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KHUPUI (pancada nokropu (PhD) nuccepranusicu aHHOTAIUSCH)

Hucceprauuss MaB3yCHHHHI Joj3apoaurn Ba 3apypusatH. JKaxon
MUKECHIa Hazapuii ¢pusnka GaHu Kabu MaTeMaTUKAaHWHT XaM KyT1ab oObeKTiapu
HOAacCOLIMATHB anredpa ycyjulapu opkaid ypranuamokna. Kymnanan, Jlu Ba
Wopnan anreGpamapy KBaHT MEXaHMKACHHHHI TIpeAMeTH cH(paTHAa BYXyAara
kenraH. borrka TomonaH aca JIu anreGpanapu HoaccormaTuB anredbpa 6ynuo, Jin
rpynnaJapuHUHT MYyXUM XyCYCHUSITIApUHU y3una akc 3Trupamu. [actnab, Jlu
anredpanapy Ha3zapUsACHHU PUBOXIIAHTUPHINIA yiap acocaH JIu rpynmalapiHUHT
TaTOUKJIapu cudaTuaa Kapairan Oyica, KeMMHYAIMK MYCTaKWJ XapakTepra ara
Hazapus Oynub makiutanau. Jlu rpynmnanapuia MaBxya Oynran Kymnald TylryH4Ya
Ba xycycusimiap Jlu anreOpanapu yuyH XaM aHHMKJIaHHMO, KelnH4Yanuk ynap Jlu
anreOpaiapuHUHT OUp Karop yMyMilaliMalapu y4yH XaMm KeHraiTtupuirad. Jlu
anreOpaJapuHUHT MYyXUM yMmymiammaiapugaH Oupu  Oynran  JleiOHuUI
anrebpanapy  TYJQIWTHHU  aHUKJALI,  YJIAapHUHT  WYKA  Ba  TallKd
muddepeHIMATTAITIADWHA  TOTIMINI Ba TacHUMIAIT Macajajiapu 3aMOHABUN
anreOpaHuHT 10713ap0 Ba MyXuM BaszudanapuaaH oupu 6Yaud KeaMoKaa.

Xo3upru BaktAa JleiOHui anrebpanapu kynxwuidrgga Oapua tyna Jlu
anrebpanapyuHu ¥3 WUUra ofyBuM OMp KaH4da cHH(Iap MaBxXy[a OYIraHIurd yuyH
tyna JleiiGHul anrebpanapu TyUIyHYacHMHHM aHUKJIAlIa OWp HeuTa OMMUIapra
TasgHULra TYFpu Kenagu. LlyHuHr yuyH xam Ttyna JleliOnun anreOpanapu
TYIIyHYACHHU KUPUTHUIIIA OUp HeYTa OJIMMIIap TOMOHHIAH Typiinda EHalryBiIap
O0ynmub,  keiimHuanuk  Jlu  anrebpanmapupma @ O6ynranu  kabu  Oapua
muddepeHpaNIaANUIApY  MYKKA  XaMmJa MapKasu TpuBwan Oynran JleldOHui
anreOpanapunyn  Tyna ne6 aram KaOyn KuiluHrad. byHpait  anreGpanap
KOTOMOJIOTMK HYKTau HazapJlaH XaM Myxum O0ynu6, kymimab tyna JledHOHUIY
anredpanapu KOroMOJIOTHUK KaTTHK anrebpanap cuHdura terunumaup. by 6opana:
tyna JleitOuu anrebpanapunu TacHunam, Tyaa uneanra sra Oynran JleitOHun
anrebpalapuHu aXpanaauraH SKaHUHH KypcaTHll, OepuiraH anre0palapHUHT
Tamky auddepeHnuamanriapra sramuruau ucbotiami, JleiOuuir anredpanapuau
TaBCU() KWW MAKCaJTA UMUK TaIKAKOTIApIaH XUCOOIaHAIH.

Mamnakatumuzaa ¢yHaaMeHTan ¢(aHIapHUHT WIMAKA Ba aManuii TaTOMKWUra
sra OynraH Maremarnka, (U3WKa, TeoJorus Ba Owonorus (anmapura 3bTHOOP
Kydatupmigu. JKymnamaH, HoaccouuaTuB anreOpanapra owj (¢GyHIaMeHTal
TAAKUKOTIAPDHUHT PHUBOXIIAHUIINTA XaM ajoxXuaa YbTHOOp KapaTwigu. Yoy
dbyHIaMeHTaNl TaAKUKOTIap Aoupacuaa Tyia JleMOHUI anreOpalapiHA YpraHUII
Oopacuia caJIMOKJIM HaTHXallapra SpUIIWIIN. «Anredpa Ba QYHKIIMOHAT aHATN3Y
(baHTapUHUHT yCTYBOp WYHAIMIUIApU OYiida Xallkapo cTaHAapTiIap Japa)kacunia
WIMHANA TaIKAKOTIap ONnO OOpHIn MareMaTuka (paHWHUHT acocHil BaswWdacw Ba
daonuar HyHamumum >tH6 Genrwnangu'. Kapop WXpOCHHM TabMUHJIAILIA MMM
HaTWXKalapaH uiM-GpaHHUHT TYpAOLI coXajapuaa (GoiganaHu Makcaauaa Tyia

! VsGexucron Pecnybnukacu Basupnap Maxkamacuuunr 2017 #un 18 wmaiinaru  “V3GekucToH
Pecriy6ninkacn ®Pannap akageMUsSCHHUHT SHTMOAH TAIIKWI STWITaH WIMHMK-TAJKUKOT Myaccacanapu

($haonMATHHM TALUKWI 3TULI TYFpUcHaa’ TH 292-COH KapopH
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JleitOuMI anrebpanapy Ha3apUsICHHU PUBOKIAHTHUPHII MyXUM axaMHUSTra 3Ta.

