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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqyosida olib
borilayotgan ko‘plab ilmiy-amaliy tadqiqotlar ba’zi hollarda matematik fizikaning
tenglamalari, masalan, sterjenlar, plastinalar va h.k. jismlarning tebranishlariga doir
ko‘plab masalalar yuqori tartibli differensial tenglamalariga keltiriladi. Tabiiyki, bu
kabi masalalarning fizik ma’nosidan kelib chiqib, xos funksiyalarning ko‘rinishi
noma’lum bo‘lgan holida, ixtiyoriy sohalar uchun shunga o‘xshash masalalarni ko‘rib
chiqish juda katta qiziqish uyg’otadi. Ushbu dissertatsiya ishi elliptik gismi ixtiyoriy
tartibdagi differensial ifodaga ega bo‘lgan va ixtiyoriy ko‘p o‘lchamli yetarlicha silliq
chegarali sohada aniglangan klassik diffuziya va subdiffuziya differensial tenglamalari
uchun to‘g’ri va teskari masalalarini klassik Furye metodi yordamida o‘rganishga
bag’ishlangan.

Hozirgi kunda kasr tartibli va xususiy hosilali differensial tenglamalar nazariyasi
bo‘yicha izlanishlarni rivojlantirish, mamlakatimiz taraqqiyotida muhim rol o‘ynaydi.
So‘nggi yillarda mamlakatimiz iqtisodiy rivojlanishida muhim ahamiyatga ega bo‘lgan
matematika, fizika, geologiya va biologiya fanlariga e’tibor borgan sari yanada
kuchaymoqda. Xususan, matematikaning asosiy yo‘nalishlaridan biri bo‘lgan, amaliy
xususiyatga ega bo‘lgan differensial tenglamalar va matematik fizika fanini
rivojlantirishga alohida e’tibor garatilmoqda. Shuningdek, ko‘pgina tadqiqotlar
subdiffuziya tenglamalarining o‘ng tomonini aniqlash bo‘yicha teskari masalalarga
keltiriladi. Lekin masalalarning barchasida subdiffuziya tenglamasining elliptik gismi
oddiy differensial ifoda bo‘lgan holi qaralgan. Shuning uchun elliptik gismi ixtiyoriy
ko‘p o‘lchamli sohalarda aniglangan ixtiyoriy tartibdagi elliptik operatori qatnashgan
parabolik, giperbolik hamda subdiffuziya tenglamalari uchun to‘g’ri va teskari
masalalarning yechimlarini qurish magsadli ilmiy tadgiqgotlardan hisoblanadi.

Mamlakatimizda biologiya, geologiya, matematika va fizika kabi tabiiy va
hayotiy fanlarni rivojlantirishga katta e’tibor qaratilmoqda. Jumladan, kasr tartibli va
xususiy hosilali differensial tenglamalar nazariyasini ishlab chigishga ham alohida
e’tibor qaratilmoqgda. Chunki bu nazariya mexanika, elektronika, boshqaruv nazariyasi,
fiziologiya va biologik sistemalardagi ko‘plab jarayon va hodisalarni tushunishga
yordam beradi. Yuqorida ta’kidlanganidek, muhim yo‘nalishlar bo‘yicha xalqaro
standartlar darajasida ilmiy tadgiqgotlar olib borish, matematika fanining asosiy vazifasi
va faoliyat yo‘nalishi etib belgilandi*. Mamlakatimiz mutaxassislari tomonidan mazkur
sohalarda salmoqli natijalar qo‘lga Kkiritilib, ular yuqoridagi farmon ijrosini
ta’'minlashda muhim ahamiyat kasb etmoqda. Mamlakatimizda differensial
tenglamalar va matematik fizika kabi muhim yo‘nalishlari bo‘yicha xalqaro miqgiyosda
olib borilayotgan tadqiqotlar, fundamental tadqiqotlarning asosiy yo‘nalishi sifatida
garalayotgani quvonarlidir.

Mazkur dissertatsiya ishining predmeti va tadqiqot ob’yekti O‘zbekiston

1 O’zbekiston Respublikasi Vazirlar Mahkamasining 2017 yil 18 maydagi «O’zbekiston Respublikasi Fanlar
akademiyasining yangidan tashkil etilgan ilmiy-tadgiqot muassasalari faoliyatini tashkil etish to’g’risida » gi Ne 292-
sonli garori.



Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-sonli "O‘zbekiston
Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi" haqidagi
farmonlarida belgilangan vazifalariga mos keladi, 2017 yil 17-fevraldagi PQ-2789
"Fanlar Akademiyasi faoliyati, ilmiy-tadgiqot ishlarini tashkil etish, boshgarish va
moliyalashtirishni yanada takomillashtirish chora-tadbirlari to‘g’risida"gi Prezident
qarori, 2018 yil 27 apreldagi "Innovatsion g’oyalar, texnologiyalar va loyihalarni
amaliy joriy qgilish tizimini yanada takomillashtirish chora-tadbirlari to‘g’risida"gi PQ-
3682-sonli garori va 2019 yil 9 iyuldagi "Matematika ta’limi va fanlarini yanada
rivojlantirishni  davlat tomonidan qo‘llab quvvatlash, shuningdek, O‘zbekiston
Respublikasi Fanlar Akademiyasining V.I.Romanovskiy nomidagi matematika instituti
faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g’risida"gi PQ-4387 sonli
Prezident garori hamda 2020 yil 7 maydagi "Matematika sohasidagi ta’lim sifatini
oshirish va ilmiy tadgigotlarni rivojlantirish chora-tadbirlari to‘g’risida"gi PQ-4708
sonli Prezident garori, bundan tashgari boshga qonun va fundamental fanlarga doir
boshga garorlar ijrosiga mos keladi.

Tadgigotning Respublikada fan va texnologiyalari rivojlanishi ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadqiqot O‘zbekiston Respublikasi fan va
texnalogiyalar rivojlanishining 1V "Matematika, mexanika va informatika" ustuvor
yo‘nalishi doirasida bajarildi.

Muammoning o‘rganilganlik darajasi. Boshlang’ich-chegaraviy masalalarning
klassik yechimining mavjudligi va yagonaligi V.A.I'in , O.A. Oleinik, O.A.
Ladyzhinskiy, P.E. Sobolevskiy, M.A.Krasnoselskiy va boshqalar kabi ko‘plab
mashhur matematiklar tomonidan o‘rganilgan. V.A. II’inning 1960-yilda nashr etilgan
fundamental ishida ushbu yo‘nalishdagi ishlarga sharh berilgan va muallifning so‘nggi
natijalari taqdim etilgan. Bu yerda elliptik gismi ikkinchi tartibli simmetrik differensial
ifoda bo‘lgan tenglamalarga klassik Furye usuli qo‘llanilgan. Elliptik qismi ikkinchidan
yuqoriroq tartibga ega bo‘lgan holat Krasnoselskiy va boshqgalarning mashhur
monografiyasida ko‘rib chiqilgan. Bu ishda Furye usuli yordamida boshlang’ich-
chegaraviy masalaning boshlang’ich berilganlari elliptik operator darajasining
aniglanish sohasiga tegishli bo‘lgan holda yechimning mavjudligi isbotlanadi. Shuni
ta’kidlash kerakki, bir tomondan, ushbu monografiyada yechimning yagonaligi
masalalari ko‘rib chigilmagan, ikkinchi tomondan, ushbu monografiyada keltirilgan
tasdiglarning shartlarini tekshirish oson emas. Yana shuni ham ta’kidlash kerakki,
ushbu monografiyada umumlashgan yechim tushunchasi Kiritilmagan va ularning
mavjudligi masalalari o‘rganilmagan.

Kasr hosilali differensial tenglamalar nazariyasi so‘nggi bir necha o*n yilliklarda,
asosan, fan va texnologiyaning ko‘plab bir-biridan yiroq ko‘rinadigan sohalarida
qo‘llanilishi tufayli katta mashhurlik va ahamiyatga ega bo‘ldi. O‘z navbatida,
nazariyaning yetarlicha ommalashganligi mutaxassislar e’tiborini tortdi, bu esa kasr
tartibli differensial tenglamalarning matematik jihatlari va ularni yechish usullari
bo‘yicha ko‘plab tadgiqotlarga sabab bo‘ldi. Subdiffuziya tenglamalari uchun
boshlang’ich-chegaraviy masalalar ko‘plab mutaxassislar tomonidan o‘rganilgan.
Ulardan xususan, A.A. Kilbasning magolalaridagi tenglamalarning elliptik gismi
asosan bir o‘lchovli differensial ifoda Uy ko‘rinishda bo‘lgan holi o‘rganilgan. Laplas
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operatori ishtirok etgan bunday tenglamalar A.V. Pskhu maqolalarida ko‘rib chiqilgan
va RN butun fazoda aniglangan o‘zgarmas koeffitsientli psevdodifferensial operatorli
tenglamalar S. Umarovning ishlarida o‘rganilgan. M. Ruzhansky, N. Tokmagambetov
va B.T.Torebeklarning birgalikda yozgan maqolasida elliptik qismi sifatida 0‘z-o‘ziga
qo‘shma operator garalgan, ammo bu maqolada fagat umumlashgan yechim uchun
yechimning mavjudligi o‘rganilgan.

Shuningdek, ko‘pgina tadqiqotlar subdiffuziya tenglamalarining o‘ng tomonini
aniglash bo‘yicha teskari masalalarga bag’ishlangan. Bu maqolalarning deyarli
barchasida subdiffuziya tenglamasining elliptik gismi oddiy differensial ifoda bo‘lgan
holi o‘rganilgan. Bulardan istisno bo‘lgan maqolalar N.A. Asl va D.Rostamy, Z. L1, Y.
Liuva M. Yamamoto, S.A. Malik vaS. Aziz, W. Rundell va Z. Zhang, L. Sun, Y. Zhang
va T. Weilarning maqolalari bo‘lib, ularda elliptik qismi Laplas operatori yoki ikkinchi
tartibli operator bo‘lgan holi ko‘rilgan va ushbu maqolalarda umumlashgan yechim
mavjudligi o‘rganilgan. M. Ruzhansky, N. Tokmagambetov va B.T. Torebeklarning
magqolasida elliptik qismi diskret spektrga ega bo‘lgan ixtiyoriy elliptik operator bo‘lgan
holi uchun Kaputo kasr hosilali subdiffuziya tenglamasining o‘ng tomonini aniqlash
bo‘yicha teskari masalasi o‘rganib chigilgan va mualliflar umumlashgan yechimning
mavjudligi va yagonaligini Furye usuli yordamida isbotlagan. M. Ruzhansky,
N.Tokmagambetov va B.T. Torebeklarning magolasida va boshqa ko‘pgina
magolalarda, jumladan N.A. Asl va D. Rostamy, Z. Li, Y. Liu va M. Yamamoto, W.
Rundell va Z. Zhang, L. Sun, Y. Zhang va T. Weilarning magolalarida Kaputo hosilasi
kasr hosila sifatida garalgan. K.M. Furati, O.S. lyiola, M. Kirane hamda S.A. Malik, S.
Azizlaring ishlarida subdiffuziya tenglamasidagi kasr hosilasi ikki parametrli
umumlashtirilgan Xilfer kasr hosilasidir. Shuningdek, K.M. Furati, O.S. lyiola va M.
Kirane, Z. Li, Y. Liu va M. Yamamoto, L. Sun, Y. Zhang va T. Weilarning magolalarida
subdiffuziya tenglamasining o‘ng tomonini aniglashning teskari masalalari bilan bog’liq
bo‘lgan maqolalar tahlili borligiga e’tibor berishimiz mumkin. Shuni ta’kidlash kerakki,
elliptik gismi ixtiyoriy chegaralangan sohada aniglangan ixtiyoriy tartibdagi elliptik
operator bo‘lgan subdiffuziya tenglamasining o‘ng tomonini klassik ma’noda aniqglash
ilgari hech kim tomonidan ko‘rib chigilmagan, o‘rganilmagan.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan oliy ta’lim muassasining
ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi. Dissertatsiya tadgiqoti V.I.
Romanovskiy nomidagi Matematika institutida O‘zbekiston Respublikasi Innovatsion
rivojlanish vazirligining F-FA-2021-424-sonli ilmiy tadgigot grantining rejalashtirilgan
mavzusiga muvofig amalga oshirildi.

