMac HYKTAJapra j3ra peryJsp
FOHOCOMAJ 3JBOJIIOIHMOH ONEpPATop” HOMIIM Y4YMHUM O00MJa, MKKH KUHCIU
HOIMYJISIIUSIHUHT TOHOCOMAaJ 3BOJIIOLMOH ONEPaTOpUaH XOCHI KMJIMHTaH TUHAMUK
cuctema ypraHwirad. byHna omepaTop uekcH3 Kyn Ky3faamac HyKrara fra
DKAHJIMITMHU KypcaTwirad. Xap Oup Ky3ranMmac HyKTa | JaH KW4YMK €KH TEHI XOC
KAMMatra sra 5SKaHJIWTM Xamjaa Xap Oup TpaekTopus SKUHIAIIYBYM, SIbHU
orepaTop peryssip SKaHiauru kypcartwirad. CaHOKCH3Ta MHBAapUaHT TYIUIamJjap
MaBXyJ OYynu0 ynapHUHT Xap OMpHU sirOHa Ky3faiMmac HyKTaHHW y3 WYUra OJaju.
Mynpaii kunub, Ky3FaiaMmac HyKTalap TYIUIaMH Ba MHBApUAHT TYIUIamiap
ypTacuaa ¥y3apo OMp KMMMATIM MOCIHK MaBXy/uuru ucootnanrad. LllyHuHrnek
MHBApUAHT TYIUIAMJAH OJIMHTaH UXTHEPUN HYKTAHUHT TPAEKTOPUACH YHTa MOC
KY3FaiMac HyKTara SKMHJIAIIAIIN UCOOTIaHT aH.

{1,2} Typnapra axpamysum yproummap Ba {l,2} Typmapra axpamyBum
) (m)

SpKakjapAaH ubOpaT MKKM JKMHCIM MOMYNSUMSHA Kapahnuk. p,’; Ba p.") nap
ora-ona xyprmuru ir (i,j=1,...,2 ; Bar,/=1,...,2) Oyiranga Moc paBuIIIa
ypFOYM aBIIOJ] j Ba 3pKak aBioj [ OyimaauraH SXTHMOJUTHKIAp OYyiacuH. Yoy

MUKAOpJIap KyhHuaarunda ojiMHaIu:

f) — f) — (m) _ (m) _
Pini =4 Pus~ 0 Py~ b Py~ 0

f) — ) — (m) _ (m) _
Pig = 0 Pur=01 Py =0, Ppa~ 0
f) — ) — (m) _ (m) _
=0 ppy=a p;= b P, =0

f) — fH — (m) _ (m) _
Py~ 0 Ppsr=a Py = 0 Py~ b.

Y xonma Oy MUKAOpJapra MOC D3BOJIOIMOH OmepaTop VI:S2’2 — S Hu
KyWuJiarnya aHuKJIanMus3
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, axu
o (x+y)u+v)
. o, Xv+ayu + ayv
v 4 (x+ y)(u+v) 7
;o o,xv + bxu + byu
o (x+y)u+v)
S = byv
(x+»)wu+v)

Oy epaa onepatop Ko3hdUIHeHTIapU
a+b=0,+0,=1,a>0, b>0, 0,20, 0,20.
[IAPTIIAPHU KAaHOATIAHTHPAIH.
Uxtuépuit s € §** Gouuramrmu uykta yuayH (7)-omepaTop (s
TPACKTOPHUSICUHH YpraHauk, Oy epaa
n) _ prng 0N 0
s =W (s) = VA K (5)-w)

© gykragarn n MapTa HTEpALMSACHHM GHIAPAIHL.

V| onepaTOpHUHT §
(7)-onepaTopHUHT Oapya Ky3FalMac HyKTajaapH TYIIaMu Fix(V,) = F,, U F,, 0yau0,
Oy epna

F,={0,a,u,v): u+v=>b, uyel0,b]}

Ba

F,={(x,y,0,0): x+y=a, x,ye[0,al}.

v X
4=0, 4, =1, ﬂg=1—gBa A=0, 4, =1, 2.3=1—; KAAMATIIap MOC

paBuIIa F,, Ba F,, Ky3raaMac HyKTaJapHUHT XOC KUMMaTJIapuaup.
4-teopema. Mxmuépuii (x,y,u,v)€S> 6Gownanzuy Hykma yuyn (7)
onepamopHune mpaekmopusiap Kemma-Kemauu
V(e ) = (27, y L0 ™)
AKUHIAULYBYU 84

limx™ v =0.

n—»0

1%

VPuHU.
1-naTmka. Uxmuépuii t=(x,y,u,v)eS> 6bownaneuy wnykma yuyu (7)-
onepamopHuHe @ -IUMUM HYKManap myniamu s2oHa HyKmaoan ubopam ea
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{(0,a,0,0)}, if t=(x,yu,v)eT,

C()(Z)E E2’ lf‘ t:(x,y,u,V)EYI,
E,, if t=(x,y,u,v)eT,.
0y epoa
T(') = {(.x,y,u,V) € 52’2 : hm—x(n) = limV(n) =0 },
T ={(x,y,u,v) €S> : Limv" =0, limx" €(0,a]},
T,={(x,yu,v)eS**:  1limx"” =0, 1limv" €(0,b]}.

1-tabpud. Aeap uxmuépuii Oownanauy  HyKma Y4yH — onepamop
mpaexmopuscyu 0oum AKUHIauLy8yu Oyica OyHOau onepamop pezyiap Onepamop
oeuunaou.