V36ekncron Pecriy6iukacu IMpesunentunnar 2017 iun 7 dpepangarn I11D-
4947-con «Y36ekucToH Pecry6GIMKacHHM siHaja PUBOXIIAHTUPUII Oyiinda
xapakatjap crparerusicn Tyrpucuga»ru ®@apmonu, 2019 iun 9 wrongarm I1K-
4387-con «MartemaTuka TabIUMUA Ba (GaHJIApPUHHA SHAJAQ PUBOKIAHTUPUIIHA
JaBIIaT TOMOHMJIAH KYJUTa0-KyBBaTJall, IIyHHHIIEK, Y30eKucToH Pecry6nukacu
®annap AxagemusicuHuHT B.M.PomaHoBcKuii HOMUaru MaremaTuka UHCTUTYTU
daonusaTUHU TyOAaH TaKOMWUIAIITHPUIL Yopa-TaaOupiapu TYFpUCUAA»TH Ba
2020 #iun 7 maitgarun I11K-4708-con «MartemaTuka coXacujard TabiuM cU(paTHHU
OLIMPUII Ba  WIMHUU-TAJAKUKOTIAPHU  PUBOXIAHTHPUIL  4Yopa-Taadupriapu
TYFPUCUIA»TU  KapopJiiapy XxamJa Ma3Kyp (GaojusTra Teruiiy OolKa HopMaTUB—
XYKYKUH XyxoKaTiapja OenrujaHran BasuQanapHyd amMaira ouudpuiiga ymoy
JUccepTalys TaAKUKOTH MyaidsiH 1apaxaaa Xu3maT KUIaau.

TanKuKOTHUHI pecnyOauka ¢GaH Ba TEXHOJOTHSJIAPDH PHBOXJIAHHUIIH
yYCTYBOp iiyHaauuuiapura 0oraukaura. Maskyp TaakukoT peciiyOnuka (aH Ba
TeXHoJorusyiap  puBoxyaHummHUHr [V,  «Marematuka, MexaHuWKa Ba
nH(pOpMaTHKa» YCTYBOP MyHATUIIH Toupacuia OaxapuiraH.

MyaMMOHHMHI YpraHWJIraHJuk aapaxkacu. bapya guddepennuamnaniapu
WYKA Ba Mapkasum Hojra TeHr OynaraH Jlu anreOpamapu OupuHUM MapTa
M.I'oToruHaT unutapuga doiganaHuiran, JeKuH Oy Bakraa OyHIal XycycHsTra
sra anrebpanap KaM COHJIM OYJNTaHJIUTd YYyH YJApHUHT aXaMHsITH eTapiu
napaxana tyuryHuiMarad.  O.0lleHkmMaH ~ TOMOHMAAaH  YpraHwiraH KHCM
WHBapUaHTIap Hazapuscu €épaamuaa Tyna JIu anrebpajapuHUHT XOCHUI OYIUIIM
OyHmail anreOpasiapHd  ypraHuiura TypTKA OYnraH AacTiabKkd — MyXuM
Kagamiapjaan Oupu xucooOmanHaau. Tyna Jlu anrebpacu aramacu H.)KexkoGcon
TOMOHUJIAaH WJIK MapTa KyJJaHuiraH Oynub, Tyna uiaeanra sra OYiaraH UXTUEpUN
yeknm Ymuamim Jlm anreOpacm axpanamguran Oynaumu wcOotinanraH. CYHITH
Wummapaa  Typau  onmmiap Tyna Jlu  anreOpamapuHuHT TacHubU Xamga
CTPYKTypaBUil Xycycustiapura 3bTu0op Kaparaunap. [[.MeHr nxtuépuil yeknu
Vauamnm Ttyna Jlu anreGpacuHu conaja Tyna WAeaUIAPHUHT TYFpU WHUFUHIUCU
makauaa ERUI MyMKAHIUTHHY XaMma Oy Einnma ujeaiap TapTuOW aHUKJIATHA
ATOHANUIMHA ucOomiarad. M.['ao xamga JI.MeHr HuIbpagukanu [-mapakanu
anrebpagan ubopar Oynran euwnyBuaH Jlu anreGpacwHMHT TYna OYIWIIN ydyH
3apypuil Ba eTapiWJIMK IIapTIapuHU Ba e4YWIyBUYaH OYynmaran Ttyna Jlu
anredpacuHu Kypulll yCyJIuHU OepraH.

JIn anre6pacura yxmamn tap3ga K.M.Ankoudea Ba P.Kammnoamop-CrtypcOepr
ToMOHMIaH Tyna JleiOuuil anredpacu TylIyHYacH KUPUTHITAaH. Yap TOMOHHUIAH
HUJbpaguKaIu Holl-hrndopm anredpara nzomopd 6ynran eumnyBdan JleHOHUIT
anrebpacu tyna Oynumm ucobornanran. Kerinnuanuk, XK. K.Anames Ba Gomkanap
TOMOHHJIaH HWJIbPATUKAIN TaOUMA yCyiaa rpaayupianrad p-buaudopm ainredpa,
my OwnaH OWpra HWIBPATUKAIHUHT KO-YJI4aMA MakKCHMall OYJraH eduiTyBYaH
JleitOamn  anreOpajapWHWHT  TYJIAJWUTH  KypcaTWwiraH. byHIaH Tamkapw,
B.A.OmupoB Ba VY.X.MamananueBnap TOMOHHIAH HMIbPAIUKAIA HMXTHEPUIA
XapaKTEePUCTUK KeTMa-KeTJIMKKa »3ra OynraH Tyna euwinyBdaH JleHOHUI
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anrebpanapu  tacHudmanran. Illyaumargex, K.K.AGmgypacyyioB TOMOHUIaH
HUJTbPAIUKATMHUHT KO-YT9aMH XOCWJ KWJIYBYH dJIEMEHTIAp COHWUTa TEHT OyiraH
uxTuépuii eunmnyByat Jleitbuui anrebpacu Tyna SKaHIUTH KYpcaTHITaH.

JleitOnun anreOpanapuHUHT CTPYKTypaBUW Ha3apuscuaa YJIapHUHT Xap
KaHgail cMHQUHM W30MOp(U3M aHMKJIWTHAA TaCHHUQIAII acoCUil MyaMMoJapAaH
oupu xucobnanaau. Mkku Ba yu ymuammnu JleitOuui anreOpamapu XK.-Jl1.JIoxe,
b.A.OmupoB, JK.M.Kazac Ba Oomkamap TOMOHHJAH TacHHUQIAHTaH.
A X XynoiibepnueB Ba D.M.Kanbere ToMoHMAaH 53ca Oapua TYpT Yiayamiu
eurstyBuYaH JlelOHuy anrebpanapu tacHuU onuHrad. TabKujmail >KOu3Ku, Oerl
ymdamnu eunnyBYaH JIeMOHMI] anreOpallapuHUHT HUJIbpPaguKaIW y4 EKdU TYpT
ymdamnu O0Ynu0, HUIbpaaUKadu yd ymuyamum OynraH Oemn YiayaMid eduniyBuYaH
Jleitbuun anrebpanapuHuHr TaBcubu A.X.Xynoitbepaues, N.C.PaxumoB Ba
HI.K.Canpg XycelHIapHUHT MLIUIapUaa KeATUPUITaH.