Tadgiqotning magsadi ko‘p o‘lchamli sohada aniqlangan ixtiyoriy tartibdagi
elliptik operatori gatnashgan parabolik, giperbolik hamda subdiffuziya tenglamalari
uchun to‘g’ri va teskari masalalarning klassik yechimlarini topishdan iborat.

Tadgigotning vazifalari quyidagilardan iborat:

Elliptik gismi ixtiyoriy N o‘lchovli sohada aniglangan ixtiyoriy elliptik operator
bo‘lgan giperbolik va parabolik tenglamalar uchun boshlang’ich-chegaraviy
masalalarning klassik ma’nosida yagona yechimga ega ekanligini isbotlash.

Umumlashgan yechim tushunchasini kiritish va ularning mavjudligi masalalarini
o‘rganish.



Elliptik gismi ixtiyoriy N o‘lchovli sohada aniglangan ixtiyoriy elliptik operator
bo‘lgan Kaputo va Riman-Liuvill hosilali subdiffuziya tenglamalari uchun
boshlang’ich-chegaraviy masalalarining klassik ma’nosida yagona yechimga ega
ekanligini isbotlash.

Elliptik gismi ixtiyoriy N o‘lchovli sohada aniglangan ixtiyoriy elliptik operator
bo‘lgan Kaputo va Riman-Liuvill hosilali subdiffuziya tenglamalarining o‘ng tomonini
aniglash bo‘yicha teskari masalalarning klassik ma’nosida yagona yechimga ega
ekanligini isbotlash. Teskari masalaning umumlashgan yechimi tushunchasini Kiritish
va ularning mavjudligi masalalarini tekshirish.

Tadqiqot ob’ekti. Klassik giperbolik va parabolik tenglamalar, elliptik gismi

ixtiyoriy N o¢lchovli sohada aniglangan ixtiyoriy elliptik operator bo‘lgan Kaputo va
Riman-Liuvill hosilali subdiffuziya tenglamalari.

Tadqiqot predmeti. Boshlang’ich-chegaraviy masalalari va tenglamalarning
o‘ng tomonini aniqlashning teskari masalalari.

Tadgiqgot usullari. Tadgiqotda funksional analiz usullari, spektral nazariya va
Furye usullari qo‘llaniladi.

Tadqgiqotning ilmiy yangiligi quyidagilardan iborat:

elliptik gismi ixtiyoriy o‘lchovli sohada aniglangan ixtiyoriy elliptik operator
bo‘lgan giperbolik va parabolik tenglamalar uchun boshlang’ich-chegaraviy
masalalarning klassik ma’nosida yagona yechimga ega ekanligi isbotlangan;

elliptik gismi ixtiyoriy o‘lchovli sohada aniglangan ixtiyoriy elliptik operator
bo‘lgan Kaputo va Riman-Liuvill hosilali subdiffuziya tenglamalari uchun
boshlang’ich-chegaraviy masalalar yagona yechimga ega ekanligi isbotlangan;

ixtiyoriy o‘lchovli sohada aniglangan ixtiyoriy elliptik operator bo‘lgan Kaputo
va Riman-Liuvill hosilali subdiffuziya tenglamalarining o‘ng tomonini aniqlash
bo‘yicha teskari masalalarning klassik va umumlashgan yechimlarning mavjud va
yagonaligi isbotlangan.

Tadgigotning amaliy natijasi. Olingan natijalar va dissertatsiyada qo‘llanilgan
usullar oliy o‘quv yurtlari magistrantlari va doktorantlari uchun bitiruv kursi sifatida
o‘qitilishi mumkin.

Tadgigot natijalarining ishonchliligi. Natijalar funksional analiz usullari,
spektral nazariya va Furye usuli yordamida olingan. Olingan barcha natijalar matematik
jithatdan to‘g’ri.

Tadgiqgot natijalarining ilmiy va amaliy ahamiyati. Tadgigot natijalarining
ilmiy ahamiyati shundan iboratki, tadgigotda olingan ilmiy natijalar turli xususiy
hosilali differensial tenglamalar uchun to‘g’ri va teskari masalalarni yanada chuqurroq
tadqgiq qgilishda qo‘llanilishi mumkin. Xususan, ushbu dissertatsiya ishida ishlab
chiqilgan texnika va usullardan to‘g’ri va teskari masalalarning yechimini topishda
foydalanish mumkin.

Dissertatsiyaning amaliy ahamiyati shundan iboratki, olingan natijalar differensial
operatorlar, jumladan, kasr tartibli chizigli differensial tenglamalarning sistemalari,
involyutsiyali differensial modellar, kasr tartibli Shturm-Liuvil operatorlari va
boshqalari uchun to‘g’ri va teskari masalalar nazariyasida qo‘llanilishi mumkin.

Tadqgiqot natijalarining joriy qilinishi. Yuqori tartibli tenglamalar uchun



boshlang’ich-chegaraviy va teskari masalalari bo‘yicha olingan natijalar asosida:

subdiffuziya tenglamalarining boshlang’ich-chegaraviy va teskari masalalari
uchun topilgan yechimlaridan AAAA-A19-119072290002-9 ragamli «kKamchatkaning
tabily ofatlar-zilzilalar va vulqon otilishi» mavzusidagi xorijiy grant loyihasida
zilzilaning operativ xabarchisi bo‘lgan radioaktiv radon gazining tuproqdan
atmosferaning sirt qatlamiga o‘tishini tasvirlashda foydalanilgan (Vitus Bering
nomidagi Kamchatka davlat universitetining 2022 yil 24-oktyabrdagi Ne44-12-sonli
ma’lumotnomasi, Rossiya Federatsiyasi). Ilmiy natijaning qo‘llanilishi geofizikaning
teskari masalalarini yechish algoritmlarini ishlab chigish imkonini bergan;

kasr tartibli hosila gatnashgan subdiffuziya tenglamalarining boshlang’ich-
chegaraviy va teskari masalalari uchun topilgan yechimlaridan NIOKTR AAAA-A19-
119013190077-1 ragamli «Kasr hisobi va kasr tagsimlangan tartibli differensial
tenglamalar» mavzusidagi xorijiy grant loyihasida turli fizikaviy va biologik
jarayonlarni matematik modellashtirishda foydalanilgan (Kabardin-Balkar ilmiy
markazi Amaliy matematika va avtomatlashtirish institutining 2022 yil 5 maydagi
Ne01-14/30-sonli ma’lumotnomasi, Rossiya Federatsiyasi). Ilmiy natijaning
qo‘llanilishi so‘nggi yillarda turli fizikaviy va biologik jarayonlarni matematik
modellashtirishda samarali qo‘llanilayotgan kasr tartibli hosila qatnashgan evolyutsion
tenglamalar uchun lokal va nolokal chegaraviy masalalarni yechish imkonini bergan.

Tadgigot natijalarining aprobatsiyasi. Tadgqigotning asosiy natijalari 6 ta
xalgaro va 5 ta respublika ilmiy anjumanlarida muhokama gilingan.

Tadgqiqot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi bo‘yicha jami
18 ta ilmiy ishlar chop etilgan bo‘lib, shundan 6 ta maqola O‘zbekiston Respublikasi
Oliy attestatsiya komissiyasining falsafa doktorlik dissertatsiyalarining asosiy ilmiy
natijalarini chop etish uchun tavsiya etilgan ilmiy nashrlarda chop etilgan, shulardan 4
tasi xalgaro jurnallarda chop etilgan bo’lib, ulardan 3 tasi SCOPUS ma’lumotlar
bazalarida indekslangan jurnallarda chop etilgan, 3 tasi respublika jurnallarida chop
etilgan va 11 tasi tezisdir.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish, to‘rtta bob, xulosa va
adabiyotlar ro‘yxatidan iborat. Dissertatsiyaning umumiy hajmi 126 bet.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertasiya mavzusining dolzarbligi va zarurati asoslangan,
tadgigotning respublika fan va texnologiyalari rivojlanishining ustuvor yo‘nalishlariga
mosligi ko‘rsatilgan, mavzu bo‘yicha xorijiy ilmiy-tadgigotlar sharhi, muammoning
o‘rganilganlik darajasi keltirilgan, tadqiqot maqsadi, vazifalari, ob’ekti va predmeti
tavsiflangan, tadgigotning ilmiy yangiligi va amaliy natijalari bayon gilingan, olingan
natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadgiqot natijalarining joriy
qilinishi, nashr etilgan ishlar va dissertasiya tuzilishi bo‘yicha ma’lumotlar keltirilgan.

Dissertatsiyaning “Dastlabki ma’lumotlar” deb nomlangan birinchi bobi
yordamchi xususiyatga ega bo‘lib, dissertatsiyani o‘qish qulay bo‘lishi uchun
yaratilgan. Bu yerda yangi natijalar yo‘q va faqat kerakli ta’riflar va tasdiqglar
to‘plangan.



Asosan, teoremalar isbotsiz holda berilgan. Biroq, ko‘rilayotgan soha TN tor
bo‘lgan holda, ba’zi teoremalarning juda sodda isbotlari keltirilgan. Masalan,
Sobolevning joylashtish teoremasi, Krasnoselskiy va boshgalarning monografiyasidan
olingan lemma, A o‘zgarmas koefitsientlik elliptik operatorini kasr tartibli darajasining
aniglanish sohasining Liuvill fazosi bilan ustma-ust tushishi, hamda yetarlicha sillig
funksiya Furye gatorining berilgan funksiyaga tekis yaqginlashishi juda sodda tarzda
isbotlangan. Ma’lumki, umumiy holatda bu teoremalar isboti ancha murakkabdir.

Keling, birinchi bobdagi ba’zi ta’riflar va tasdiglarni keltiraylik.

Aytaylik o ixtiyoriy N o‘lovli soha bo‘lsin, u N o¢Ichovli fazo RN bilan ustma-ust
tushishi ham mumkin. Juft m= 2K tartibli
A(x,Du= > a,(x)D%, (xeQ) (1)

OS‘a‘Sm
differensial ifoda x, € nugtada elliptik deyiladi, agar unga mos Xarakteristik
polinom

a(x, &)= > a,(X)e” 2

al=m
ixitiyoriy noldan fargli & lar uchun musbat bo‘lsa. (1) differensial ifoda barcha x, €
nuqtalarida elliptik bo‘lsa, u holda bu differensial ifoda © sohada elliptik deyiladi. Biz
A(D) orqali A(D)= Z| a|:maa D¥ ko‘rinishda bo‘lgan bir jinsli elliptik differensial
ifodani belgilaymiz
Agar f el, (TN ) sinfdan olingan funksiyalar uchun quyidagi norma

a
[flgany = 2 (1) 142 a>o0, ©

neZ

biror 8> 0 hagqigiy son uchun chekli bolsa, u holda bu sinf Liuvill sinfi L3 (TN ) deb

ataladi. L3(T" ) sinflari a natural son bo‘lganda W;'(T" ) Sobolev sinflari bilan

ustma-ust tushadi. Demak, L5(Q) Liuvill sinfi Sobolev W;(Q) sinfining a butun

bo‘lmagan hollari uchun umumlashmasidir.

Dissertatsiyaning asosiy natijalari ikkinchi bobdan boshlanadi. "'Giperbolik va
parabolik tenglamalar uchun boshlang’ich-chegaraviy masalalar’ deb nomlangan
ikkinchi bobning birinchi bo‘limida N o‘Ichovli T torda ixtiyoriy tartibli elliptik
differensial operator qatnashgan parabolik tenglama uchun boshlang’ich-chegaraviy
masala o‘rganildi.

Masala: Quyidagi
u (%) +A(D)u(x,t) = f(xt), xeT", 0<t<T, 4)
tenglamaning
u(x,0)=g(x), xeT", (5)

10



boshlang’ich shartni ganoatlantiruvchi va ut(x,t), A(D)u(x,t)eC(TN x(O;T])

bo‘lgan hamda har bir o‘zgaruvchisi bo‘yicha 27 -davriyikka ega bo‘lgan
u(x,t)eC(’JI‘N x[O,T]) funksiyani toping. Biz bu gidirilayotgan u(x,t) funksiyani

masalaning klassik yechimi (yoki yechim) deb ataymiz.
Bu yerda berilgan (D(X) va f(X,'[) funksiyalar har bir o‘zgaruvchisi bo‘yicha 27
davriydir.