2-HaTuKa.(7)- onepamop pe2ynsapoup.

Ky#inpnaru OenruianuiapHu KUPUTaMU3:

plz_’ p2:

9,
a b

p,» P, apaMeTpiap y4yH y4 XWI X0JaTiaap MaBxKyl
l. p=p,=1,

2. p>1>p,20,
3. p,>1>p =0.
(7)-onepaTOpHUHT UHBAPUAHT CUPTH YUYH KyHHUJard Teopemara ypuHIIN:

S5-teopema. Kyuudaeu myniam (7)-onepamopea HucOamar UHBAPUAHM
cupmoup.

(x,y,u,v) € S**: xv{1+(pl—1)f( al ﬂ:

xX+y

{ a —f( a ﬂ(xw)(wv)
X+y x+y

oy epaa f :[0,1]—>[0,1] cummuk GpysKiws

f(@)(a— fla)(-a)l+(p, =D f(f(a)]=
a(f(e)~ f(f(@N+(p, ~Da+(p,— p,) f(@)]

(YHKITMOHAJ TCHIJIAMAHUHT CYUMHU.
Arap p, = p, =1 0¥yuca (8)-QpyHKIMOHAT TEHITIAMAaHUHT KYPUHHIIH

fle)a—f(a)(1-a)=a(f(a)- f(f(2) )

16
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oymaam.
6-Tteopema. (9)-gpyuxyuonan meneramanune evumiapu

f(@)=0, f(@)=a 6a f(a)=0a~a’

0y epoa 0 -uxmuépuii y3eapmac con.
5-Teopema Kypa, p, = p, =1 Oyiaranna seHU o, = a, o, =b Y4yH

Q€={(x,y,u,v)eSz’2: v - X +1—6’}
u+v x+y

ty1miaM (7)- onepaTopra HUcOaTaH MHBAPUAHT CUPT OYyIaau.
1-nemma. Unsapuanm cupm Q, yuyH

U Q, =1 ={(x,y,u,v) € 8™ 1 yv> xu},

00,1

U Q, =T ={(x,y,u,v) €S> yv <xu},
]

0<(1,2
Q, =T, = {(x,yu,v) € §2 : yv = xu}
6a

Q, NQ, = D uxmuépuii 6, #6, yuyn

VPUHIU.
7-teopema. Mxmuépuii t = (x,y,u,v) € Q, bOWIAHEUY HYKMA YYYH

im? " (x, v,u,v) = 1im(x", ¥, u™, V") =(0; a; b; 0).

Aeap 0€(1,2] 6ynca, y xonda uxmuépuil t=(x,y,u,v)eQ, Oownanzuy
HYKMA YYyH
iV, ™ (%, y,u,v) = lim(x", y*, u™, V") = (a(6 ~1); a(2 - 6); b; 0).

Aeap 0€[0,1) 6ynca, y xonoa uxmuépui t=(x,y,u,v)eQ, Oownaneuy
HYKMA y4yH
lim?; " (%, y,u,v) = lim(x", y, u™, V') = (0; a; b6; b(1-6))

n—>0 n—>0
VPUHIU.
Pakamnu aHamm3 IIyHH KypcaTaaukd, p, >1>p, >0 (MOC paBHIIAa
p,>1>p, >0) X0I y4yH y3ap0 KECHIIMANIWUTaH WHBAPUAHT CHUPTIAD MAaB¥KYy.

Oynu6 Oy MHBapUaHT CUPTIApJaH OOIJIaHYBYM TPAEKTOPHUS UHBAPUAHT CUpTIapra
TEruIUIM Ky3FaaMac HyKTacura sikiHJama/iu.

s =(x,y,u,v) €S> Hykra OONIUIAHFMY XOJIaT, SBHH YPFOUH Ba HPKAK
TypJap TyIiaMuaa 3XTUMOJUTUK TAKCUMOTH OYIJICHH.
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HatmwxanapHuar OMONOTHK TaJIKUHIIAPU:

e bapua Ky3raamac HyKTajap TYyIUlaMu S HuHr yerapacu SKaHJIUTU
NONyJISIUsAa KaMuja OWUTTa YpPFoud €KUM DJpKaK Typ KeJaxakaa HyKoiano
KETUIIIMHU aHTJIaTaJH.

e lHBapuaHT CHUPTIAPHUHI MAaBXYJIUTH arap MOMyJsaiusaa OolIaHFUY
XoJlaT Owpop MyHocabarTiapHu (MHBapHAHT TYyIUIAMIIApAa KEJITHPUIITaH)
KaHOATJIaHTUpPCA Y XOJJa TMOMyJsAlus KeJdakardn Xam Iy MyHocalaTiapHU
KaHOATJAHTUPUIIMHU AHTJIATaOU.

e OmnepaTOpHUHT PETYJSPINTA TOMYJSIUSIHAHT Xap OWp XOJaTH y4yH
YHUHT JTUMUT (OXUPTH) XOJATHUHU aHUKJIAITUHA OWUJIAUpaIn.

e Xap Oup s9 e 1, y4yH BaKT YEKCH3Ira MHTWITaHIa YPFOYMIAPHUHT |1 Typu
Ba 3PKAKJIAPHUHT 2 TypU aCUMIITOTUK paBUIIAA HYKOJIAIU.

e Xap Oup s© e 1, y4yH BaKT YE€KCU3ra MHTWITAHAA SPKaKIapHUHT 2 TypU
ACUMIITOTUK PABUIIIA UYKOJIAIH.

e Xap Oup s9 e 1, y4yH BaKT 4€KCHU3ra MHTWIraHAa YPFOYWJIAPHUHT | Typu

ACHUMIITOTHK PaBUIILIA NYKOJIAJIH.