Huccepranus TAAKAKOTHHHHT JHCCEPTANHNS 0aKapWJIraH OJIMii TabJIuUM
MYaccacaCHHHHI WJIMHH-TAAKMKOT HILJIAPH pekajapu OWJaH OOFJIMKJIUIH.
Hucceprauus TagKUKOTU B.1.PomanoBcknii HOMUAaru Marematuka
UHCTUTYTUHUHT  «OmepaTopiap Ba HoaccouuaTHB —anreOpamapaa  Jokam
auddepeHnInauian Ba aBTOMOpPQU3MIAp, HOUM3MKINA JUHAMHUK CHCTeMaiapra
¢daza ammammnuiap Ba xaoc + EBkmma Ba mceBmo-EBknua dazomapumaru srpu
YU3WKJIAp Ba CHUPTIApPHUHT T1J100ajl WHBApUAHTJIApW Ha3apusich Ba YHHUHT
MexaHukara rtaroukiapu»  (OT-D4-82+O0T-D4-87, 2017-2019  iunnap)
MaB3ycuaard ¢GyHaamMeHTal Joinuxacu qoupacua daxxapuiras.

TaagKMKOTHHHT MaKcaAu KUYUK YI4amiid edulyBYaH Ba TYla Hjeasnra sra
Oynran vexknu Ymuamnu JleOHuUI anreOpanapUHUHT CTPYKTYpPacHHHM aHHUKJIALI
xamza JleitbnuL anreGpalapuHUHT MapKa3uit Ba HUJIBIIOTEHT
nudepeHraIIaNuUIapUHA TOMUIIIAH nOopart.

TaakMKOTHUHT Bazudagapu Kyidugaruiapaad uoopar:

HUWJIbpaJuKanu TYpT Yymyamnau Oynran Oemn ynuamnu euusyBuYaH JlelOHUIL
anreGpaiapuHu TacHUGIAIT,

YeKIN Yiraamiu JleiiOHMM anrebpanapu nud depeHnranIan
anredpalapuHUHT HUJIBIIOTEHTIINK XoccallapuHu xamza JleitOHMLL
anredpalapuHUHT MapKa3uii Ba Tamku qudepeHnmnamianiiapuHu TOTIHIIT;

TYyna paaukaira sra 6ynran JleiiOaui anredbpamapuHu KypHIIL.

TaakuKOoTHUHT o00bekTH. Yeknn Ymuamum JleliOuun — anrebpanapu,
eYMITyBYAH JletiGHUI anrebpanapu, JletiGHU1 anreOpamapuHUHT
nuddepeHramIanuiap aaredpacu.

TaakukoTHUHT mnpeametu. Yexnu Ymuamnu JleitOuuil anrebparapuHUHT
CTPYKTYpaBUil HazapusiCH, €4WIyBYaH Ba HWIbINOTEHT JlelOHuUI anrebGpanapu
Ha3apHSCH.

TankKuKOTHUHT ycyJjuiapu. Jluccepranmusana CTpyKTypaBuil Y3rapmaciap
Xama  KJacCH(HUKaUUMsUIall — yCyJUlapu, HHAYKOUS ~ yCyJdH,  IIyHUHTIEK
VMHBapUaHTIIap Ha3apHsICH yCyJUIapu KYJUTaHUJITaH.

TagKMKOTHHHT WIMMH SIHTHJINTH Ky Huaaruiapaad noopar:

HUJbpauKanu TYpT Ymyamnau Oynran Oemn ymuamum eunnyByaH JleiOHUII
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anreOpayiapu TacHUGIaHTaH,

JleitOnuy,  anrebpamapuHUHr  OMp  BakKTna  Mapkasuid  Ba  MUKH
auddepeHInaIaluIapd TONWITaH XamjJa HOTpUBHAJI Mapkasra dra Oyirax
JleitOnun anrebpacuaa Mapkasuil anddepeHumanganuiap TYIWIaMA WYKA
auddepeHuInaUIanUiap TYmiaMu OujaH ycTMa-ycT Tymumu yuyyH JleiiOnun
anrebpacu metaben anrebpa OYIHINN 3apyp Ba eTapiiv SKaHJIUTH UCOOTIIaHTaH,

eUMTyBUYaH WACATUHUHI HWIbPAAUKAIN UXTUEPHUA XapaKTepUCTHK KeTMma-
KeTJIMKKa d9ra HUWIBIOTEHT anredpara uszoMopd Oynran JleiObuuiy anreGpacu
aXpajlaJurad SKaHJIUrY UCOOTIaHTaH;

paavKaiu HUJIbpaJAUKATHUHI MaKcMMall KeHraitmacuaan ubopar Oynran
JletiGnun anrebpacu uaeaUTAPHUHT TYFpU HWUFUHIWCU INAKIWa MdoaaIaHUIIN
UCOOTIaHTaH.

TaakuKOTHUHT amMajauii HaTW:Kacu. [lyccepranusia OJUMHTaH HaTHXauap
Ba (QoiifanaHuiaral MEeTOAJIApHU OJUH YKyB IOPTJIapy MaruCTpaHTIapu Ba TasHY
JOKTOpaHTIApH YUyH Maxcyc Kypciaapaa ykutuin myMkuH. LIlynunrnek, kapairan
O6ap3u Tyna pagukanra sra Oynran JleiibHun anreGpalapuHUHT CTPYKTypacu
uxTuépuii  Tyna waeannu JleWOHmn anreOpanmapw  Xakugard TUIOTE3aHU
TEKIIUPUIITra UMKOH Oepaiu.

TankukoT HATHKAJIAPHHUHT HIIOHYJITHIIUTH HaTHXajap
muddepeHIMaATAIIIAD  HA3apUSICWHH, aireOpaHWUHT  OomKa CHH(IApUHU
TEeKIIUPHUIIIArd MabllyM MeTOJUJIapHU, anredpanap Hazapuscuaard ¢yHaaMmeHTal
HaTW)KAJIApUHU KYJUlalll OpKajd OJIMHTaHJIWIKd OujaH wu3oxyaHand. OnuHra
HATHKAJAPHUHT UCOOTIapy MaTeMaTHK KUXaTIaH TYFpH.