1-teorema. Aytaylik ¢ >% va

@ o(x)els (TN );
(b) f(x.t)e LZ(TN) ixtiyoriy t € [0,T Juchun;
) FO=[ (1)

U holda (4)-(5), masalaning yagona davriy yechimi mavjud bo ‘ladi va uni x e T\ da
tekis va absolyut yaqinlashuvchi quyidagi qator ko ‘rinishida yozish mumkin:

u(xt)= [ +je )ds} e™,te[0,T]. (6)
nez"

Shuni ta’kidlash kerakki, ushbu bo‘limda o‘zgarmas koeftitsientli elliptik operator
uchun olingan natijalarni, ixtiyoriy N o‘lchovli sohada aniglangan ixtiyoriy tartibli
elliptik operator bilan almashtirilgan holda ham osonlik bilan olish mumkin. Buni
ko‘rsatish magsadida ikkinchi bobning ikkinchi bo‘limida elliptik qismi eng umumiy
shaklga ega bo‘lgan va ixtiyoriy ko‘p o‘Ichovli sohada (yetarli darajada silliq chegarali)
aniglangan giperbolik tenglamalar uchun boshlang’ich-chegaraviy —masalalar
o‘rganilgan.

2L; () funksiya [O,T] segmentda uzluksiz bo ‘Isin.

Bu bo‘limda
u; + A(X, D)u(x,t) = f(x,t), xeQ, t>0; (7)
tenglama
u(x,0) = @(x), u(x,0)=w(x), xe; (8)
boshlang’ich va
BjU(X,t)=| IZ b, ; (X)D“u(x,t) =0, 9)
al<m.

J
O<m;<m-1, j=12..I; xed
chegaraviy shart bilan birga o‘rganilgan. Bu yerda f(X,t),(x),(x) va b, j(X)

koeffitsientlar berilgan funksiyalardir.
Qo‘yilgan masalani biz Furye metodini qo‘llab klassik yechimni topamiz. Bunda
quyidagi spektral masalaga kelamiz:
A(x,D)v(x) = Av(x) xe; (10)

Bi(x,D)v(x)=0, j=12..,1; xedQ (11)
11



Ushbu spektral masala Agmonning 1962-yildagi mashhur maqolasida o‘rganilgan.
Muallif @ sohanining chegarasiva A(x,D), B j (x, D) operatorlarining koeffitsientlari

ma’lum shartlarni qanoatlantirganda, bu spektral masala L,(€) da to‘la ortonormal
{v, } xos funksiyalar sistemasiga va ularga mos manfiy bo‘lmagan xos sonlari {4, }
to‘plamiga ega bo‘lishi isbotlagan. Bu shartlarni (A) deb belgilaymiz va har doim bu
shartlar bajariladi deb faraz gilamiz.
Aytaylik z ixtiyoriy haqiqiy son bo‘lsin. Biz
D(AT) ={f (x) e L,(Q): Y| A | f, [P< o} (12)
sohada aniglangan
AT ()= A¢ five (), (13)
operatorni Kiritamiz.
2-teorema.  Aytaylik f(x,t),o(x),w(x) funksiyalari (7) va (8) larni
ganoatlantirib, berilgan sohalarda uzluksiz bo‘lsin. U holda (7)-(9) aralash

masalaning klassik yechimi mavjud bo ‘Isa, u yagonadir.
Endi biz quyidagi formal gatorni tuzib olamiz (bu yerda A musbat operator

bo‘lgani uchun hamma K larda 4, >0 dir)

0 t
U8 = 3 [ sin |t + i 008 Tt + —— [ (&)sin i (t = E)A Dy, (X).
k=1 /A VA& 0

(14)
Bu yerda ., ¢ va f, (t) lar mos ravishda, v (X), ¢(x) va f(x,t) funksiyalarining
Furye koeffitsientlaridir, masalan v, = (,v ).
1

3-teorema. Aytaylik r>1+2l bolib, p € D(A7), W e D(AT_E) va ixtiyoriy
m

1

AT——
te[0,T] lar uchun f(x,t)e D(A 2) bo Isin. Bundan tashqari,
1

FO)=IA 2f (DIl )

funksiya [0,T] da uzluksiz bo ‘Isin. U holda (7)-(9) aralash masalaning yechimi mavjud
va u (14) gator ko ‘rinishida bo ‘ladi.

4-teorema. Aytaylik 3-teorema shartlari bajarilsin. U holda (7)-(9) masalaning
(14) yechimi uchun quyidagi baho o ‘rinlidir:

.
sup [[u(xDIIE, @) <ClI @I ) +NWIIE, @ +T [l F (I, (@) dE1. (15)
te[0,T] 0

bu yerda C konstanta T ga bog liq emas .
Quyida K.B. Sabitovning ta’rifiga asoslanib, (7)-(9) masala uchun umumlashgan
yechim tushunchasini kiritamiz:

1-ta’rif. Aytaylik ¢ (), w (X) va f (xt) 3-teoremaning shartlarini
ganoatlantiruvchi funksiyalar ketma-ketligi bo ‘lib, bu funksiyalar L,(Q2) fazo normasi

12



bo yicha (oxirgi funksiyalar ketma-ketligi t€[0,T] bo yicha tekis) mos ravishda
L,(Q) dagi ¢(x), w(x) va f(xt) funksiyalarga yaginlashsin. Agar (7)-(9)
masalaning ¢, (x), y, (x) va f, (xt) funksiyalarga mos kelgan shunday u, (x,t)
yechimlari ketma-ketligi mavjud bo ‘Isaki, bu ketma-ketlik u(x,t) funksiyaga L, (€2) da
t bo ‘yicha [0,T] da tekis yaginlashsa, u holda bu u(x,t) funksiya (7)-(9) masalaning
umumlashgan yechimi deyiladi

5-teorema. Aytaylik, ¢(x), w(x) va f(x,t) (barcha t<[0,T] larda) L,(Q)

fazoga tegishli bo lsin. U holda (7)-(9) masalaning (14) gator bilan aniglangan
shunday yagona va turg’un umumlashgan yechimi mavjudki, uning ||u(X,t)|||_2 Q)

normasi t €[0,T] bo ‘yicha uzluksiz funksiya bo ‘ladi.
Endi parabolik tenglama uchun quyidagi boshlang’ich-chegaraviy masalani

garaylik: shunday u(x,t) e C(Qx[0,T]) funksiya topilsinki,
u, (x,t), A(X, D)u(x,t) e C(Qx (0,T]) bo‘lib, u
U, +Ax,D)u(x,t) = f(x,t), xeQ, t>0; (16)
tenglamani,
u(x,0) =p(x), xeQ; (17)

boshlang’ich shartni va (9) chegaraviy shartlarni ganoatlantirsin.

6-teorema. Aytaylik 7 > % va ¢(X) € D(AT) bo ‘Isin. Bundan tashqari, barcha
te[0,T] larda f(x,t) e D(A?) bo b,

FO A (Il g
funksiya t bo yicha [0,T] da uzluksiz bo ‘Isin. U holda (16), (17), (9) masalaning
yechimi mavjud bo ‘lib, u Q sohada tekis va absolyut yaginlashuvchi

0 t
u(x,t) = kzle“k‘cok eV (DM (0, te(.T],
=1 0

qgator ko ‘rinishiga ega bo ‘ladi, bunda ¢ va f, (t) lar mos Furye koeffisientlaridir.

Uchinchi bob "Subdiffuziya tenglamalari uchun boshlang’ich-chegaraviy
masalalar'' deb nomlangan. Uchinchi bobning birinchi bo‘limida vaqt bo‘yicha kasr
tartibli hosilali va elliptik qismi ixtiyoriy elliptik differensial ifoda bo‘lgan sudiffuziya
tenglamasi uchun boshlang’ich-chegaraviy masala garalgan.

Aytaylik, p€(0,1) o‘zgarmas son bo‘lib, f(X,t),@(x) funksiyalar va ba,j(x)

koeffitsientlar berilgan bo‘lsin. Quyidagi

ofu(x,t) + A(x,D)u(x,t) = f(x,t), xeQ, t>0; (18)
tenglama,
liméf u(x,t) = p(x), xe; (19)
t—0

boshlang’ich va

13



Bju(x,t):| IZ b,,; (X)D%u(x,t) =0, (20)
asmj
O<m;<m-1, j=12..I; xed

chegaraviy shartlar bilan berilgan masalani garaymiz. Uchinchi bobning birinchi
bo‘limida klassik Furye metodi bilan bu masalan yechimining mavjud va yagonaligi
isbotlangan. Bunda tenglamaning o‘ng tarafi va boshlang’ich funksiyalarga mos Furye
gatorini tekis va absolyut yaqinlashishini ta’minlovchi shartlar topilgan.

7-teorema. Agar f(x,t)eC(Qx(0,2)) va ¢ €C(Q) bo Isa, (18)-(20) masala
oshib borsa bitta yechimga ega.

8-teorema. Aytaylik r>% va pe D(AT) bo ‘Isin. Bundan tashqari, barcha
te[0,T] uchun f(x,t) e D(A") bo Isin, va

FO =70 o
funksiya barcha t €[0,T] lar uchun uzluksiz bo ‘Isin. U holda (18)-(20) boshlang ’ich-

chegaraviy masalaning yechimi mavjud va u quyidagi qator ko ‘rinishiga ega
o0 t
u (X,t) = Z[¢jtp_1Ep,p (_ijtp) + Ifj (t - é)gp_lEp,p (_lj é:p)d é]vj (X), (21)
1 0

va qator X € Q dava barcha t € (0,T] lar uchun absolyut va tekis yaginlashadi.

Boshlang’ich-chegaraviy masala N o¢lchovli torda qaralgan holda, bu shartlarni
nafaqat yetarli, balki zarur ekanligini osongina tekshirishimiz mumkin.
Hagigatan, aytaylik A(D)= > a,D? o‘zgarmas koeffisientlarga ega bo‘lgan bir
|a|l=m
jinsli simmetrik nomanfiy elliptik differensial ifoda bo‘lsin. Differensial tenglama va
uning boshlang’ich sharti quydagicha bo‘lsin

8Pu(x,t) + AD)u(x,t) = f(x,t), xeT", t>0; (22)
limo? tu(x,t) = p(x), xeT"; (23)
t—0

(20) chegaraviy shartlar o‘rniga biz har bir X; argumenti bo‘yicha 27 -davriylikka ega
funksiyalarni garaymiz va ¢(x) va f(xt) funksiyalar ham X;j o‘zgaruvchilari
bo‘yicha 27 -davriylikka ega bo‘lsin deb faraz qilamiz.

9-teorema. Aytaylik 7 >% va pels (T™) bo Isin. Bundan tashqari, ixtiyoriy
te[0,T] uchun f(xt)eLs; (TN bo Isin va ushbu
— 2
FO =N DI,

funksiya [0,T] segmentda uzluksiz bo ‘Isin. U holda (22)-(23) boshlang ’ich-chegaraviy
masalaning yechimi mavjud va u quyidagi qator ko ‘rinishiga ega boladi
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t :
U= X [ont” ™ E, , (CAME?) + [f (t =57 E,, , (-AM)&")dEle™,
neZN 0
va bu gator x e TN da va har bir t € (0,T] uchun absolyut va tekis yaginlashadi.

N
1-eslatma. E tibor beringki, T > > bo ‘Iganda, Sobolev joylashtirish teoremasiga
asosan, L (TN) dagi barcha funksiyalar 27 -davrli uzluksiz funksivalar bo ‘ladi.

Teskari ¢ s% tengsizlikning bajarilishi esa L5 (TN) da chegaralanmagan funksiyalar

mavjudligini keltirib chigaradi. Shuning uchun, bu teoremaning >% sharti yetarli

shart bo ‘libgina qolmay, balki u zaruriy shart hamdir.