XVYJIOCA

JluccepTanyisi TOHOCOMAJI 3BOJIIOLMOH ONEpaTopiapAaH XOCWJI KUJIMHIaH
JUHAMUK CHCTEMaJIApHU YpraHUIIra OaruiIaHTaH.

TaaKUKOTHUHT acCOCHI HATIKAJIAPH KyWHaaruiapian noopar:

1. Hopmananran TrOHOCOMaJI 3BOJIIOIMOH OINEpPaTOpU Sr0OHa Ky3raiamac
HYKTACMHUHT T[JI00an TOPTYBYAHJIWMTM xakujnard Po3ukoB Ba BappoHuHr
rUNoTe3acy UCOOTIaH IH.

2. UKKk1 XMHCIHM NOMYJIALMSHUHT TOHOCOMAaJ 3BOJIIOLHMOH ONEpPaTOpU YUyH
TPACKTOPHSUIAPHUHT SIKUHJIAIIUII TE€3JIUTH OAXO0JIaH IH.

3. UKKM >KMHCAM TONYJSUUASHUHT [apaMeTpiid TOHOCOMAJI 3BOJIFOLHOH
orneparopu KoopAuHaTa OommaaH OOIIKAa TOPTYBYM KYy3FajaMmac HyKTara sra
OMACIIUTU KYpPCaTUIIIN.

4. Tonocoman omeparopiap CHUH()HU Yy4YyH YHUHT YEKCU3 KYN KYy3raiMmac
HYKTaJIapy TOMUJIIN.

5. l'onocoman omepatopnap cuH(puma xap Oup Ky3raJiMac HyKTa ydyH yiia
KY3FaaMac HyKTaJjlapra AKUHJIALIAUTaH y3apo KECHILIMaNIUTaH
TPACKTOPUSUIADHUHT MAaBXYJIUTH, S’bHU HMHBAPUAHT TYIUIAMHUHT HYKTaCHJIaH
OOlLIUTAHTaH Xap KaHAal TpaeKTOpus YHra MOC Ky3fajiMmac HyKTara sSKUHJIAIIAIIN
KYpCaTWJIIH.
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INTRODUCTION

Actuality and demand of the theme of dissertation. In the world, numerous
scientific and applied research works are reduced to the study of dynamical
systems of nonlinear operators. Dynamical systems of gonosomal evolution
operators are the principle object of the research in the various domains such as
physics and economy. Moreover, results on nonlinear dynamical systems generated
by gonosomal evolution operators are significant in the investigation of the
problems of mathematical biology and population genetics. Hence, the
investigation of the asymptotical behavior of the trajectories generated by
gonosomal evolution operator remains one of the most important and actual tasks
in the theory of dynamical systems.

Nowadays in the world, theory of dynamical systems has been proven to be a
powerful tool for analyzing and understanding the behavior of a wide range of
problems. This is now, the description of dynamics of a gonosomal evolution
operator is an essential problem. Because such operators appear in investigations
of hemophilia, free and bisexual populations and many other kind of biological and
physical systems with multi-types of spaces. In this regard, the main issues are: to
find the fixed points of nonlinear operators and investigation of their stability, to
describe a set of periodic points and determine their type, to find invariant sets and
describe their structure, description of the set of limit points of trajectories for a
given nonlinear operator.

In recent years, our country has paid increasing attention to geology, biology,
mathematics and physics, which have a scientific and practical application of
fundamental sciences. In particular, special attention was paid to the development
of the theory of dynamical systems of nonlinear evolution operators, which are
widely used in mechanics, control theory and biological systems. Due to
development of this direction it is obtained weighty results related to gonosomal
evolution operators of a bisexual population. Investigations on the international
level in such important areas as functional analysis, mathematical physics and
statistical physics are considered as the main task of fundamental research.” At
present, the development of investigations on the dynamical systems generated by
gonosomal evolution operators plays significant role in the implementation of this
decree.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan”, UP-2789 dated April 20, 2017 “On measures to further
develop the system of higher education”, PP-4387 from July 9, 2019 “On measures
to further development of mathematical education and science, and also root
improvement of the activity of the Uzbekistan Academy of Sciences

2 . . . . .

Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017year 18 May «On measures on
the organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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V.I.Romanovsky Institute of Mathematics”, and PP-4708 of May 7, 2020 “On
measures to improve the quality of education and research in the field of
mathematics” as well as in other regulations related to basic science.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of development of science and technology of Republic of
Uzbekistan IV, “Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. Efforts to understand mathematical
models in physical or biological systems have aroused interest in studying the
methods of discrete-time dynamical systems. The main mathematical problem for a
given population is to examine the evolution, that is, time dependent dynamics of
states of the population. The mathematical methods used in the study of this
problem are based on probability theory, stochastic process, theory of dynamical
systems, mathematical and functional analysis, and theory of differential equations.
In June of 2021, MathSciNet found more than 42350 entries for “population” in
the entire database. By this database the first publication related to the population
is given by E. B. Wilson, which was published in 1924. In just 2020 there were
more than 1850 publications. Therefore, in these days theory of populations is very
popular and active topic in mathematics.