TaagKuKOT HATH:KAJAPDUHUHT WIMHHA Ba aMajaui axamusaTH. Tagkukor
HATWKIAPUHUHT WIMHM  axaMHsITH IIyHJaH UWOOpaTKW, UIIAa OJUHTaH
HaTWXKaNapaaH TYpiu ajlrebpalapHUHT KYTIXUUIMTUHU TAAKUK KAJTUIIIA, XyCycaH,
AUccepTalysiga KeITUPWITaH yCyJl Ba METOJJIapHM KYJuiad, Tyna wpeaira sra
Ooynaran wxtuépuii JlelOHUI anreOpacHMHUHT axpajaauraH OYIWIIN XaKuaaru
TaCAWKHH XaJ KuIumiaa ¢poinaaaHuil MyMKHHIATH OWTaH 30X IaHaIM.

TaakuKOT HaTWXKATapUHUHT aMalliid  axXaMusATH IIyHAaH HuOOpaTkKw,
AUccepTalMsia OJUHraH HaTwkanap Tyna JledOHul — anrebpamapUHUHT
TacHUGIApU Ba Xoccajapy XaKuaa TurnoTe3anap sipaTUIira IMKOH Oepuiy OuiaH
M30XJIaHAH.

TaagKuKOT HATHXKAJAPUHUHT KOpuMii KuwauHumu. bem  yrauamnn
eumyBuaH JlelOHu1 anreOpanapu Ba 0ab3um Tyna JleiOuui anreOpasapuHUHT
TacHU(DU OYiiva ONMHTaH HaTHXalap acocuia:

Hunppanukanu typT Ymdgammm Oynran Oemr Yiuamiu edrtyBuaH JleHOHUITL
anrebpanapu tacHupuaan OT-DP4-31 pakamnu «HokommyTaTtuB MomyJuiap,
Jleitbuui anreOpanapy Ba CHUMIUIEKCIA TMOJMHOMMAN KacKajjap» MaB3yCUIaru
dbyHIaMeHTan JoWnxaga HWIbpaaukanu Kasu-puimudopMm anredpaman udopar
O6ynran euwmntyBuyaH JleiiOnun anreOpanapunu TacHupnamga Qoigananuiran
(V36exncron Mumnmmii yamBepcuteTHHuUHT 2022 iimn 17-saBapmaru 04/11-229-
COHJIM MabJIyMOTHOMacH). MiIMHU HaTW)XKaHWHT KYJUTAaHWIWINIWA, HUIPaIAKald
Oepwiran KWYMK ymuamian edmnyB4YaH JleiOnuiy anrebpanapuHu TacHUGIAII
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MMKOHHMHHM Oepras;

JleitOHun anrebpanapuHUHT TalIKK AUQQepeHnrauianuiapt y4yH OJIMHTaH
Hatwxkanapgan OT-4-27 pakamiu «I7Iopz[aH YWIAKJIapU OJi KyIMa Qa3zonapw,
curumiap (azonapu TaBcudaapu Ba GyHKUHUSIIAPDHA FOJIOMOP( AaBOM STTHPHUIID
MaB3ycuaard GyHAaMeHTan Joumxana dYeknu yadamun dunudopm JleiOHuUI
anreOpalapuHUHT  Jedpiad  WYkd  auddepeHIUaNNIANUIApUHA  YpraHumaa
dorinananunran (Kopakanmok naBnat yauBepcuteTuHUHT 2022 iinn 17-stHBapaaru
01-21-04/46-connmu  mabaymoTHomacu). WMnMuii HaTW)XKaHUHT — KYJJTAHUIWIIH,
JletiGHul anreOpajapuHUHT JedApiu WYku IuddepeHuuanianuiapu TacHUPUHU
OJIMII UMKOHWHU Oeprax.

TaakuKoT  HATHXKAJAPDHMHHUHT  anpolGauumsick. Ma3Kyp  TagKUKOT
HaTWXanapu 4 Ta Xainkapo Ba 4 Ta pecnyOiivka WIMUR-aMaiauil aH)XyMaHIapua
MyXOKamaJaH YTKa3uiraH.

TaagKuKOT HATHKAJAPDHHHHT OJbJOH KWINHranjamru. Jluccepramus
MaB3ycH Gyiinua skamy 14 Ta WIMMIl WII YOI STHITAH, LIyJapiaH, Y36eKHCTOH
Peciybnukacu  Onuit  arrectanusi KOMUCCHSCMHHHT  Qancada  JOKTOpU
OUACCepTalMsIapd aCcOCUU WIIMUKA HaTWKaJapUHU YOIl JTHUII TaBCUSA JSTUITaH
WIMHUI Hampiapaa 6 Ta WIMUAA Makoja, )KymiaJaH, 2 Tacu XOpWXKuil Ba 4 Tacu
pecmmy0OnKa Xy pHalapuia Hallp 3TUJITaH.

JAuccepTaMSIHUHT TY3WIHIIN Ba XaxMHu. J(rccepTraius KUpHIIT KUCM, ydTa
000, Xxyinoca Ba (oigamaHuiIraH agabuéTIap  pyWxarugaH — uoOopart.
JuccepTalstHUHT Xa)XMU 86 OETHM TAIlIKWII 3TraH.

JIUCCEPTALIMSITHUHT ACOCUH MAZMYHHA

Kupum kucmaa aucceprauus MaB3yCUHUHT JOJI3apOJiUIrd Ba 3apypartu
acocllaHraH,  TaJKUKOTHUHT  pecrybiumka  ¢aH  Ba  TEXHOJOTHUsIIAPH
PUBOMUIAHMIIIMHUHT  YCTYBOp  HMYHamuuuiapura  MOCIUTH  KYpcaTWiraH,
MYaMMOHUHT YpraHWiITaHJIWK Japaxxacd KeNTHpPWIraH, TaAKUKOT MaKCaiH,
Bazudanapy, OOBEKTH Ba TpeIMeTH TaBCU(IIAHTaH, TAAKAUKOTHUHT WIMUN
SHTUJIUTA Ba aMaldid HaTwkajgapu Oa€H KWIWHTAH, OJWHTAH HATKaJapHUHT
Hazapuil Ba aManuii axaMusITH o4ub GepuiraH, TaAKUKOT HATHKATApUHUHT KOpUN
KWIMHAIIY, HAIp OSTWITaH WIDAp Xamja [IAccepTalus TY3WIHId Oyiinda
MabJIyMOTIIAp KeITUPUIITAH.

Huccepranustauar “Huabpaaukanu TYpT yayamin O0yiaran oem yiayamian
eunsiyBuaH JleiiOHun anaredpanapu” 1e6 HoOMJIaHyBUM OupuHuM OoOuIa
auccepTanus uimaa GoianaHuiarad 3apypuid TyUIyHYajgap KAPUTHITAH Xamja
HUJIBpaIUKAIA TYPT Yymdamum Oynaran Oemr Ymyamiau euywityBYaH JledOHUIT
anreOpanapuHUHT TacHU(IIapu Gepuira.