Uchinchi bobning ikkinchi bo‘limida N oflchovli torda Riman-Liuvill kasr
tartibli hosilasi ishtirok etgan subdiffuziya tenglamasi uchun boshlang’ich-chegaraviy
masala o‘rganilgan.

Aytaylik p € (0,1) o‘zgarmas son bo‘lsin. Quyidagi boshlang’ich-chegaraviy masalani
garaylik

oPu(x,t) —Au(xt) = f(xt), xeTV, 0<t<T, (24)
liméf tu(x,t) = p(x), xeTV. (25)
t—0

Bu yerda chegaraviy shartlar o‘rniga har bir X; argumenti bo‘yicha 27 -davriylikka
ega bo‘lish sharti qo‘yilgan hamda ¢(x) va f(xt) funksiyalar ham X;
o‘zgaruvchilari bo‘yicha 27 -davriylikka ega funksiyalar bo‘lsin deb faraz qilingan.
Uchinchi bobning birinchi bo‘limidagi boshlang’ich funksiyaga qo‘yilgan shart
pels (TN ), > % ko‘rinishiga ega edi. Ushbu 7 >% tengsizlik dissertatsiyaning
N

yana ikkinchi va to‘rtinchi boblarida ham uchraydi. Albatta, bu shartni ¢ L2E (™)
N

bilan almashtirib bo‘lmaydi, chunki bu holda L2E (TN) sinfidagi funksiyalar,
yuqoridagi 1l-eslatmada aytilganidek, chegaralanmagan bo‘lishi ham mumkin.
Tabiiyki, quyidagicha savol tug’iladi: @€l Ty, = >? shartni,

N
Qe c(TtN)m L2 (TN) shart bilan almashtirish mumkinmi? Ushbu bo‘limda buning

mumkinligi isbotlangan. Shuningdek, uchinchi bobning birinchi bo‘limida
tenglamaning o‘ng tomoni uchun qo‘yilgan || f(-,t)||2La(TN)eC[O,T] shartni
2

|t7 £ (1) ||ia (N € C[0,T] shart bilan almashtirish mumkinligi ko‘rsatilgan.
2
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N
10-teorema. Aytaylik ¢ e C(TN) N L2 (TNY bo ‘Isin. Bundan tashqari, barcha

N
te[0,T] lar uchun f(x,t)el3(TV), a>=", bo'lib, ||t1_pf(-,t)||ig(TN)eC[0,T]

bo ‘Isin. U holda (24)-(25) boshlang’ich chegaraviy masalaning yechimi mavjud va
quyidagi ko ‘rinishga ega

t :

u(xt)= Y [pt?E, ,(-InF )+ [fo(t-E)EPE, ,(-In[* £)dEJe™,
neZN 0

(26)

bo‘lib, bu qator barcha t<(0,T] lar uchun xeTN boyicha absolyut va tekis

yaginlashadi. Bu yerda ¢, va f,(t) Furye koeffitsientlaridir. Bundan tashqari, bu

gatorga of kasr tartibli hosilani va A operatorni ta’sir ettirganda ham xosil bo ‘Igan
gator barcha t € (0,T] lar uchun x e TV bo ‘vicha absolyut va tekis yaginlashadi.

Uchinchi bobning uchinchi bo‘limida N o‘lchamli torda Caputo hosilasi
qatnashgan subdiffuziya tenglamasi uchun boshlang’ich-chegaraviy masala Furye usuli
yordamida o‘rganilgan. O‘rganilgan masala quyidagi ko‘rinishga ega:

DAu(x,t) + Au(x,t) = f(x,t), xeTV, 0<t<T, (27)

u(x,0)=g(x), xeTV, (28)

bu yerda A=—A-Laplas operatori, f va ¢ lar esa berilgan 27 -davriy uzluksiz
funksiyalardir. Chegaraviy shart o‘rnida 27 -davriylik sharti olingan.

Masala Furye usuli bilan yechilgani uchun A operator sifatida to‘la ortonormal xos
funksiyalar to‘plamiga ega bo‘lgan istalgan elliptik operatorini olishimiz mumkin.

11-teorema. Aytaylik a >% va pels (TN) bo ‘Isin. Bundan tashqari,
te[0,T] lar uchun f (xt) e L5(TN) botib, | £ (1) I, o1& CI0,T1 bo lsin. Uholda
2

(27)- (28) boshlang ’ich-chegaraviy masalaning yechimi mavjud va u

t )
u(x,t)= ZN [ B, (CINFP )+ [f,(t=OEPTE, L (-Inf £7)dEle™,  (29)
neZ 0

ko ‘rinishdagi har bir t€(0,T] da x TN bo ‘vicha absolyut va tekis yaginlashuvchi

gator kabi aniglanadi. Bundan tashgari, D va A operatorlar hadma-had ta’sir

gildirilganidan keyin olingan gatorlar ham har bir te(0,T] da xeT" bo yicha

absolyut va tekis yaginlashadi.

Ushbu teoremaga o‘xshash natija Riman-Liuvill hosilasiga ega bo‘lgan
subdiffuziya tenglamasi uchun 10-teoremada keltirilgan edi. Ammo uchinchi bobning
ikkinchi bo‘limida ¢(Xx) boshlang’ich funksiya uchun topilgan shart ancha kengroq

funksiyalar sinfini garashga imkon beradi. Masalan, bir o‘lchamli holda, uchinchi
16



1
bobning ikkinchi bo‘limida ¢(x) € C(T*) nL3(T") ni talab gilish yetarli ekanligi
isbotlangan. Bu bo‘limning oxirida kasr tartibli hosila Kaputo ma’nosida bo‘lsa, bu
shart yetarli emasligi ko‘rsatilgan.

Dissertatsiyaning to‘rtinchi bobi "'Subdiffuziya tenglamasi uchun teskari
masala'" deb nomlangan to‘rtinchi bobning birinchi bo‘limida quyidagi teskari masala
o‘rganilgan.

Masala: Shunday {u(xt), f (x)} funksiyalar juftligi topilsinki, ular har bir X;

o‘zgaruvchisi bo‘yicha 27 -davriy bo‘lsin hamda ushbu xossalarga f (X) e C(TN ) va
u(x,t)eC(TN x[0,T]), DPu(xt),A(D)u(x,t)eC(TN x(0,T]) ega bo'lsin,
shunindek quyidagi differensial tenglamani

DAu(x,t) + AD)u(x,t) = f(x), xeT", t>0,0<p<i; (30)
va quyidagi boshlang’ich shartni
u(x,0)=g(x), xeTV; (31)
va quyidagi qo‘shimcha shartni
u(x,T)=¥(x), xeT". (32)

ganoatlantirsin. Berilgan ¢(x) va ¥'(x) funksiyalarni har bir X; o‘zgaruvchi bo‘yicha

27 -davriy bo‘lsin deb faraz gilinadi.

Ushby bo‘limda yuqoridagi teskari masala Furye usuli yechilganligi sababli, ushbu
bo‘lim natijalarini umumiyroq ko‘rinishga ega bo‘lgan tenglamalar uchun ham
umumlashtirish mumkin.

12-teorema. Aytaylik 7 >% bo'lib, p L5 (TV) va Ve L§+m(TN) bo ‘Isin. U
holda (30)-(32) teskari masalaning davriy {u(x,t), f (x)} yagona yechimi mavjud

uxt)= Y @.E, 1(-AMY)E™ + Y ftE, (A )™,  (33)
neZN neZN
va

f (X) _ Z an einx B Z Pn Ep,l(_A(n)Tp)
nezN TpEp,p+1(_A(n)Tp) nezN TpEp,p+l(_A(n)Tp)
tekis va absolyut yaqinlashuvchi gatorlar ko ‘rinishiga ega bo ‘ladi.

13-teorema. Aytaylik, T N da o(x) va Y(X) funksiyalar uzluksiz bo ‘Isin. U
holda, agar (30)-(32) teskari masalaning {u(x,t), f (x)} klassik yechimi mavjud bo ‘Isa,
u yagona bo ‘ladi.

To‘rtinchi bobning ikkinchi bo‘limida elliptik qismi umumiy ko‘rinishda va kasr
tartibli hosila Riman-Liuvill ma’nosida bo‘lgan subdiffuziya tenglamasining o‘ng
tomonini aniqlash bo‘yicha teskari masala o‘rganilgan.

Aytaylik 0 < p <1 bo‘lsin. Quyidagi subdiffuziya tenglamasini

ofu(x,t) + A(x,D)u(x,t) = f(x), xeQ, 0<t<T, (35)
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einx’ (34)




garaymiz. Bu yerda issiglik manbalarining harakatini tavsiflovchi f(x) funksiyasi

fagat x ga bog’liq bo‘lsin deb faraz qilamiz. Agar bu funksiya ma’lum bo‘lsa, u holda
u(x,t) harorat tagsimotini yagona ravishda topish uchun qo‘shimcha shartlar qo‘yish

zarur (uchinchi bobga garang). Masalan, boshlang’ich shartni quydagicha

limof u(xt) = (x), xeQ, (36)
t—0
va chegaraviy shartni esa,
Bju(x,t)= > b, ;(x)D“u(x,t) =0, (37)

la|<m.
J
O0<m;<m-1,j=1,2,..,I)xe 0Q0<t<T,

ko‘rinishda olish mumkin, bu yerda ¢(X) va ba’ j(X) koeffitsientlar berilgan

funksiyalaridir. Natijada biz uchinchi bobda ko‘rib chigilgan to‘g’ri boshlang’ich-
chegaraviy masalani olamiz. Ushbu paragrafda quyidagi teskari masalani garaymiz,
boshlang’ich-chegaraviy masalaning u(x,t) yechimi bilan bir gatorda,

u(x,T)=¥(x), xeQ, (38)
qo‘shimcha shart asosida tenglamaning o‘ng tarafi ham topilsin.

Qaralayotgan teskari masala klassik yechimining mavjudligi va yagonaligini
isbotlash uchun Furye metodi qo‘llanildi. Bunda boshlang’ich va qo‘shimcha
shartlardagi funksiyalar uchun Furye metodini qo‘llashni taminlaydigan shartlar
aniglandi. Bundan tashqari, teskari masalaning umumlashgan yechimining ta’rifi
kiritildi va umumlashgan yechimning mavjud va yagona ekani hagida teoremalar
isbotlandi. Klassik va umumlashgan yechimlarning turg’uligi ham ushbu paragrafda
ko‘rsatildi.

14-teorema. Aytaylik, ¢(x),¥(x) funksiyalar Q sohada uzluksiz bo ‘Isin. U

holda, agar (35)-(37), (38) teskari masalaning klassik {u(x,t), f (x)} yechimi mavjud
bo ‘Isa, u yagona bo ‘ladi.

15-teorema. Aytaylik, r>2l bo‘lib, p e D(A’) va Ve D(A”l) bo ‘Isin. U
m

holda (35)-(37), (38) teskari masalaning klassik {u(x,t), f (x)} yechimi mavjud va bu

yechim barcha x e Q va te(0,T] larda tekis va absolyut yaginlashuvchi quyidagi
gatorlar orgali aniglanadi:

D) = At E, (A7) (0 + kz fAPE, (AW (), (39)
=1

k=1
va
Lo ¥ & B, (AT
0= e, T, a1

Ushbu teoremaning tadbiqi sifatida teskari masalani N o‘lchovli TV torda
garaymiz. Aytaylik, A(D)= > a,D% - o‘zgarmas koeffitsientli, simmetrik

laf=m
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nomanfiy elliptik differensial ifoda bo‘lsin. Quyidagi teskari masalani garaymiz
(0< p<l):

oPu(x,t) + AD)u(x,t) = f(x), xeTV, t>0; (41)
limof “u(xt) = p(x), xeT"; (42)

t—0
u(x,T)=¥(x), xeT". (43)

(37) ko‘rinishdagi chegaraviy shart o‘miga u(x,t) va f(x) funksiyalar har bir X;
argument bo‘yicha 27 - davriy bo‘lsin deb shart qo‘yamiz. Bundan tashqari, berilgan
@(x) va ¥(x) funksiyalar ham har bir X; bo‘yicha 27 -davriy bo‘lsin deb faraz
gilamiz.