Population dynamics theory is important to a proper understanding of living
populations at all levels. In mathematical biology, the field of population dynamics
studies the number and age composition of populations as a dynamical system.
When selection is absent a very effective algebraic approach was introduced by O.
Reiersol in 1961. This approach was extended by Y. I. Lyubich in 1971 to describe
explicit solutions of the general evolution equation. To study population dynamics
nonlinear (in particular, quadratic and rational) multidimensional evolution
operators were introduced by H.Kesten. He for general form of quadratic evolution
operators has found sufficient conditions of uniqueness of fixed point. Gonosomal
(rational) operators first were studied by U.Rozikov and R.Varro and these
investigations applied to biological system of hemophilia.

In the book entitled “Population dynamics: algebraic and probabilistic
approach” which is written by U. A. Rozikov in 2020, systematically describes the
recently developed theory of free and bisexual population, and mainly contains
results obtained since 2010. It presents algebraic and probabilistic approaches in
the theory of population dynamics. In addition, several dynamical systems of
biological models such as dynamics generated by Markov processes of cubic
stochastic matrices (studied by J.M.Casas, M.Ladra, U.Rozikov, B.Mamurov,
S.Xudayarov); dynamics of sex-linked population (investigated by Y. Lyubich,
U.Jamilov, U.Rozikov); dynamical system and an evolution algebra of mosquito
population (M.Velasco, R.Varro, U.Rozikov, S.Shoyimardonov); and ocean
ecosystems (S.Shyimardonov, U.Rozikov) are given. However, despite of
conducting a lot of research results on the dynamical systems of nonlinear
operators by U.U. Jamilov, A.M. Hardin, A.Y. Hamrayev, N.N. Ganikhodjaev,
R.N. Ganikhodjaev, H. Kesten, O. Khakimov, M. Ladra, F.M. Mukhamedov, U.A.
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Rozikov, J.P. Tian, R. Varro, A. Zada, for dynamical systems generated by
nonlinear operators it remain many open problems to give a full description of the
set of limit points. In particular, there are many open problems in the study of
dynamics of gonosomal evolution operators.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation
research is done in accordance with the planned theme of scientific research OT-
F4-82 + OT-F4-87 «Local derivations and automorphisms of operator and
nonassociative algebras, phase transitions and chaos in nonlinear dynamical
systems» + «The theory of global invariants of curves and surfaces in Euclidean
and pseudo-Euclidean spaces and its applications in mechanics» (2017-2020) at the
Institute of Mathematics after named V.I. Romanovskiy also it is done in
accordance with the planned theme of scientific research at Samarkand State
University.

The aim of research work is for any initial point to give a full description of
the set of limit points for discrete time dynamical systems generated by a
gonosomal evolution operator.

Research problems:

to find fixed points and invariant sets of gonosomal evolution operators which
describe the equilibrium states of corresponding biological system;

to describe a set of periodic points and determine their type;

to study the limit points of trajectories generated by gonosomal evolution
operators of a bisexual population;

to study on the velocity of convergence to limit points of trajectories of
gonosomal evolution operators determine how faster or slower genetic disorders
(haemophilia) disappear in the biological system.

The research object. Discrete time dynamical systems generated by
gonosomal evolution operators.

The research subject. Theory of nonlinear evolution operators, theory of
discrete time dynamical systems and stochastic process.

Research methods. In the research the methods of functional analysis,
probability theory, algebra and theory of dynamical systems are used.

Scientific novelty of the research work consists of the following:

The global attractiveness of a unique fixed point of normalized gonosomal
evolution operator of a sex linked inheritance is proved.

For the gonosomal evolution operator of a bisexual population it is obtained
the order of convergence of the trajectories.

For a parametric gonosomal evolution operator of a bisexual population it is
proved that the oparator has not attracting fixed point except origin.

For a class of gonosomal operators it is proved that such operators have
infinitely many fixed points and for each such fixed point there are disjointed
trajectories which converge to those fixed points.

Practical results of the research are that mathematical models of population
processes in mathematical biology are formulated by gonosomal evolution
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operators and methods for determining the set of limit points of trajectory in
dynamical systems generated by gonosomal evolution operators are studied.

The reliability of the results of the study. The results have been obtained by
using the methods of functional analysis, probability theory, stochastic process and
theory of discrete time dynamical systems. The obtained results are proved
mathematically correct.

Scientific and practical significance of the research results. The scientific
significance of the research results is to determine the behavior of the dynamical
systems generated by gonosomal evolution operators and to solve the problems of
mathematical biology.

The practical significance of the thesis is that in the many models of
population dynamics using the description of the sets fixed points and using the set
of limit points of trajectories it can be predicted the future of population.

Implementation of the research results.

The results related to asymptotical behavior of trajectories generated by a
gonosomal evolution operator of bisexual population were used in the following
research projects:

The results obtained on the global attractiveness of a unique fixed point of
normalized gonosomal evolution operator of a sex linked inheritance have been
used for describing the sets of limit points of trajectories of stochastic operators in
the research project NeOT-®4-03 (Reference No04/2058 of Karshi State University
dated June 26, 2021). The application of the scientific result allowed to classify the
limit points of quadratic and cubic stochastic operators of Volterra and non-
Volterra;

The results obtained from the fact that a class of gonosomal operators which
has infinitely many fixed points have been used for describing the translational-
invariant fixed point and periodic point corresponding Gibbs measures of a
physical system in the research project NoOT-®4-02 (Reference Ne04-04/01-158 of
Buxoro State University dated June 21, 2021). The application of the scientific
result made it possible to determine the similarity between several models of
statistical physics with a limited number of spin values and population models.