1-tabpud. F MaiifoH ycTuaa aHUKIaHTaH [ anreOpaHUHT UXTUEPUHN X, V,Z

aIIeMeHTIIapy YUuyH Kyiuaaru JIeOHul aifHuaTu 6akapuica,

[x,[y,z]] = [[x,y],z] - [[xaz]ay]s
L anre6pa JleitOuuny anrebpacu pewtmmanu, Oy epma [--] — L anrebGpana
AHUKJIAHTaH KYyTIaNTUPUILLI aMaJTH.



Huccepranusi uWIIMAa KOMIUIEKC COHJIAp MaijioHuna OepuiraH 4Yekiu
Vmaamnu JlehiOau anreGpanapu Kapanaau. bepunran JleitOuu anreOpacHUHT
’IIEMEHTJIapu KBaApaTiapuaan Tty3wiran [ =span{[x,x]|x€l} xucm ¢azo

Jleti6nun anrebpacunuHr unaeanu 6ynamu. by [ unean L/I daktop-anrebpa JIu
anrebpacu Oynaauran 3HT KUYUK WA Iup.

bepunran Jleitbnun, anrebpacu y4yH KyHWUJarud yHe aHHyIamop Ba MApKa3
neb atanyBUM UaeaJUIapHUA aHUKJIaliMU3:

Ann (L)y={xeL|[y,x]=0, Vyel},
Center(L)={xeL|[x,y]=[y,x]=0, Vyel}.

JleitOuMI anreOpacHUHT MapKa3uaa ETyBYHM Ujealra areOpaHuHT MapKa3ull
uoeanu nevnIIaau.

Uxtuépuit  x,ye L osnementnap yuyH d([x,y]) =[d(x),v]+[x,d(y)]

MyHOCa0aTHH KAaHOATIAHTUPYBUU d :L — L 4W3WKIW akciaHTupuinra Jleionm
anreOpacuHUHT Juggepenyuaniawu neinnanu. JleiOuui anredOpacuHuHr Gapua
muddepennmannanuiap tymiamu Der(L) kommyTaTop amanura Hucbarad Jlu
anreOpacwH XOCWII KU1, SIHHH,

[d,d'|=d-d'—d'>d, Vd,d' e Der(L).

JleitOHuy, anreOpacMHUHI UXTUEPUM X DIEMEHTH Y4yH R YHrAaH
KYTIaU TUPUIIT oriepaTopu muddepeHmanan 0ynuo, OyHmaii
muddepeHnanIanuiap uuxku ouggepenyuannautniap ned aranagu. JleldOHuUIl
anrebpacuHUHT Oapua wuku auddepenumannanmapu TtymiamMmuau InnDer(L)
opkaimm Oenrwmiaiivu3. WMuku Oynmaran nuddepeHamianmra 3ca mauku
ougppepenyuannaw ferunagm.

2-tabpud. Arap L Jleitbuun anreGpacuna aHukiIanran d qudepeHnnanian
yayd d(L)c Center(L) 1mapr Oaxapuica, OyHmaii auddepeHnmanmara
Mapkasuit nuddepeHnmanian Jeiunanm.

JletiGuu1 anredpacuHUHT Oapya Mapkazuil quddepeHunanIanaapy TymiaMu
CDer(L) opxanu 6enrmnananu. Tabkuiam sxousku, CDer(L) tymnam Der(L) Jlu
anreOpacHUHT Hjeanu OYyiaau.

3-tabpud. Mapkasu TpuBuan Ba Oapya auddepeHunamIaniapy HUKH
oynran Jlu anreGpacura Tyna anreOpa aeinnany.

1-mucon. a) XapakTepucTHKacu HoOJra TeHr OViaraH MailjoH ycTuaa
Oepwitrad sipuM conna Jlu anrebpanapu Tyranup.

b) Viruamu 2 ra tenr Gynran aben 6ynmaran Jlu anreGpacy TYIagup.

rle.e = e, e]=e.

4-tabppud. Tyna uneanra sra 6ynmaran tyna Jlu anrebpacura comgma Tyna
anredpa aelniaim.

XapakTeprucTUKacH HOJIra TeHT OYNTaH MalJoH ycTuaa Oepunran coxna Jlu
anreOpanapu Ba r, anredpanap coana Tyia oynamu.

Tyna Jletionun anreOpanapuHuHr Tabpudu Jlu anreOpanapura yxmail
tap3aa K.M.Ankouea Ba P.Kamnoamop-CtypcOepriap TOMOHUAaH KUPUTHIITAH.

S-rabpud. Mapkaszu TpuBman Ba Oapua auddepeHIUaAIANLIAPA HUKH
oynran JleOHMIT anreOpacura Tyna anredpa nedniaam.
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DOHnu coana tyna JleioruI anredbpasapuHUHT TaAbPUPUHU KHPUTAMU3.

6-tabpud. Tyna uneanra sra 6ynmaran L tyna JleitOnui anrebpacura coana
Tyna anredpa aevunaau.

Uxtuépuit L JleitOuun anrebpacu yuyH Kyld MapKasuil xamjaa XOCUJIaBUM
Katopiap Ae0 aTtanyBuM KyWuaaru uaeauiap KeTMa-KeTIUTHHY aHUKTaiMu3:

L'=L [''=[I'L], k>1, M=p M= M) k1.

7-tabpud. Arap L JleiiOuuiy anrebpacu yd4yH IIyHIAll § HATypal COH
MaBxkyn 6ynu6, L' ={0} (moc pasumma, /"' ={0}) ypunmu 6ynca, y xomga L
JletiOGuu1y anreOpacura HUJIBIIOTEHT (MOC paBWIlJa, €UYWIyBYaH) anredpa
nevunanu. lllyHpgaid mapTHM KaHOATJIAHTUPYBYM DOHI KHYMK § COHra L
anreGpaHuHT HUJIBMOTEHTIUK UHACKCHU JAeiniaau.

Jleitbuu1 anredGpacMHUHT MaKCUMall HUJIBIIOTEHT (MOC paBUIIIA, €4UUITyBUYaH )
uaeany anreOpaHuHr HWIbPaJUKaiy (MOC paBUILA, paJuKaln) AeHuIagy.