: N
16-teorema. Aytaylik, 7 > > bo'lib, p L5 (TV) va W e L§+m("IFN) bo ‘Isin. U

holda (41)-(43) teskari masalaning yagona {u(x,t), f (x)} yechimi mavjud va u

U= 3 It o (CAME) + (7B, g (CAME)E™,
nez

fy= 3 fe™,
neZN
ko ‘rinishga ega bo ‘ladi. Bu yerda
. ¥,  E,, (CANTY)
n ’
TpEp,p+l(_A(n)Tp) TEp,p+1(_A(n)Tp)

va ¢, W, lar mos ravishda ¢(x) va ¥ (x) funksiyalarning Furye koeffisientlaridir.

Bundan tashqari, yugoridagi gatorlar x e TN bo ‘yicha barcha t  (0,T] larda tekis va

absolyut yaginlashadi.

Endi (35)-(37), (38) masalaning umumlashgan yechimi mavjudligini o‘rganamiz.
Buning uchun biz C((0,T],L,(€2)) simvol orgali shunday u(x,t) funksiyalar sinfini
belgilaymizki, ular kvadrati bilan ¢ da integrallanuvchi bo‘lib, U (t) =[|u(-,t) ||L2 ©)

funsiya (0,T] da uzluksiz bo‘lsin. Bunday u(x,t) funksiyalar uchun (36) shart
quyidagi umumlashgan ma’noda tushiniladi:

lim 119 2u(x,8) = () Il (= ©- (44)

t—0

2-ta’rif. Biz (35), (44), (37), (38) masalaning umumlashgan yechimi deb,
A(x,D)u(x,t),0fu(x,t) e C((0,T1,L, () bolib, (35), (37), (38) shartlar o ning
deyarli barcha nugtalarida bajaruvchi va (44) munosabat umumlashgan ma’noda
bajaruvchi {u(x,t), f (x)} funksiyalar juftligiga aytamiz, bu yerda f €L, (<), .

17-teorema. Aytaylik, ¢ e L, () va ¥ eW,"(Q) bo ‘Isin. Bundan tashqari, ¥

funksiya (37) chegaraviy shartni ganoatlantirsin. U holda, (35), (44), (37), (38)
chegaraviy masalaning yagona {u(x,t), f (x)} umumlashgan yechimi mavjud va bu

yechim uchun quyidagi baholar o ‘rinli
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11, 0= CUlO I @ 1l g 5)

1
Ul oy S AUy 0 = CE N0 +1 ¥l 1 €50, (46
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XULOSA

Ushbu dissertatsiya giperbolik va parabolik tipdagi klassik tenglamalar hamda
subdiffuziya tenglamalari uchun boshlang‘ich-chegaraviy va teskari masalalarni
o‘rganishga bag‘ishlangan. Ushbu masalalarni yechishning asosiy usuli klassik
Furye usulidir. Shuning uchun butun ishda tenglamaning elliptik gismini L, da to'la

ortonormal xos funksiyalar sistemasiga ega bo'lishi talab qilinadi. Awvvalgi
o'rganilgan maqolalarda mualliflar, asosan, elliptik gismlarining xos funksiyalari
aniq ko‘rinishga ega bo'lgan tenglamalar uchun Kklassik yechimni topishni
o‘rganganishgan. Masalan intervalda u,, Yyoki to'g'ri to'rtburchakda Laplas

tenglamasi bolgan hollarda xos funksiyalarning ko‘rinishi trigonometrik funksiyalar
yoki ularning ko‘paytmasidan iborat bo‘ladi. Ushbu dissertatsiyaning asosiy
magsadi Furye usulini xos funksiyalarning aniq ko‘rinishi ma'lum bo'lmagan
hollarda qo'llashdir. Biz bu magsadga erishish uchun V. A. II’in, M.A. Krasnoselskiy
va Sh.A. Alimovning fundamental natijalariga tayandik.

Tadgiqotning asosiy natijalari quyidagilardan iborat:

1. Elliptik gismi umumiy shaklga ega bo‘lgan va ixtiyoriy ko‘p o‘lchovli
sohada (yetarli darajada silliq chegarali) va N o‘Ichovli torda aniqlangan giperbolik
va parabolik tenglamalar uchun boshlang‘ich-chegaraviy masalalarning klassik va
umumlashgan yechimlari topilgan.

2. Ixtiyoriy tartibli elliptik operator gatnashgan Kaputo va Riman-Liuvill vaqgt
bo‘yicha kasr hosilali subdiffuziya tenglamasi uchun boshlang‘ich-chegaraviy
masalalaring klassik yechimining yagonaligi va mavjudligi Furye usuli bilan
isbotlangan.

3. Subdiffuziya tenglamasida Riman-Liuvill kasr tartibli hosilasi gatnashgan
vagtda Mittag-Leffler funksiyalarini aniqroq bahosidan foydalanib, boshlang‘ich
shartdagi funksiyaning kengroqg sinfi uchun aralash masalaning yechimi mavjudligi
isbotlangan.  Shuningdek, subdiffuziya tenglamasida Riman-Liuvill kasr
hosilasining o‘rniga Kaputo kasr hosilasi olinganda ushbu natijani olib
bo‘lmasligiga doir misol keltirilgan.

4. Riman-Liuvill va Kaputo ma’nosidagi kasr hosilali, elliptik gismi umumiy
shaklga ega va ixtiyoriy ko‘p o‘lchovli sohada (yetarli darajada silliq chegara bilan)

va N o‘Ichovli torda aniglangan subdiffuziya tenglamasining o‘ng tomonini
aniqlash bo‘yicha teskari masalasining klassik va umumlashgan yechimlari topilgan.
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INTRODUCTION

Actuality and demand of the theme of the dissertation. Many scientific and
practical studies at the world level, in many cases of the equations of mathematical
physics for example, that a large number of problems on vibrations of rods, plates,
etc. leads to high-order differential equations. Naturally, proceeding from the
physical meaning of the problem, it is of interest to consider similar problems for
arbitrary bounded spatial domains, where the explicit form of the eigenfunctions is
not known. This dissertation is devoted to the classical Fourier method study of
forward and inverse problems for the classical diffusion and subdiffusion differential
equations, the elliptic part of which is a differential expression of arbitrary order and
defined in an arbitrary multidimensional domain with a smooth boundary.

In recent years, in our country, more attention is paid to mathematics, physics,
geology and biological sciences, which are of fundamental importance in the economic
development of our country. In particular, special attention is paid to the development
of differential equations and mathematical physics, one of the main areas of
mathematics, which has an applied character. A lot of research is also leads to inverse
problems of determining the right-hand side of subdiffusion equations. In almost all of
these papers, the elliptic part of the subdiffusion equation is an ordinary differential
expression. Therefore, for parabolic, hyperbolic and subdiffusion equations, the elliptic
part of which is an arbitrary differential operator defined in an arbitrary domain, the
solution of direct and inverse problems is a targeted scientific research.

In our country, much attention has been paid to develop disciplines natural and
life sciences such as biology, geology, mathematics and physics. Particularly, the
developing of the theory of fractional and partial differential equations. Because this
theory helps to understand the behavior of many phenomena in the mechanics,
electronics, control theory, physiology and biological systems. Investigations on the
international level in such important areas as noted above has been considered the
main task of fundamental research?. Currently, the development of investigations on
the theory fractional and partial differential equations plays an important role in the
Implementation of this decree. Significant results have been obtained by specialists
of our country in these areas and they play an important role in the implementation
of the above decree. It is gratifying to note that research at the international level in
such important areas as differential equations and mathematical physics is
considered in our country as the main direction in fundamental research.

The subject and object of research of this thesis are in line with tasks identified
in the Decrees of the President of the Republic of Uzbekistan UP-4947 of February
7, 2017 “On the strategy of action for the further development Of the Republic of
Uzbekistan", UP-2789 dated February 17, 2017 “On measures to further improve of
the activities of the Academy of Sciences, organization, management and financing
of research activities”, PP-3682 from April 27, 2018 “On measures to further
improve the system of practical implementation of innovative ideas, technologies

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the Republic
of Uzbekistan» Ne 292 dated May 17, 2017.
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and projects" and PP-4387 from July 9, 2019 “On measures to further development
of mathematical education and science, total improvement of the activity of the
Uzbekistan Academy of Sciences V.I.Romanovsky Institute of Mathematics™ and
also PD-4708 from May 7, 2020 "On measures to improve the quality of education
and research in mathematics" as well as in other regulations related to basic science.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan IV,
«Mathematics, Mechanics and Computer Science» .

The degree of scrutiny of the problem. The study of the existence and
uniqueness of classical solutions of initial-boundary value problems was carried out
by many famous mathematicians such as V.A. II'in, O.A. Oleinik, O.A.
Ladyzhinskaya, P.E. Sobolevskii, M.A. Krasnosel’skii and others. In the
fundamental work of V.A. II’in published back in 1960, a review of works in this
direction is given and the latest results of the author are presented. Here the classical
Fourier method has been applied to equations whose elliptic part is a second-order
symmetric differential expression. The case when the elliptic part has an order higher
than the second was considered in the well-known monograph by Krasnosel’skii et
al. Here, the applicability of the Fourier method is proved in the case when the input
data of the initial boundary value problem belong to the domain of a power of the
elliptic operator. It should be noted that, on the one hand, uniqueness issues are not
considered in this monograph, and on the other hand, the conditions on the input
data in this monograph are difficult to check. It should also be noted that the authors
of this work did not introduce the concept of a generalized solution and did not
investigate the issues of their existence.

The theory of differential equations with fractional derivatives has gained
considerable popularity and importance in the past few decades, mainly due to its
applications in numerous seemingly distant fields of science and technology. In tern,
the well-deserved popularity of the theory attracted the attention of specialists,
causing a large number of investigations on mathematical aspects of fractional
differential equations and methods to solve them.

Initial-boundary value problems for subdiffusion equations have been studied
by many specialists. However, the elliptic part in these papers of Kilbas A.A. was
mainly the one-dimensional differential expression ux. With the participation of the
Laplace operator, such equations were considered in the papers of A.V. Pskhu and
with pseudodifferential operators with constant coefficients defined in the entire
space RN in the monographs of S. Umarov. The article of M. Ruzhansky takes an
abstract self-adjoint operator as the elliptic part, but this article investigates the
existence of only a generalized solution.

A lot of research is also devoted to inverse problems of determining the right-
hand side of subdiffusion equations. In almost all of these papers, the elliptic part of
the subdiffusion equation is an ordinary differential expression. Exceptions are the
papers of N.A. Asl and D. Rostamy, Z. Li, Y. Liu and M. Yamamoto, S.A. Malik
and S. Aziz, W. Rundell and Z. Zhang, L. Sun, Y. Zhang and T. Wei in which the
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elliptic part is either the Laplace operator or a second-order operator; these papers
examine the existence of a generalized solution. The paper of M. Ruzhansky, N.
Tokmagambetov and B.T. Torebek studied the inverse problem of determining the
right-hand side of the subdiffusion equation with Caputo fractional derivatives
whose elliptic part is an arbitrary elliptic operator with discrete spectrum and the
author proved the existence and uniqueness of a generalized solution by the Fourier
method. The paper of M. Ruzhansky, N. Tokmagambetov, B.T. Torebek and most
of the other papers, including N.A. Asl and D. Rostamy, Z. Li, Y. Liu and M.
Yamamoto, W. Rundell and Z. Zhang, L. Sun, Y. Zhang and T. Wei take the Caputo
derivative as the fractional derivative. We point out that the elementary property of
the Caputo fractional derivative that the derivative of a constant is zero greatly
facilitates the study of inverse problems for the subdiffusion equation with these
derivatives. In the work of K.M. Furati, O.S. lyiola, M. Kirane and S.A. Malik, S.
Aziz the fractional derivative in the subdiffusion equation is a two-parameter
generalized Hilfer fractional derivative. Note also that the papers of K.M. Furati,
O.S. lyiola and M. Kirane, Z. Li, Y. Liu and M. Yamamoto, L. Sun, Y. Zhang and
T. Wei contain a survey of papers dealing with inverse problems of determining the
right-hand side of the subdiffusion equation. It should be noted that the inverse
problem of determining (in the classical sense) the right-hand side of the
subdiffusion equation, the elliptic part of which is an elliptic operator of any order,
defined in an arbitrary bounded domain, has not been considered by anyone before.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation research
is done in accordance with the planned theme of scientific research grant no. F-FA-
2021-424 of the Ministry of Innovative Development of the Republic of Uzbekistan,
at the Institute of Mathematics after named V.l. Romanovskiy.