Approbation of the research results. The main results of the research have
been discussed at 4 international and 4 national scientific conferences.

Publications of the research results. On the topic of the dissertation 5
research papers have been published in the scientific journals, all of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the PhD thesis. 2 of them were published
in international journals of mathematics, and 3 published in national scientific
journals.

The structure and volume of the dissertation. The thesis consists of an
introduction, three chapters, conclusion and bibliography. The general volume of
the thesis is 90 pages.
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THE MAIN CONTENT OF THE THESIS

The introduction of the thesis includes the motivation of the research, the
relevance of the research to the priorities of science and technology, the review of
foreign research on the topic, the degree of scrutiny of the problem, the aim,
research problems, object and subject of research, scientific novelty and practical
results, theoretical and practical significance of the results obtained, the statement
of research results, published works and information on the structure of the thesis.

In the first chapter of the thesis, entitled “The global attractiveness of the
fixed point of a gonosomal evolution operator” we give main concepts and
definitions for the population dynamics and for gonosomal evolution operator to
cover the dissertation and research the subject. We have studied the dynamical
systems generated by the normalized gonosomal evolution operator and we give
the proof of conjecture of Rozikov and Varro. Moreover, we investigated the
behavior of the trajectories of dynamical system generated by gonosomal evolution
operator .

Haemophilia is a lethal recessive X -linked disorder: a female carrying two

alleles for hemophilia die. Therefore if we denote by X" the gonosome X
carrying the hemophilia, there are only two female genotypes: XX and XX (

X"X" is lethal) and two male genotypes: XY and X"Y. We have four types of
crosses:

)Q(XXYH%)Q(, %XY;

)G(xXhYHlXXh, lXY;
2 2
" 1 1 .1 1, M
XX" x XY ——XX,— XX",— XY,— X"Y;
4 4 4 4
xx’ xX”YHl)(Xh,lXY,lX’“Y.
3 3 3
Let F={XX,XX"} and M ={XY,X"Y} be the sets of female and male genotypes
respectively. Assume state of the set F' is given by a real vector (x,y) and state of

the set M is given by a real vector (u,v). Then a state of F''\UM is given by the
vector s = (x,y,u,v) e R*. If s’ = (x',)",u’,v") is a state of the system F' UM in the

next generation then by the rule (1) we get the evolution operator W :R* - R*
defined by
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, 1
X —Exu+—yu
y'=va+lyu+lyv
- 2 4 3 2
u'=lxu+1—xv+Lyu+Lyv
2 2 3
v'=iyu +Lyv.
4 3

This example can be generalized: suppose that the set of female types is
F={1,2,...,n} and the set of male types is M={L,2,...v} . Let

x=(x,... x)eR”beastateofF and y=(y,,...,y,) € R" be a state of M .

Consider p ) and p.") as some inheritance real coefficients (not necessary
probabilities) with

f ) (m) —
ir,j szrl 1
Consider an evolution operator W :R7" —R"" defined as

und
prrfj)xlyr, j=1...m
i,r=l1

W )
y Zpll’lxly}” L.V

i,r=1

This operator is called gonosomal evolution operator. This means that the
association s=(x,y)eR"" —>s'=(x",)")eR"" defines a map W . The

population evolves by starting from an arbitrary state s , then passing to the state
s' =W (s) (in the next ’generation’), then to the state s” =W (W (s)), and so on.

tates of the population described by the following discrete-time dynamical system

S(O), s = W(S(O)), P = WZ(S(O)), ¥ = W3(S(O)),...

where s e R" is a given initial point and W"(s)=W (W (..W (s))...) denotes the

n times iteration of W to s .
The main problem for a given dynamical system (4) is to describe the limit

points of the trajectory {s"’}*  for arbitrary given s”.
We note that the gonosomal operator (4) does not map the simplex

n 14
vl ={s=(xl,...,xﬂ,yl,...,yv)ER’“V: %20, 3,20, D x+>y, zl}

i=1 j=1
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to itself, since
s (5[5

is not equal to lin general. We denote

O={seS8™": (x,....x,)=(0,...,0) or (3,....5,)=(0,...,0)}.

S = 8"\,

It is easy to see that W (O)={(0,...,0)}. So the points from O do not give any

contribution to the dynamical system generated by W .
Therefore we introduce the normalized gonosomal operator as the following.
An normalized evolution operator ' which is defined as

prf Xy,
X, == ——, J=Le.n
33
1% " ) (4)
| ;pf!’? Y, .
v, = , . 73
33
i= j=

with coefficients

pl}"jj) > O pl(rrnl) 2 O
prf} ' pr;’? =1, forall ir.j.l.

Note that there is one-to-one correspondence between non-negative and
normalizeable fixed points of the operator (3) and all fixed points of the operator

(4).

If s=(x,....x,,5,....»,) 18 a fixed point of the operator (3) then
§=(x,/Z,...,x,1 Z,y, | Z,...,y,/ Z) is a fixed point of the operator (4) and vice

(8 8)

We consider the normalized version V : S>* — S>? of the evolution operator
(2),1.e.,

versa, where
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, 2xu+ yu
4(x+ y)u+v)

. 6xv+3yu+4yv

12(x + +
p. (x+y)(u+v) 5)
,  6xu+6xv+3yu+4yv

N 12(x + y)(u +v)

, 3yu+4yv
12(x+ y)(u + v).