Keitmarn  Tappudma  XapakTepuUCTUK  KETMA-KeTIWK  TYIIyHYaCHHH
kentupamus. Hunenorenr 6ynran L Jleit6umu anreGpacuma L\L?> Tymmampgan
OJIMHIaH UXTUEPUI X dJIeMeHTH Y4dyH R 4m3ukiau onepatopHuHr JKopnan

KaTakjapu YadamIapuHu KamMaiuin TapTuouaa &3ummaaH xocun Oynran C(x)
KeTMa-KEeTIUKHUA aHUKJIauMH3. bynnait KeTMa-KeTJIUKIIap TyIuiaMuaa
Jexkcukorpaduk TapTHOHU KapaiMus.

8-rabpud. Kyitnna 6Gepriran keTMa-KeTIMKKa
C(L) = max C(x)

xeL\L
L wwrenorenT JleOHWIT anreOpacMHUHT  XapaKTEPUCTUK  KeTMa-KeTIIUTH
nerunagu.

9-rabpudp. C(L)=(n-—p,1,..,1) XxapakTepucTuk KeTMa-KeTJIMKKa 3ra

p
oynran L JletiGuut anrebpacura p-punudopm Jleiidaui anredbpacu neitmnany.

Arap p=0 6¥ynca, L JleliGnuu anredpacunu Hon-gunugpopm, p=1 OGynranna
aca @urugopm anrebpa ne6 aramamgu. I1I.A. AronoB Ba b.A. Owmwuponnap
TOMOHHJIaH UXTUEPHIA n-ymdamn Hon-punudopm JletOani anredpacu Kyiumparu
anrebpara n3oMop(auru NcOOTIAHTaH:

NF : le,el=e,, 1<i<n-1.

Ounm JleitOHun anreGpaiiapy y4yH COAJAIMK Ba SPUM  COJJAIHK
TylUIyHYaJIapy Tabpu(rapuHu KeITUpamMus.

®axarruna {0}, I, L uneannapra sra 6ynm6, L>£] IapTHU KaHOATIAHTUPYBYH
L Jleit6nau1 anrebpacura coooa nernaiu.

10-rabpud. Paguxanu [ uneanman ubopat Oynran JlelOHuil anredbpacura
SpYM cojjia airedpa aelnnaiu.

2012 wwmnma JI. bapac tomonumman JleiiOuuir anreOpamapu yuyH JleBu
TeopeMacu MCcOOTIaHraH OYnMO, UXTUEPUN YeKIH Yiadyamin Komruiekc JlelOHuI
anrebpacu ednsyBUaH paguKkai Ba sipuM conda JIu anreOpacMHUHT SpUM TYFPU
WAFVHINACHA KypUHUIIMAA EWUInIIN Kypcatwiral. [IlyHuHT ydyH dexknu yimyamium
JleitOuury anreOpanapHu Kypulina edwityB4daH JleOHUMI anrebpamapu MyXuMm
axaMmusTra 3ra.
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buprnun OOOHMHT acocwii Makcaau Oem ymuamuid ednsyBYaH JleiOHMI
anrebpanapuHu TacHU( KUIUIIIaH nbopaT. MabiayMku, Oei yigamny ednityBYaH
JleitOuut anrebpanapv HWIpAAWKATUHUHT YadaMu y4 €Kd TYpTra TeHT Oymamu.
A. X Xynoitbepane Ba Oolikanap TOMOHHIAH HUJIbPAIUKAIN Y4 YIuaMiu Oyiaran
Oewmr ymuamnu euwityBuyaH JleiiOHu anrebpanapy TacHUGIAHTAHJIUTH YUyH Ou3
HUJIbpaJUKal TYPT yiyaMiu OyiraH xojJaTHU Kapaiimu3. Hunenaaekeu 5 €ku 4 ra
TeHT OynraH anrebOpanap mMoc pasuiaa Hoy-pumdopm Eku humudopm JleiOHuMI
anrebpacu xucobnanu6, W.A.KapumkanoB Ba OOIIKaJapHUHT HIILIapuUia
HUJIbpaguKaiu Hojd-bpunudopm €Eku dunudbopm anredpagan ubopar OyiraH
eunmnyBuaH JleiOHuI| anreOpasiapuHUHT TacHUbIapu Oepuiral, 1y OwiaH Oup
karopaa JK.K.ApnameB ToMoHuAaH HUJbpaAukKanu aben anreOpacu OyiraH
eumnyBuyadH Jleitonun anrebpanapu TacHudianrad. IlyHuHr yuyH Owus
HUJIbPAJIUKAIHUHT HUJIBIIOTEHTIIMK UHJIEKCH 3 ra TeHT OYIraH XOJHU KapaiMus.

MabiyMKd, HUIBMOTEHTIMK HHAEKCH 3 Tra TeHTr OYnaraH MXTUEpHM TYpT
Yymuamnu HUIbIOTeHT JIu anrebpacu Kyiingaru ainredpara msomopd Oynamu:

vi le,e]=e, [e,g]=—e,.

bu3 Kyiinnaru TeopeMana HUIbpAJAWKAIN Vv anredpanan udopar OyiraH Oerr
Yymuamnu edmityB4aH JleitOuu anrebpanapuHUHT TaCHUPUHU OepaMus.

1-Tteopema. Afitaiinnk, R HUIbpaIUKaIH v alredpanan noopar Oynran Oerrn
ymuamnu eunstyBuaH JleiiOuun anredpacu 6yncun. Y xonna R anreOpa Kyiuaaru
y3apo uzoMopd Oynmaran anredpanapaan oupura uzomopd 6ymaau:

le,e,]=—ey.e]=e;, [e,x]=ae + fe,
R](aaﬂao-3704) 9 [el,x] = —[x,el] = e[: [X,X] = O-3e3 + 0'484,

le,,x]=—x,e,] = —e,.

[61,62] [62961]2639 [64,)(]:84,

e,x]=e + Pe,, x,e |=—e,
Rz(ﬂ,G): [ ] 1 ﬂ4 [ l]_ 1
[ezax] €4, [xaez]_ez’
[x,x] = oe,

[81,82] [82,81]263, [64,)(?]:84,
R.(a,0):ile,x]=—x,e]=e,, [x,x]=0e€,,

[e,,x]=—x,e,]= ae;.

le.e,] = e, e ]=e;, le,, x]=—x,e,] = e, + Pe,,
R,(a,B,0):4le,x]=—x,e]=¢ +0e,, [x,x]=e,

[e),x]=—x,e,]=—

le,e,]=—ee]=¢;, [e,x]=e,
Ri(a,B,0):le,x]=-x,e,]= ey, [x,¢]=—e, - fe,

le,, x]=—x,e,]=e,, [x,x]=o0e,.
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61,82]:—[62,61]263, [64,)(?]:0!63,

R6(a):< epx]:_[xael]:ep [x,e4]=e3,
e, x]=—[x,e,]=—e,.
61,82]:—[82,61]263, [84,)(?]:—[)6,64]:84,

—{x,e]=¢ + Pe,, [x,x]=e,

—{x,e,]=—e, —e,.

e,, x|

€,

N

1= ey .e]= e, le;, x]=—x,e] = e,
e,x]=-x,e]=¢ + Pe,, [e,,x]= &, e,

e, x]=-|x,e,]=(a—1e, +ye,, [x,x]=0e,.