The aim of research work is to prove unique solvability in the classical sense of
forward and inverse problems for parabolic, hyperbolic and subdiffusion equations
whose elliptic part is an arbitrary elliptic operator defined in an arbitrary domain.

Research problems:

To prove unique solvability in the classical sense of initial-boundary value
problems for hyperbolic and parabolic equations whose elliptic part is an arbitrary
elliptic operator defined in an arbitrary N dimensional domain. To introduce the
concept of a generalized solution and to investigate the questions of their existence.

To prove unique solvability in the classical sense of initial-boundary value
problems for subdiffusion equations with the Caputo and Riemann-Liouville
derivatives whose elliptic part is an arbitrary elliptic operator defined in an arbitrary
N dimensional domain.

To prove unique solvability in the classical sense of the inverse problems on
determining the right-hand side of the subdiffusion equations with the Caputo and
Riemann-Liouville derivatives whose elliptic part is an arbitrary elliptic operator
defined in an arbitrary N dimensional domain. To introduce the concept of a generalized
solution of the inverse problem and to investigate the questions of their existence.

The research object. The classical hyperbolic and parabolic equations,
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subdiffusion equations with the Caputo and Riemann-Liouville derivatives whose
elliptic part is an arbitrary elliptic operator defined in an arbitrary N dimensional
domain.

The research subject. The initial-boundary value problems and the inverse
problems on determining the right-hand side of the equations.

Research methods. In the research the methods of functional analysis, spectral
theory and the Fourier methods are used.

Scientific novelty of the research work consists of the following:

It is proved unique solvability in the classical sense of initial-boundary value
problems for hyperbolic and parabolic equations whose elliptic part is an arbitrary
elliptic operator defined in an arbitrary dimensional domain;

It is proved unique solvability in the classical sense of initial-boundary value
problems for subdiffusion equations with the Caputo and Riemann-Liouville
derivatives whose elliptic part is an arbitrary elliptic operator defined in an arbitrary
dimensional domain;

It is proved unique solvability in the classical sense and proved the existence
of a generalized sense of the inverse problems on determining the right-hand side of
the subdiffusion equations with the Caputo and Riemann-Liouville derivatives
whose elliptic part is an arbitrary elliptic operator defined in an arbitrary dimensional
domain.

Practical results of the research. The obtained results and used methods in
the dissertation can be taught as a graduate course for masters and doctoral students
of higher education institutions.

The reliability of the results of the study. The results were obtained using the
methods of functional analysis, spectral theory and the Fourier method. All obtained
results are mathematically correct.

Scientific and practical significance of the research results. The scientific
significance of the research results is that they can be used for further study of the
forward and inverse problems for different partial differential equations. In particular,
the techniques and methods developed in this dissertation can be used to find the
solutions of forward and inverse problems. The practical significance of the thesis is
that the results can be used in the theory of forward and inverse problems for differential
operators, including linear systems of fractional differential equations, differential
models with involution, fractional Sturm-Liouville operators, and others.

Implementation of the research results. Based on the results obtained on the
problem of the initial-boundary value and inverse problems for higher order
equations:

the solutions to the initial-boundary and inverse problems of subdiffusion
equations, were used in the framework No. AAAA-A19-119072290002-9 of the
international project «Natural disasters of Kamchatka-earthquakes and volcanic
eruptionsy, to describe the mass transfer of radioactive radon gas, an operational
precursor of earthquakes, from the ground to the surface layer of the atmosphere.
(Reference from Kamchatka State University named after Vitus Bering dated
october 24, 2022, Ne 44-12 Russian Federation). It should also be noted that

26



Implementations of scinetific results were used in the development of algorithms for
solving inverse problems of geophysics;

the solutions to the initial-boundary and inverse problems of subdiffusion
equations involving fractional derivatives were used in the performance of research
work within the framework No. NIOKTR AAAA-A19-119013190077-1, 2019-
2021 of the topic «Fractional calculus and differential equations of fractional and
distributed order» (Reference from institute of Applied Mathematics and
Automation of the Kabardino-Balkarian Scientific Center of the Russian Academy
of Sciences dated May 20, 2022, Ne 01-14/30). The implementations of scinetific
results gave opportunity to solve local and nonlocal boundary value problems for
evolutionary equations with fractional time derivatives, which in recent decades
have been effectively used in mathematical modeling of various physical and
biological processes.

Approbation of the research results. The main results of the research have
been discussed at 6 international and 5 national scientific conferences.

Publications of the research results. On the topic of the dissertation 18
research papers have been published in the scientific journals, 6 of them are included
in the list of journals proposed by the Higher Attestation Commission of the
Republic of Uzbekistan for defending the PhD thesis and 4 of them were published
in international journals, 3 of them are included the SCOPUS information database,
3 papers published in national mathematical journals and 11 theses.

The structure and volume of the dissertation.The dissertation consists of an
introduction, four chapters, conclusion and bibliography. The total volume of the
thesis is 126 pages.

MAIN CONTENT OF THE DISSERTATION

The introduction substantiates the actuality and demand of the theme of the
dissertation, determines the correspondence of the study to priority areas of
development of science and technology, provides an overview of foreign scientific
research on the dissertation topic and the degree of study of the problem, formulates
goals and objectives, identifies the object and subject of the study, outlines the
scientific novelty and practical results of the study, the theoretical and practical
significance of the results obtained is disclosed, information is given on the
implementation of the research results, on published works and information on the
structure of the dissertation.

The first chapter of the dissertation, titled “Preliminary information”, is
auxiliary in nature and it was created for the convenience of reading the dissertation.
There are no new results here, and only the necessary definitions and assertions are
collected. Basically, the theorems are given without proofs. However, in the case when

the domain under consideration coincides with the torus T" give very simple proofs
of some theorems. For example, the Sobolev embedding theorem, the lemma from the
monograph by Krasnoselsky et al., the coincidence of the domain of definition of the
fractional power of the elliptic operator with the Liouville space and uniformly
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convergence of the Fourier series of a smooth function are proved quite simply. It is
well known that, in the general case, these assertions are difficult to prove.
Let us present some definitions and assertions from Chapter one. Let ¢ be any

N dimensional domain, possibly coinciding with the whole N dimensional space
RN . A differential expression
Ax,Dju= > a,(x)D%,(xeQ) (1)

0<|af<m
of even order M= 2K is said to be elliptic at a point X, €Q if the corresponding
characteristic polynomial

a(X,8) = D a,(%)E” (2)

af=m
is positive for every nonzero real vector &. Differential expression (1) is called
elliptic in the domain @ if it is elliptic at every point x, € Q2. We denote by A(D)

a homogeneous elliptic differential expression: A(D) = Z|a|=maa D“.

The class of functions f €L, (’]I‘N ) for which the norm

a
[flgeny= 2 (L+[nf) 11 P, a>o0, 3)

neZ

is finite for a given fixed real @ >0 is called the Liouville class L3 (TN ) The classes
L%(TN) coincide for natural a with the Sobolev classes Wza(’]l‘N) and are their

natural extensions to fractional values of a. Similarly, the Liouville class L% Q) is

a generalization of the Sobolev class W, () to a non-integer a.

The main results of the dissertation begin with the second chapter, titled
"Initial-boundary value problems for hyperbolic and parabolic equations™ In
first section we investigated an initial-boundary value problem for a parabolic

equation defined on the N dimensional torus TN with an elliptic differential
operator of arbitrary order.

Problem: Find a 27 -periodic on each variable function U(X,t)eC(TN x[O;T])

with properties U (X,t), A(D)u(x,t)eC(TN x(O;T]), that satisfies the following
equation:
u (x,t)+A(D)u(x,t)=f(xt), xeT", 0<t<T, (4)
and the initial condition
u(x,0)=¢(x), xeTN. ()
Here we assume that the given functions ¢(X) and f (X,t) have a periodicity of 27
for each variable.
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Theorem 1. Let 7 >% and
@) ¢(x)e LE(TN );
(b) f(xt)e LZ(TN) for any te[0,T];
(c) the LZ(TN )-norm F@) = f(,1) IIE(TN) be continuous on the segment [O,T].

Then there exists a unique periodic solution of problem (4)-(5), moreover for x e TV
, it can be represented in the form of the following absolute convergent series:

u(x’t) = z |:e_A(n)t(Pn n J‘Oe—A(ﬂ)(t—S) fn (S)ds:|einx,t c [O,T]. (6)

nez"
It should be noted that the results of this section can be easily translated to the case
when an elliptic operator with constant coefficients is replaced by an arbitrary

elliptic operator defined in an arbitrary N dimensional domain. To illustrate this,

in second section we studied initial-boundary value problems for hyperbolic

equations, the elliptic part of which has the most general form and is defined in an

arbitrary multidimensional domain (with a sufficiently smooth boundary).
Consider the equation

u; + A(X, D)u(x,t) = f(x,t), xeQ, t>0; (7)
with the initial
u(x,0) = @(x), U (x,0)=w(x), xe; (8)
and with the boundary
Bju(x,t)= > b, ;(x)D“u(x,t) =0, (9)
|a|<m .

j
O<m;<m-1, j=12..I; xed
conditions. Here f (x,t),o(X),w(x) and coefficients ba,j(x) - are given functions.

Application of the Fourier method leads us to the following spectral problem
A(x,D)v(x) = Av(x) xe; (10)

Bj(x,D)v(x)=0, j=1,2,..I; xed; (11)

This spectral problem was studied in the well-known paper by Agmon (1962). He
proved that under certain conditions on the coefficients of the operators A(x, D),

Bj (x, D) and on the boundary of the domain ©, this spectral problem has a complete

system of eigenfunctions {v, } orthonormal in L,(Q) and a countable set of non-
negative eigenvalues {4, }. We will always assume that these conditions are met.
Let z be any real number. We introduce the following operator

A (x) = DA fv (X), (12)

with the domain of definition
D(A") ={f (x) € Ly(Q): Y| A " f [F< o} (13)
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Theorem 2. Let the functions f (x,t),o(x),w(x) be continuous in the domains
indicated in (7) and (8). Then there only one classical solution to the mixed problem
(7)-(9).

We compose the following formal series (note, 4, >0 forall K , since operator
A is positive)

00 t
u(x,t):Z[—1 z//ksin,/ﬂktﬂokcosﬂ/ﬂku—l jfk(cf)sinﬂ/ﬂk(t—g)dcf]vk(x).
k=1 N

(14)
Here v, ¢ and f, (t) are the Fourier coefficients, respectively, of the functions,
w(X), o(x), and f(x,t), by the system of eigenfunctions {v, (x)} defined as the

scalar product in L, (QQ); for example y; = (w,Vv, ).
1

Theorem 3. Let z‘>l+2ﬁ. Let further @eD(A"), W e D(AT_E) and
m

1
f(xt)e D(AT 2) for all t€[0,T], moreover, let the function
1
FO=IA 2F ()L )
be continuous on [0,T]. Then the solution to the mixed problem (7)-(9) exists and it

can be represented in the form of series (14).
Theorem 4. Let conditions of theorem 3. be satisfied. Then for solution (14)
to problem (7)-(9) the following estimate holds:

;
sup [[u(t) 12, ey <CIIQIE, oy HNW IIE, oy +T [ Il f (X I, (o A1, (15)
te[0,T] 0

where the constant C does not depend on T .
Following K.B. Sabitov we introduce the concept of a generalized solution of
problem (7)-(9) according to the following definition:

Definition 1. Let functions ¢ (X), y, () and f, (x,t) satisfy the conditions of

Theorem 3 and converge in the norm of L,(Q) (for the last function, the indicated
convergence is uniformly with respect to t €[0,T]) to the functions ¢(x), v (x) and
f (x,t) respectively. A function u(x,t) will be called generalized solution to
problem (7)-(9), if there exists a sequence of classical solutions u, (x,t) to problem
(7)-(9) with the initial data ¢, (X), w,(x) and the right-hand side f, (x,t),
converging uniformly with respect to t€[0,T] in L,(Q) to the function u(x,t).
Theorem 5. Let functions ¢(x), w(x) and f(x,t) (forall t€[0,T]) belong to
the space L, (€2). Then there exists the unique and stable generalized solution of the

problem (7)-(9), which is determined by the sum of the series (14) and the norm of
the solution ||u(x,t) ||L2 () 1S @ continuous function with respect to t€[0,T].