For the operator (5) we have proved the following theorem which is given as a
conjecture by U.A. Rozikov and R. Varro.

Theorem 1. The operator V:S>* =8> given by (5) has unique
nonhyperbolic fixed point s, = (1/2,0,1/2,0) and for any initial point s €S> we
have

1 1
mV"(s)=s,=|—,0,—,0 |. 6
}ll_r)g () 0 (2 9 J ()

Following theorem shows how faster or slower trajectories of the operator (9)
tend to its unique fixed point

Theorem 2. For the trajectory (x",y"™,u v'") of the operator (5) the
following hold:

1 c c c
__x(n) S—l, _ZSy(n) S—3,
2 n n n
L_ym|cl, Seymgle
2 n n n

where ¢, ¢,, ¢;, ¢,, c,, ¢, are positive constants.

Let s©=x?,99u®,v9)eS8*> be an initial state (the probability
distribution on the set {XX,XX"; XY, X"Y} of genotypes). Theorem 1. has the
following biological interpretations: when time goes to infinity, the population
tends to the equilibrium state s, =(1/2,0,1/2,0), meaning that the future of the
population is stable: genotypes XX and XY are survived always, but the

genotypes XX" and X"Y will asymptotically disappear. Consequently, only
healthy chromosomes will survive.

From biological interpretations of the result (6) we can see that problem of
investigating the behavior of trajectories of the operator (5) is great importance in
understanding of the hemophilia at a sex linked inheritance.

In the second chapter of the thesis, entitled “Dynamical systems generated
by parametric gonosomal evolution operator” We have considered the
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dynamical systems of a hemophilia generated by a parametric gonosomal evolution
operator of sex linked inheritance depending on parameters and studied their
trajectory behavior. Moreover, we obtained various conditions which lead to the @
-limit set being the origin or infinity.

Proposition 1. The point s =(0,0,...,0) € R™" is a fixed point for the operator
(4). If 0€[0,4) and the coefficients of the operator (3) are nonnegative real
numbers, then for any initial point t = (x,,...,X,, ,».--,¥,) € O5, we have

Lim# " (¢) = (0,0,...,0),

n—»0
n+v

where

n v - -
Oy {(xl,...,xn,yl,...,yv) eR™: ij +Zyl <3, x,20,y,20, j=1,73, ll,v}
I=1

j=1

Proposition 2. Let the coefficients of the operator (3) and the coordinates of
an initial point t = (x,,...,X,, ¥,,...,y,) € R"" be nonnegative real numbers. If

(f) ,,(m)
max {pir,jpir,l xiyr} > 19
I<i, j<n,
1<r,I<v

then limW" (t) =, i.e. at least one coordinate of W"(t) tends to © as n— .

n—>0

Theorem 3. Any nonzero fixed point of the evolution operator (3) can not be
attracting.

In the third chapter of the thesis, titled “A regular gonosomal evolution
operator with uncountable set of fixed points” we have studied dynamical
systems generated by a gonosomal evolution operator of a bisexual population. We
have explicitly described all (uncountable set) of fixed points of the operator. It is
shown that each fixed point has eigenvalues less or equal to 1. It is shown that each
trajectory converges to a fixed point, i.e. the operator is regular. There are
uncountable family of invariant sets each of which containing unique fixed point.
Thus there is one-to-one correspondence between such invariant sets and the set of
fixed points. We proved that any trajectory started at a point of the invariant set
converges to the corresponding fixed point.

We consider a bisexual population which consists females partitioned into
types indexed by {1,2} and the males partitioned into types indexed by {1,2}. Let

pl(rfj) and p.") be inheritance coefficients defined as the probability that a female

offspring is type j and, respectively, that a male offspring is of type /, when the
parental pair is ir (i,j =1,...,2; and r,/ =1,...,2). These quantities are taking as
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pil=a pl}=0 pil=b pi=0
pyl=0 pil=o, phl=0, p5r=0
pi1=0 pii=a pi=b pi’=0
pi=0 pii=a pil=0 pi)=b.

Then corresponding evolution operator ¥, : $** — $** is

Y = axu
(x+y)u+v)
y = oXv+ayu+ayv
v (x+y)u+v) o
b y = o,xv + bxu + byu
(x+y)u+v)
- byv
(x+y)u+v) ’

where coefficients satisfy

a+b=o0,+0,=1,a>0, b>0, 0,20, 0,20.

For this operator (13) and for arbitrarily initial point s € $>*, we studied the
trajectory {s"”’}”_, where

n=0>°

s =V () = Vi H (5.0

n

denotes 7 times iteration of the operator W to s'” .

The set of all fixed points of operator (13) is Fix(V,) = F,, U F,,, where
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F,={0,a,u,v): u+v=>, u,vel[0,b]}
and
EZ = {(xayabao): x+y: Cl, xaye[oaa]}'
% by )
4=0, 4,=1, ﬂ3=1—g and 2, =0, 4, =1, A, =1—-— are eigenvalues of the
a

fixed points of the forms F,, and F,, respectively.
Theorem 4. For any initial point (x,y,u,v)eS> the sequence of the
trajectories of the operator (13)
Vln (x,y,u,v) — (x(n),y(n),u(n)’v(n))

is convergent and
limx™ v =0.

n—»0
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Corollary 1. For any initial point t = (x, y,u,v) €S>’ the w-limit set aX(t)
of the operator (13) consists a single point and

{(0,a,0,0)}, if t=(x,yu,v)eT,
C()(Z)E Ezﬂ lf‘ l‘:(x,y,u,v)EYI,
F,, if t=(x,y,u,v)eT,.
where

T, ={(x,y,u,v) €8 Jimx" =lmv" =0},

n—>0 n—»0

T,={(xyuv)eS*?:  limx" €(0,a], lim" =0}.