[
[
[
[

R,(B):1le,x
[
[
Ry(a, f,7,044,0) 41
[

[81,62]:—[6’2,6’1]263, [ez,x]=ae4,

Ry, .7,6,0): le,x]=—x,e]=¢ +de,, [x,e]=pPe,
[83,X]:—[X,€3]:e3, [84,X]:]/€4,

[x,x]=oe,,

Oy epa anredpanap cHHpUAArK MmapameTpiap Kyiduaaruda y3rapaiu:
R(a,p,0,0): (0,0,0,1); (1,0,0,0); (1,0,0,1); (0,4,0,0), p=0; (0,5,1,0).

R,(a.B): (0,0); (1,0); (0,1); (L,1).
Ry(a,0): (0,0); (0,1); (1,0).

R, (a,B,0): («,0,0), x #0; (0,8,0), 5#0.
Ri(a,p,0): (0,1,0); (0,5,1); (1,5,0).

R (a): a#-1.

R,(p): {0}; {1}

(2,1,0,0,1); (2,1,0,6,0),0 #0; (,0,0,0,1), o #{0;1;2};
R, B,y,0,0): '
(,0,0,6,0), a #{0;2}, 0 #0.

Ry(a,B,7,0,0): (0,0,1,1,0); (L,4,0,0,0); (a,—,0,0,0).

bus kyilinma HunpMHIEKCH 3 Ta TeHr OYynran Oapua TYpT Yiryamiu
HUWIbNoTeHT JlelOHuI anrebpanap pyixatuHu KeJlTUpaMus.

Ay [ene]=es, [enel=e,  [e,e]=—e;

La): [e.el=e¢, [e,e,]=e, [eye]=-ae, le,e]=-¢,;

Ay lenel=e,, lepe]=e, leyel=—¢, [ee]=e;

Ay le,el=e,, le.e,]=e;, [e,el=—e, [e,e]=-"2e +e,;

/11(05): [61,81]284, [61,62]:0{64, [82,61]2—0{64, [62,82]264,
[es,e;]=ey;
Hy - le,e,]1=¢,, [e,e]=e,, [e,,e]=—e,, [e,,e,]1=e,,

[es,e ] =e,;

13



o lesel=e, [enel=e;

Hy - le.e]l=e,, [e.e;]=e;, [e,.e]=—es;

i lenel=e. [e.e]=e,

M le,e,]=e,, [e,,e]=—e,, le;.e;]=e,.
I+«

,117(05): [61,62]:6‘4, [ezael]zﬁem [62,62]263, a#l.

HasOarnarn tacmukna Hunepamukanu A,, A (a), A,, A, anreOpanapnan

Ooupura uzomopd Oynran Oemr yiruamnau ednnyBuaH JleiOuul anrebpanapu OuinaH
OOFJIMK HATUXKaHU KeITUPaAMU3.
1-tacauk. Hunspagukamu A, A(a), A,, A, anrebpanapgaH Oupura
n3oMopd Oynran Oemn yaamim edmnyBuaH JleiiOaui anrebpacu MaBxKy 1 dSMac.
2-teopema. Afitaiinnk, R Hunbpagukanu u(o) anrebpara m3omopd Oynran
O6em Ymyamnu euywnyBuad JlerOHuiy anreOpacu OyncuH. Y Xonaa R Kyhuuparu
anrebpara nzomopd 6ymanu:

([61361]2647

le,,x]=e —ae,, [x,e]=—e +ae,,
le.e,]=ce,, [e)x
|

=ae +e,, [x,e]=-ae —e,
I(@):]
le,,e]= —ae,,
L[ezaez]:ew [e,,x]=2e,, [e5,e;]1= e,

IOkopuaaru Teopemara yxmam tap3ga HWIbpaAUKaId TYPT Yadamin Oyaran
6apua G6em ymuamnu eurtyBuaH JleiiOHuI anredpanapuHUHT TaCHU(U OJMHIaH:

O HWIbpaIUKaIH K, anrebpara wuszomMopd Oynran Outra Oemr Yiadgamian

e4MIyBYaH ajredpa MaBxyJ;
HWIbPAJAUKAIN 43 OYIraH UKKUTA anredpa MaBxkKyI;
HWIbPAJAUKAIN K4 OYITaH TYpTTa airedpa MaBxKy/I;
HWIbPAJAUKAIN 45 OYIraH UKKUTA airedpa MaBxKy I,
HWIbPAJAUKAIN U OYNTaH yuTa anredpa MaBxyI,
HucceprauussHuHr  “bab3nm JleiiOHMI — ajJreOpajlapuHUHI  TAlIKH,
HWIBNOTEHT Ba Mapka3uid 1uddepennuaniamiapu” 1e6 HOMIAHTaH UKKHHYA
606u  Jleitbuuny  anrebpanmapu  auddepeHnpamIanLUiap  anareOpacUHUHT
HUJBIIOTEHTIINTUHY, TAIIKK Ba MapKa3ui auddepeHInaialuiapiid YpraHuiira
Oarunranrad. bu3z ymOy 000ma axpanaawran JlelOHuly anreGparapuHUHT
mudepeHINaATUTAIUIApUHA  KapaliMu3 Xamaa Tamky JauddepeHnpaniamiap
MaBXyUIATHIAH 0ab3u Tyia Oymmaran JleitOHuI] anrebpanapHu XOCHII KUJTaMU3.
JleitOnur anreOpalapWHUHT MapKa3wil auddepeHuuamnanuap TYmiaMu OuiaH
ndku  auddepeHIMAUTaNUIAp TYIUIAMUHMA — TakKkocnam — opkanu  Jle#tOuun
anreOpaTapuHUHT XOCCATApUHU aHUKTalMU3.

3-teopema. Aftitaiinuk, L JleitOuui anredbpacu A wunmean Ba M KucM
anreOpaapHUHT WAFUHAWCK KypuHHIIUAa L=M+A xabw TacBHpiaHraH OYJICHH.
Arap A unean yuyn A>={0} Ba A#[A, Ann(M)] waptnap ypunmu 6yica, y xonga L
JletiGuu1 anrebpacu Tamky quddepeHramianra sra oynamiu.