Let us now consider the initial-boundary value problem for a parabolic
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equation: find a function u(x,t) e C(Qx[0,T]) such that
U, (x,t), A(x, D)u(x,t) € C(Qx(0,T]) and satisfying the equation
U +Ax,D)u(x,t) = f(x,t), xeQ, t>0; (16)
the initial condition
u(x,0) = e(x), xe; (17)
and boundary conditions (9).

Theorem 6. Let r>2ﬂ and ¢(x) e D(A7). Further, let f(x,t)e D(A?) for
m
all t €[0,T], moreover the function
FO) =1 A F (Dl o

be continuous in the variable t€[0,T]. Then there exists the unique solution to
Problem (16), (17), (9) and this solution can be represented in the form of the series

0 t
u(xt) = kZ[e‘”ktcok + A5 (@dem 0, te©T],
=1 0

which uniformly and absolutely converges in the closed domain (f_l) , where ¢, and
f, (t) are the corresponding Fourier coefficients.

The third chapter of the dissertation is titled *Initial-boundary value
problems for the subdiffusion equations'. In first section we studied an initial-
boundary value problem for a time-fractional subdiffusion equation with an arbitrary
order elliptic differential operator.

Let p €(0,1) be a constant number. Consider the differential equation

ofu(x,t) + A(x,D)u(x,t) = f(x,t), xeQ, t>0; (18)
with initial
limof u(x,t) = p(x), xe; (19)
t—0
and boundary
B;u(x,t) =| |Z b, ; (X)D%u(x,t) =0, (20)
al<m.

J

OSmj <m-1, j=12,..1; xeod

conditions, where f (x,t),o(x) and coefficients ba,j(X) are given functions. The
uniqueness and existence of the classical solution of the posed problem are proved
by the classical Fourier method. Sufficient conditions for the initial function and for
the right-hand side of the equation are indicated, under which the corresponding
Fourier series converge absolutely and uniformly.

Theorem 7. Let f(X,t) e C(Qx(0,)) and ¢ € C(QQ). Then problem (18)-(20)

may have only one solution.

Theorem 8. Let 7> Zl and pe D(A’). Moreover, let f(x,t)e D(AT) for all
m
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t[0,T], and the function
FO) =1 AT D (o)

be continuous on t€[0,T]. Then there exists a solution of initial-boundary value
problem (18)-(20) and it has the form of series

0 t
u(xt)=Ylpt" 'E, ,(-A4t?) + [f;t = &)EPTE,, L (-4;E)dEN; (X),  (21)
1 0

which absolutely and uniformly converges on x € Q and for each t € (0,T].

In the case of an initial-boundary value problem on N -dimensional torus, one can

easily see that these conditions are not only sufficient, but also necessary. Let us

consider the last case. So let A(D)= > a,D“ be a homogeneous symmetric
|a|l=m

nonnegative elliptic differential operator with constant coefficients. Let the

differential equation and initial condition have the form (0 < p <1)

oPu(x,t) + AD)u(x,t) = f(x,t), xeTV, t>0; (22)
limof u(xt) = (x), xeT"; (23)
t—0

Instead of boundary conditions (20) we consider the 27 -periodic in each argument
X; functions and suppose that o(x) and f(x,t) are also 27 -periodic functions in

Xj.

Theorem 9. Let r>% and p e LE(TN). Moreover, let f(x,t)e LE(TN) for
any t€[0,T] and the function
_ 2
F(t) _” f(-,t) L5 (TV)

be continuous on [0,T]. Then there exists a solution of initial-boundary value
problem (22)-(23) and it has the form

t .
u(x,t) = ZN [ont”E, ,(AM?) + [, (t - OEPTE, , (-A()EP)dER™,
neZ 0
which absolutely and uniformly converges on x e TN and for each t e (0,T].

N . :
Remark 1. Note, when 7> > according to the Sobolev embedding theorem,
all functions in L5 (’I[‘N) are 27 -periodic continuous functions. The fulfillment of

the inverse inequality rSE, admits the existence of unbounded functions in

. N : : .
L5 (T™). Therefore, condition 7 >? of this theorem is not only sufficient for the

statement to be hold, but it is also necessary.
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In second section we studied an initial-boundary value problem for a time-

fractional subdiffusion equation with the Riemann-Liouville derivatives on N -
dimensional torus. Let pe(0,1) be a constant number. Consider the initial-

boundary value problem

APu(x,t) —Au(x,t) = f(x,t), xeTV, 0<t<T, (24)
liméf tu(x,t) = p(x), xeTV. (25)
t—0

Instead of boundary conditions we consider the 27 -periodic in each argument X

functions and suppose that ¢(x) and f(x,t) are also 27 -periodic functions in X; -
The condition imposed on the initial function in first section has the form

pel; (TN ), 7> % Inequality 7 > % appears not only in this chapter, but also both

in the second and fourth chapters of the dissertation. Of course, this condition cannot

N
be replaced by ¢ e L? (TN), since it is well known that in this case functions from
N
the class L2 (TN) may be unbounded. Naturally, this raises the question: is it

N
: .. N > :

possible to replace condition @ € L5(TV), 7> > by e C(TN) A L2 (TM). In this

section we prove that this is possible. Also in second section the condition on the

right side of the equation found in first section is weakened by replacing the
it 812 : 1-p £ (. 41112
condition || f(’t)”Lg(TN)EC[O’T] with ||t f(’t)”Lg(qu)EC[O’T]'

N
- N
Theorem 10. Let @eC(TV)~L2(TV). Moreover, let a>— and

f(x,t)e B(TN) for 0<t<T and ||t*~» f(-,t)||ia(TN)eC[o,T]. Then there exists
2

a solution of initial-boundary value problem (24)-(25) and it has the form
t

U(x0)= X [pt”E, ,(INF ) + [T, (= 8)&7E, L (-Inf £7)dEle™, (26)
nezN 0

which absolutely and uniformly converges on x e TN and for each t € (0,T], where

@, and f_(t) are corresponding Fourier coefficients. Moreover, the series obtained

after applying term-wise the operators 0f and A also converge absolutely and
uniformly on x e T and for each t (0, T].

In third section we investigated an initial-boundary value problem for a time-

fractional subdiffusion equation with the Caputo derivatives on N -dimensional
torus by the classical Fourier method.
Let p<(0,1) be a constant number. Consider the initial-boundary value

33



problem
DAu(x,t) + Au(x,t) = f(x,t), xeTV, 0<t<T, (27)

u(x,0)= g(x), xeTV, (28)
where A=—A-the Laplace operator, f and ¢ are given continuous functions.

Since the method we use is based on the expansion in terms of eigenfunctions of an
elliptic operator, this method can also be applied to an arbitrary elliptic operator even
with variable coefficients, provided that the operator has a complete orthonormal
system of eigenfunctions.

Theorem 11. Let a>% and ¢ e L%(TN). Moreover, let f(x,t)e L%(TN)
for te[0,T] and || f(,t) ||2La(TN)€C[O’T]' Then, there exists a solution of initial-
2

boundary value problem (27)-(28) and it has the form
t -
U= 3 [pEpa (I t7) + [ (t =& 7E, , (~In[* £7)dle™,
0

neZN
(29)
which converges absolutely and uniformly on x e TN and for each t < (0,T]. Here,
¢, and f_(t) are corresponding Fourier coefficients. Moreover, the series obtained

after applying term-wise the operators D and A also converge absolutely and

uniformly on x e T and for each t < (0,T].

A result similar to Theorem 11 was obtained in second section for a subdiffusion
equation with the Riemann-Liouville derivative. But the condition found for the
initial function ¢(x) in second section is less restrictive. For example, in the one-

dimensional case, it has been proved that it is sufficient to require
1

o(x) eC(TH N Lg (TN). At the end of this paragraph we prove that even Holder

continuous with exponent aZE for the initial function is not sufficient for the

validity of Theorem 11 in the one-dimensional case.

The fourth chapter of the dissertation is titled '‘Inverse problems for
subdiffusion equations'. In first section we investigated an inverse problem of
determining the right-hand side of a subdiffusion equation with Caputo fractional

derivative whose elliptic part has the most general form and is defined on an N -
dimensional torus TN .

Problem: Find a pair of 27 -periodic in each variable X; functions {u(x,t), T (x)}:
f(x)eC(TN) and  u(x,t)eC(TVx[0,T])  with the properties
D u(x,t), A(D)u(x,t) eC(TN x(0,T]) that satisfies the following differential
equation (0< p<1)
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DAu(x,t) + AD)u(x,t) = f(x), xeTV, t>0; (30)
and the initial
u(x,0)=g(x), xeTV; (31)
and the additional conditions
u(x,T)=¥(x), xeT". (32)

We will assume that the given functions @(x) and W(x) are 27 -periodic in each
variable X;j as well.
Since the Fourier method is used here, the results of this section can be
generalized to more general equations.
N
Theorem 12. Let g€ L (TV) and W e L;*m(TN), where r>?. Then there

exists a unique periodic solution {u(x,t), f(x)} of the inverse problem (30)-(32)
which can be represented in the form of the series:

U= Y gE, 1 (CAM)E™ + X ftPE, L (—AMIE)E™,  (33)

neZN neZN
and
f(x)= Z ¥y g™ _ Z (anp’l(_A(n)Tp) g™ (34)
nezN T7E, o (CAMT?) nezN T7Ep o (CAMTY)

Theorem 13. Let the function ¢(x) and ¥(x) be continuousin TN . Then there
can exist only one classical solution {u(x,t), f (x)} of the inverse problem (30)-(32)

In second section we studied inverse problem of determining the right-hand
side of subdiffusion equation with a fractional derivative in the sense Riemann-
Liouville, whose elliptic part has the most common form and is defined in an
arbitrary multidimensional domain (with sufficiently smooth boundary).

Let 0 < p <1. Consider the subdiffusion equation

ofu(x,t) + A(x,D)u(x,t) = f(x), xeQ, O0<t<T, (35)
in which the function f(x) characterizing the action of heat sources depends only
on x. If this function is known, then to find the temperature distribution u(x,t)

unambiguously, it is necessary to impose additional conditions (see Chapter 3). For
example, one can set the initial condition

limof u(xt) = (x), xeQ, (36)
t—0
and the boundary conditions
Bu(xt) :l IZ b,,; (X)D%u(x,t) =0, (37)
al<m.

J
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Ogmj <m-1,j=1,2,..,I;xe 0Q,0<t<T,

where ¢(x) and the coefficients ba, j (X) are given functions. As a result, we obtain

the forward initial-boundary value problem, considered in Chapter 3.
In this paragraph, we consider the following inverse problem: along with the
solution u(x,t) to the initial-boundary value problem, find the heat source density

f (x) such that the temperature distribution at time T achieves a prescribed level,
u(x,T)=¥(x), xeQ. (38)
Inverse problems like this arise when studying thermophysical and some other
processes. The Fourier method is used to prove theorems on the existence and
uniqueness of the classical solution of the initial-boundary value problem and on the
unique reconstruction of the unknown right-hand side of the equation. The concept
of generalized solution is introduced and a theorem on its existence is proved. The
stability of classical and generalized solutions is proved. Requirements for the initial
function and for the additional condition are established under which the classical
Fourier method can be applied to the inverse problem under consideration. The
results obtained are also new for the classical diffusion equation.
Theorem 14. Let the functions ¢(x), W(Xx) are continuous in the domain Q.

Then there can exist only one classical solution {u(x,t), f (x)} of the inverse problem
(35)-(37), (38).