T,={(x,yuv)eS?:  1imx"” =0, limv" €(0,b]}.

Definition 1. An operator is called regular if for any initial point trajectory of
the operator is always convergent.
The following is a corollary of theorem 3.

Corollary 2. The operator (7) is regular.

Introduce the following notations

P, ) P, b
There are three cases for p,, p,.
L. p=p,=1,
2. p>1>p,20,
3. p,>1>p, =0.

We have the following general theorem for the invariant surface of the operator

7).

Theorem 5. The following set is invariant surface respect to the operator (7)

(x,y,u,v)eSz’Z: xv{1+(p1—1)f( d ﬂ:

x+y
{ al —f( a ﬂ(xw)(uw)
xX+y xX+y

where f:[0,1]—[0,1]is a smooth function which is the solution of the following

iterative functional equation

fla)a—-fl)d-a)l+(p -1 f(f(a)]=

8
a(f(@) - [F@)1+(p-Dat(p-p)f@] )
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When p, = p, =1 the face of the iterative functional equation (8) will be

fa)a—-fla)(d-a)=a(f(a)- f(f() €
Theorem 6. The solutions of the functional equation (9) are
f(@)=0, f(a)=a and f(a)=0c-a’

where 0 is an arbitrary constant.
Using Theorem 5 when p, = p, =1 we obtain ¢, =a, o, = b and

Q, ={(x,y,u,v)eS>*: LA +1-6}
u+v x+y

is an invariant surface respect to the operator (7) and we have the following lemma
for this invariant surface.
Lemma 1. For the Q, invariant surface it holds that

U Q=T = {(x,y,u,v) €57 1 v > xu},

6<[0,1)

U Q=T ={(x,y.u,v) € 8 : yv < xuj,

0e(1,2]
Q, =T, ={(x,y,u,v) € S 1 yv = xu}
and

Q, NQ, = forany 6 #0,.

Thus it suffices to study the dynamical system on each invariant surfaces Q,. We

have the following
Theorem 7. The following assertions hold
e For any initial point t = (x,y,u,v) € Q,, we have

im? " (x, v,u,v) = 1im(x", ¥, u™, v") = (0; a; b; 0).

n—>o0 n—>0

« If 0€(1,2] then for any initial point t = (x,y,u,v) e Q, the following

holds

/" (x, y,u,v) = im(x", y, u™, V™) = (a(6-1); a2 - 0); b; 0).

« If 0€[0,1) then for any initial point t = (x,y,u,v) e Q, the following
holds

lim; " (6, y,u,v) = lim(x ™, 7w, v") = (0; a; b6; b(1-0)).
n—>o0 n—>0
Numerical analysis shows that in the cases p, >1> p, >0 (resp. in the case
p,>1> p, >0) there are nonintersecting invariant surfaces and the trajectory
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started on an invariant surface converges to the intersecting point of the invariant
surface.

Let s =(x,y,u,v) €S> be an initial state, i.e. the probability distribution
on the set of female and male types.
The following are interpretations of our results:

e The set of all fixed points is subset of the boundary of S>* means that at
least one type of female or male in future of population will surely disappear.

e The existence of invariant curves (in particular lines) means that if states of
the population initially satisfied a relation (described the invariant set) then the
future of the population remains in the same relation.

e Regularity of the operator means that for any initial state of the population
we can explicitly determine its limit (final) state.

e For any s €T, as time goes to infinity the type 1 of female and type 2 of
males will asymptotically disappear (die).

e For any s”e7 as time goes to infinity the type 2 of males will
asymptotically disappear.
@ eT, as time goes to infinity the type 1 of females will
asymptotically disappear.

e For any s
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CONCLUSION

The thesis is devoted to investigation of the dynamical systems generated by
gonosomal evolution operators.

Basic results of the research are as follows:

1. The conjecture of Rozikov and Varro about global attractiveness of a
unique fixed point of normalized gonosomal evolution operator of a sex linked
inheritance is proved.

2. For the gonosomal evolution operator of a bisexual population it is studied
the rate of convergence of the trajectories.

3. For a parametric gonosomal evolution operator of a bisexual population it
is investigated the behavior of the trajectories and shown that the oparator has not
attracting fixed point except origin.

4. For a class of gonosomal evolution operator it is shown that it has infinitely
many fixed points.

5. For a class of gonosomal evolution operator it is shown that for each such
fixed point there are disjointed trajectories which converge to those fixed points,
1.e. any trajectory started at a point of the invariant set converges to the
corresponding fixed point.
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BBEJEHMUE (anHoTauust nucceprauuu 10Kkropa puinocodpuu (PhD))

Heabio uccie0BaAHUS SABISETCA U3yYCHUE ACUMITOTHYECKOTO MOBEACHUS
TPAEKTOPHUIA, MOPOXKICHHBIX TOHOCOMAJIBHBIM 3BOJIFOIIMOHHBIM ONIEPATOPOM.