Theorem 15. Let peD(A7) and ¥ e D(A™™), where ¢ >2l. Then there
m

exists a solution {u(x,t), f (x)} of the inverse problem (35)-(37), (38) and it can be
represented as series

u(x,t) = icﬂktp_lEp,p(—Mp)Vk(X)Jr ifktpEp,pﬂ(—ﬂ«tp)Vk (x),  (39)

k=1 k=1
and
00 \P 0 q)kE (_ﬂkTP)
f(x) = > - L 40
® 'lepEp,pﬂ(—ﬂkTp)Vk(X) 'leTEp,pﬂ(_ﬂkTp)Vk(X)’ (40

that converge absolutely and uniformly in x e Q for all t e (0, T].
As an example of the application of Theorem 15, consider the inverse problem
studied above in the N -dimensional torus TV .

Let A(D)= > a,D* -homogeneous elliptical symmetrical positive
lal=m
differential operator with constant coefficients. Let the differential equation, initial
and additional conditions have the form (0 < p<1)

oPu(x,t) + AD)u(x,t) = f(x), xeTV, t>0; (41)
limof tu(x,t) = p(x), xeTV; (42)
t—0
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u(x,T)=¥(x), xeT". (43)
Instead of boundary conditions (37), we will require that the functions u(x,t) and
f(x) are 27 -periodic in to each variable X;j. We will also assume that the given

functions @(x) and W(x) are 27 -periodic in each variable Xj -

Theorem 16. Let ¢ e L (’]I‘N) and ¥ e L§+m(TN), where r>%. Then there

is a unique periodic solution {u(x,t), f (x)} of the inverse problem (41)-(43) and it
has the form

U= Y [pnt”E, ,(AM?) + ft’E,, 1 (-AME)™,

neZN
f)= Y fe™
neZN
where

v, B, (CAMT?)
TpEp,p+l(_A(n)Tp) TEp,p+1(_A(n)Tp)

and ¢,, W, are the Fourier coefficients, respectively, of the functions ¢(x) and
¥ (x). Moreover, the above series converge absolutely and uniformly in x e TN for
all te(0,T].

We once again consider the inverse problem (35)-(37), (38), but this time we
study the existence of generalized solutions. To this end, by C((0,T],L,(€?)) we

denote the class of functions u(x,t) square integrable in ¢ for which the function
U (t) =||u(.,t)||L2(Q) is continuous on the set (0,T]. For such functions u(x,t),

f =

n

condition (36) will be understood in the generalized sense,
lim 1127 u(x,t) = () llL (0 = 0. (44)

t—0
Definition 2. A Generalized solution of the inverse problem (35), (44), (37),
(38) is a pair of functions {u(xt), f(x)} such that feL,(Q),

A(x,D)u(x,t),0fu(x,t) e C((0,T],L,(€2), relations (35), (37), (38) hold almost
everywhere in Q, and relation (44) is satisfied in the generalized sense.

Theorem 17. Let condition (A) be satisfied and let @eL,(Q2) and
¥ eW,"(Q). Let further the function ¥ satisfies the boundary conditions (37).
Then there is the only generalized solution {u(x,t), f (x)} of the inverse problem (35)
, (44), (37), (38), and one has the estimates

Il @=Cllell, +||‘I’|LNm (45)

@

CU Il gy AU @< O Il @)+l 1 120, (46)

Wy (@)
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CONCLUSION

The dissertation is devoted to the study of initial-boundary and inverse problems
for classical equations of hyperbolic and parabolic types, as well as for subdiffusion
equations. The main method for solving these problems is the classical Fourier method.
Therefore, in the entire work it is required that the elliptic part of the equation has a
complete in L, orthonormal system of eigenfunctions. In the previous papers, where

the classical solution is studied, the authors mainly considered such equations, the
eigenfunctions of the elliptic parts of which had an explicit form. For example, u,, on

an interval or Laplace’s equation on a rectangle. Eigenfunctions in these cases are
trigonometric functions or their products. The main purpose of this dissertation is to
apply the Fourier method in cases where the explicit form of the eigenfunctions is not
known. To achieve this goal, we rely on the fundamental results of V.A. II’in, M.A.
Krasnoselskii and Sh.A. Alimov.

The main results of the research are as follows:

1. We studied initial-boundary value problems for hyperbolic and parabolic
equations, the elliptic part of which has the most general form and is defined in an

arbitrary multidimensional domain (with a sufficiently smooth boundary) and N -

dimensional torus TN . Using the Fourier method, we prove the existence and
uniqueness of a classical solution and generalized solution to a mixed problem.

2. We studied an initial-boundary value problem for a time-fractional subdiffusion
equation with an Riemann-Liouville and Caputo derivatives. Uniqueness and existence
of the classical solution of the posed problem are proved by the classical Fourier
method.

3. For the subdiffusion equations with the Riemann-Liouville derivatives, using a
more accurate estimate of the Mittag-Leffler functions, we proved the existence of a
solution to the mixed problem for a wider class of initial data. At the same time, it is
essential that the fractional Riemann-Liouville derivative participates in the equation of
subdiffusion. It should be noted that the condition on the initial function found in this
section is less restrictive than the analogous condition in the case of an equation with
Caputo derivatives, and we provided a corresponding example.

4. We investigated inverse problem of determining the right-hand side of
subdiffusion equation with a fractional derivative in the sense Riemann-Liouville and
Caputo, whose elliptic part has the most common form and is defined in an arbitrary

multidimensional domain (with sufficiently smooth boundary) and N -dimensional

torus TV . The concept of a generalized solution is introduced and a theorem on its
existence is proved. The stability of classical and generalized solutions is also proved.
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BBEJIEHUE (anHoTauusi aucceprauuu 1okropa punocodpuu (PhD))

Henabio uccaegoBaHust HAUTU KIACCHYECKUX PEIICHUH NPSIMBIX U 0OpaTHBIX
3ama4 ISl MapaboJIMYecKuX, TUMEepOOIMYECKUX YpPaBHEHUW W ypaBHEHUU
cyomuddy3un ¢ AIMIUNTHUECKON YaCTH YpPaBHEHHS] PACCMOTPHUM SJUTANITHYECCKHIMA
omeparop JO00TO TOpsAKa, OMPEACICHHBIM B TMPOW3BOJBHONW OTPAaHUUYCHHOU
oOnacru.

O0bexkTOoOM  mcciaenoBanusa  Kriaccuueckue — rumepOOIUYEcKHE |
napaboJn4ecKue ypaBHEHUs, ypaBHeHUs cyOauddysun ¢ npouzBogHsiMu Kamyro
u Pumana-JImyBwuist, sIunTHYECKass YacTb KOTOPBIX IPEJCTaBISET COOOM

MPOM3BOJIBHBIN AILIMIITHYCCKUI OnepaTop, 3a1aHHbIi B mpoussonbHoiit N -MepHoi
obnacTu.

Hay4yHasi HOBH3HA HCCJIEIOBAHMSA COCTOUT B CIEAYIOIIEM:

JlokazaHa OJTHO3HAa4YHas Pa3pelIMMOCTh B KJIACCHYECKOM CMBICIE HayalbHO-
KpaeBbIX 3aJad s TUOepOOIMYECKMX M MapabOIMYecKUX ypaBHEHUH,
AJUIMNITUYECKAs]  4YacTh  KOTOPBIX  MPEACTaBisieT CcoOOHM  IPOU3BOJIBHBIN
AIUTMIITUYECKUI ONepaTop, ONpPeAESIEHHbIN B IPOU3BOJIBHON 00JaCTH.

JlokazaHa OJIHO3HAYHasl Pa3pelIMMOCTh B KJIACCHUYECKOM CMBICIE HayalbHO-
KpaeBbIX 33/1a4 JJIs1 ypaBHeHUH cyonuddys3uu ¢ npousBogasiMu Kamyro u Pumana-
JInyBWILISA, DITMNITUYECKAs YACTh KOTOPBIX MPEACTABISAET COOON MPOM3BOJIbHBIN
AIUTMIITUYECKHUI OnepaTop, ONPEAEIICHHbIN B TPOU3BOJIBHON O0JIACTH.

JlokazaHa OJIHO3HAYHAsg pa3pelIMMOCTh B KIACCUYECKOM CMBbICIE U
CYLLIECTBOBaHHE OOOOIIEHHOM CMBICIE OOpaTHBIX 3a7ad OIpeAeSiCHUs MpaBoil
yacTu ypaBHeHMi cyOauddy3un ¢ npousBogubiMu Kamyto u Pumana-JInysumis,
AJUIMOTUYECKAs] YacTh KOTOPBIX SBIAETCS IMPOU3BOJIBHBIM  DIUTUNITHYECKUM
OIIepaTOpPOM, OTIPEIEIEHHBIM B IPOU3BOJIBHON 00JIACTH.

BHeapenue pe3yabTaToB Hccjaea0BaHUA. Pe3ynbTaThl OBLIN MCIIOIB30BAHBI
B CJIEAYIOIINX HAYYHBIX UCCIEIOBAHMSIX:

HalJIeHHUE pEIICHHUs HadyalbHO-KpaeBOl W oOpaTHOM 3ajady ypaBHEHUU
cyomuddys3un O6pumm ncmons3oBanbl Ne AAAA-A19-119072290002-9 B pamkax
MeXIyHapoaHbIX mpoekTa «IIpupoansie katactpodsl KamuaTku — 3emiieTpsiceHus
Y U3BEpP)KEHUE BYJIKAHOBY». JUJISl OMMCAHMSI MaccOIllepeHoca paJuOAKTUBHOIO ras3a
pazoHa, ONEPATUBHOIO NPEIBECTHUKA 3€MIIETPACEHUM, U3 TPyHTa B NPU3EMHBIN
cioii atmocdepsl. (CnpaBka Kamuyarckoro rocyJapCTBEHHOTO YHHBEpPCUTETA
umenu Buryca bepunra ot 24 okts6ps 2022 r. Ne 44-12. Poccuiickas ®enepanus).
[IpyMeHeHne HayYHbIX pe3yIbTaTOB IMO3BOJIMIIO Pa3padoTaTh aJIrOPUTMOB PEILICHUS
oOpaTHBIX 3a71a4 Te0(U3UKH.

HaWJIeHHBIC pPEIICHUS HaYaJlbHO-KpaeBOM W OOpaTHOW 3ajad ypaBHEHUU
cyonuddy3uu ¢ npoOHBIMU MPOU3BOIHBIMY OB UCTIOIB30BAHbBI MIPU BHITIOTHEHUT
MEXIYyHAPOJAHBIX Hay4dHO-uccaenaoBarenbekux padbor Ne HUOKTP AAAA-A19-
119013190077-1, 2019-2021r. B pamkax TeMbl «JlpoOHOE HCUYUCICHUE W
muddepeHranbHble  ypaBHEHUST JAPOOHOTO W PACMIPEAECICHHOIO MOPSJIKay.
(CripaBka WHCTUTYTa TPUKIAJHOW MAaTEeMAaTUKW W aBToMaTm3anuu KabapawHo-
bankapckoro nayunoro nentpa PAH ot 20 mast 2022 r. Ne 01-14/30). Pe3ynbTaThl
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HAIllJIM IPUMEHEHHE IIPU PEILICHUH JIOKAJIbHBIX U HEJIOKAJIbHBIX KPAEBbIX 3a/1a4 JJIsl
ABOJIIOLIMOHHBIX YPAaBHEHH C JAPOOHBIMH MPOU3BOAHBIMA IO BpPEMEHHOMU
MEPEeMEHHOM, KOTOpbIE B TOCIEAHHE NECATUICTUS HaxoIaT 3¢ GeKTUBHOE
MIPUMEHEHUE MPU MATEMATUYECKOM MOJECIMPOBAHUU PA3IHYHBIX (U3HUUECKUX U
OMOJIOTUYECKHUX TIPOIIECCOB.

Ctpykrypa m o0bem amcceprammm. J(uccepranusi COCTOMT M3 BBEICHUA,
YeThIpEX TIJIaB, 3aKJIFOUECHMS W CHHCKa JuTepaTyphl. OOmumii o0beM auccepTauuu
cocrtapisieT 126 cTpanuil.
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