O0bexT ucciaenoBanus: [MHaMUYECKHE CUCTEMBI C IUCKPETHBIM BPEMEHEM,
MOPOKIECHHBIX TOHOCOMAJIbHBIM 3BOJIFOIIMOHHBIM OTIEPATOPOM.

Hay4ynasi HOBU3HA MCCJIEIOBAHUSA COCTOUT B CIICIYIOIIEM:

JlokazaHa r00aJIbHOM MPUTATUBAEMOCTH E€JUHCTBEHHON HEMOJBHKHOU
TOYKM HOPMAJIM30BAHHOIO TOHOCOMAJIBHOIO OIEparopa ABYMHOJIOW MOIYJISLHAH
(remoduus).

/I 3TOro0 rOHOCOMAJBHOIO  ABOJIOLMOHHOTO ONEparopa ABYHOJIOW
MOMYJISIIUY HAWJIEHO CKOPOCTh CXOAUMOCTHU TPAEKTOPHI.

Jns mapaMeTpuyeckoro TOHOCOMAJbHOIO 3BOJIOIMOHHOTO OIEpaTopa
JABYIIOJION  MOMyJISILMM  JI0KA3aHO, YTO ONEpPAaTOp HE HMMEET HHKAaKOu
MPUTITUBAIOLIECH HEMOABUKHOM TOYKH KPOME Ha4YaI0 KOOPAUHAT.

JInst oHOTO KJlacca TOHOCOMAJIbHBIX 3BOJIOIMOHHBIX ONEPATOPOB MOKA3aHO,
YTO OHM UMEIOT 0€CKOHEYHO MHOTO HEMOJBM)XHBIX TOYEK, W ISl KaKION TaKou
HETMOJBM>KHOM TOYKHM JIOKAa3aHO, YTO CYIIECTBYIOT HEMEPECEKAIOU TPACKTOPUU
KOTOPBIE CXOASATCSA K 3TUM HEMOJBUKHBIM TOUKAM.

BHeapenue pe3yabTraroB ucciaeaoBaHus. [lomydeHHble B auccepranuu
pPE3YyIAbTAThI UCMOIB30BaHbI B CIEAYIONIMX HAYYHO-UCCIEI0BATEIbCKUX TPOCKTAX:

Pe3ynbraThl, CBSI3aHHBIE C ACHUMNOTOTHUYECKUM IIOBEACHUEM TPACKTOPUU,
F€HEPUPYEMBIX  TOHOCOMAJIBHBIM  3BOJIIOLMOHHBIM  ONEPAaTOPOMABYIOJION
NOMYJISIKU, OB UCIIOJIb30BAHbI B CIEAYIOMIMX UCCIEA0BATEIbCKUX MPOEKTaX:

Pe3ynbTaThl, moMydeHHbIE W3 I100aTBHOM MPUTATUBAEMOCTH €IMHCTBEHHOU
HEMOABWKHOW TOYKH HOPMAJIM30BAHHOTO T'OHOCOMAJIBHOI'O ONEpAaTopa ABYIOJION
NOMYJISIKK, ObUTH KCIIONB30BAHBI JJIsl OMUCAHUS MHOXKECTBA MPEEIbHBIX TOYEK
TPAECKTOPUI CTOXACTUYECKUX OMNEPaTOPOB B HccieAoBaTeabCKOM mpoekte NeOT-
®4-03 (Cnopaska KapmmHckoro rocymapctBeHHoro yHuBepcuteTa Ne04/2058 ot
26 wions 2021 r.). IlpumeHeHWe HAy4YHOro pe3yjbTaTa MO3BOJIUIO
KIaccu(umupoBaTh  TpENeNbHbIE TOYKA  KBAAPATUYHBIX M KyOWYECKHX
BOJILTEPOBCKUX U HE BOJIBTEPOBCKUX CTOXACTUUYECKUX ONEPATOPOB;

Pe3ynbTaThl, 0TOM, YTO KJIACC TOHOCOMAJIBHBIX 3BOJIIOIMOHHBIX ONEPATOPOB
UMEIOTh OECKOHEYHO MHOTO HEMOJBIKHBIX TOYEK OBLIM WCTIOJIB30BAHBI IS
ONMCaHMsI  TPAHCISILIMOHHOW  WHBAPUAHTHBIX  HEMOABWKHOM  TOYKE U
NEPUOJIMYECKUX TOYKE COOTBETCTBYIOIIMX Mep ['mb6ca ¢usmueckoil cucreMsl B
uccnenoBarenbckoMm  mpoekte  NeOT-®-4-02 (CnpaBka rocymapCTBEHHOTO
yHuBepcuteta byxapa Ne04-04 / 01-158 ot 21 urons 2021 r.). Mcnosib3oBanue
HAay4YHBIX PE3YyJIbTATOB MO3BOJIMIO OMNPEAETATh CXOJACTBO MEXKIY HECKOJbKUMH
MOJICNIIMA CTaTUCTUYECKON (DU3UKU C OTPAaHUYEHHBIM YUCJIOM 3HAYEHHUH CIMHA U
MOMYJISIIUOHHBIMU MOJIEISIMH.

Crpykrypa M o0beM auccepramum. J[uccepranus COCTOUT U3 BBEICHUS,
TpEX TaB, 3aKIIOUEHUS W CIUCKA WCIOJIb30BaHHOW juTepatypbl. OO0beMm
quccepTanuu cocrasisier 90 ctpaHuL.
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