OHIIM XapaKTepUCTUK HUIBINOTEHT JleWOHuIl anrebpanap TyIIyHUYaCUHU

KEJIITUpaMus.
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11-tabpud. bapua muddepenumannanmapu HuIbMOTeHT Oynran JleOHUI
anrebpacura xapakTepUCTUK HUJIBIIOTEHT anredpa Aeiniaau.

2-tacauk. Arap L xapakTepucTuk HuiabnoteHT JleitOnun anrebpacu Gyinca, y
X0Jiia Kylhnuaaru MyHocabatiap YpuHin:

(1) L anreGpaHuHr Mmapkazu L? xucm anrebpana Eraau;

(2) L*#{0}.

4-teopema. L nunbnotent Jleitbuun anreGpacu OyncuH. Arap L uKKWTa
UJCIApHUHT  TYFpU  HUFUHOMCH  KYypuHMIIMAA  udojamaHraH  xamja
uaeauiapuiad oupu Mapkasuii uaean o6yinca, y xonaa Der(L) anre6pa HUJIBIIOTEHT
OoyMaiau.

5-teopema. L JleiiGuui anreGpacu 6yiacun. Arap L anrebpanusar Mapkasu L°
KucM anredpana érMaca, y xoiaa Der(L) anrebpa HUIBIIOTEHT OYManIu.

Ouau 6u3 JleiOHuI anreOpalapuHUHT XaM HMYKH, XaM MapkKasui OVyiran
muddepeHIMATTANINIAPUHN  YpraHaMu3, OyHma muddepeHMaianuiap y4ayH
KyWAUJard TaCTUKHU KeJITHPAMMU3.

3-tacauk. L JleitOHun anrebpacu OyncuH. Arap R Ba R; moc paBuuija L
xamza L? anreOpajapHUHT pagMKaiapu Oyica, y Xonaa Kylugara MyHocabariap
Ypunnu Oynaau:

InnDer(L) N CDer(L) =InnDer(Z,), 6y epaa Z, ={l € L|[L,l] < Center(L)}.

InnDer(L) N CDer(L) < InnDer(Z,), 0y epaa Z, ={r e R|[R,,r]=0}.

Uxtnépuit  aben  Oynmaran  HuiupnoTeHT Jlu  anrebpacu  ydyH
InnDer(L) "CDer(L) # {0} mapt ypunnu 6ynuo, Jleitouui anredpanapua sca Oy
IapT Xap JOUM XaM YpUHIIU OYnaBepManiu.

6-treopema. Aiitaitnuk, pagukanu R Ba CDer(L) c InnDer(L) mapTau
KaHoaTnantupyBuu L JleliOuu1 anrebpacu Gepunran OyncuH. Y xonaa Kyduaarua
TacAUKJIap YPUHIIN:

(1) Arap R pagukan aben anre6pacu 6yica, y xonaa Center(L)={0} éxu L=L>
TEHTJIMKIIapJaH Oupu Oaskapuiay.

(2) Arap Center(L)#{0} Ba CDer(L)#{0} 06¥nca, y xonaa R pagukan abein
anrebpacu Oynmanu.

7-teopema. L Jleitbuuiy anredpacu 6yncuH. YOy anreOpa yuyH Kyiuaaru
TacIUKJIap YPUHIIH:

(1) InnDer(L) = CDer(L) < L' ={0}.

(2) Arap Center(L)#{0} Ba InnDer(L)=CDer(L) 6¥nca, y xonna L>=Center(L)
Ba dimCenter(L)=1 TeHrnUKIap OaXKapuIaIy.

(3) Der(L)=CDer(L) <> L —aben anrebpa.

HucceprauussHunar “Tyna maeanra sra oyaran JleiiOnun anredpanapm”
ne6 HomulaHraH 3-600u Tyna JlefiOuui anreOpanapura Oarunuianrad. bus ymoy
600ma pamukanm Tyna anreOpamaH ubOopaT Oynran Oab3m Tyna JleHOHUIY
anreOpamapuHu  Kypamus xamaa Tyna JleiOHui anreOpamapuHUHT —TYFpPU
duruHAUCH Tyma OynmumuHu wucboTnaimu3. Jlm anreOpamap HazapuscuuaH
MabJIyMKH, TYna upeanra sra 6ynran Jlu anreOpacu axpanaauran Oynamu. bus
ymly HaTwkanu JleiiOuun anreGpamapu y4dyH Myxokama KuiuO, JleiiOuun
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anreObpamapuHUHT 0ab3u CUHGUAapH Y4yH Oy HaTWXa YpUHIM DKaHWHU
KypcaTaMus.
8-Teopema. L JleitOuuir anreOpacu MKKUTA WICAJIAPHUHT TYFPU WHUFUHIACH
KYpUHUIIMAA TaCBUpJIaHTaH OYIICUH, SbHH,
L=L®L,.
VY xonga
1) Center(L) Kyiiugaru KypuHullra 3ra 0ymnaau:
Center(L) = Center(L,) ® Center(L,).
2) Arap Center(L)={0} mapt ypunnu O¥ica, y Xonaa Kyiuaaru myHocabat
Oarkapuiiaiu:
InnDer(L) = InnDer(L,) ® InnDer(L,),
Der(L) = Der(L,) @ Der(L,).
3) L anrebpa Tyna 6ynumm yuyH L; Ba L, anreOpajapuHUHT TYa OYIUIIN
3apyp Ba eTapiauaup.

Tyna Jleitouun anredbpanapu yuyH KyWnJard ruroTe3aHy KeJITHpaMus.

I'mnote3a. Arap L JleiiOnui anrebpacu R Tyma nmeanra sra Oyica, y Xonaa
uryHaai S uaean MaBxyaku, L =R @ S myHocabar ypuHiu 6ynaam.

Aitraitnuk, R Hunbpagukanu NEF, Hon-¢unudopm anredbpanan ubopar 6yiran
eunmnyBuaH Jleitonun anrebpacu 6yncun. M.A. KapumkaHoB TomMoHHAaH ymoy R
anrebpajma KymaiTManmap okaaBald KyHujard KyYpuUHUINra odra OynanuraH
{e,e,,...,e ,x} 6a3nuc MaBXyAJIUrd UCOOTIAHTaH:

le,el=e., 1<i<n-1,

i+1°
R(NF,):{[x,e]1= ¢,

le,x]=ie, 1<i<n.
Ankouea Ba Oomkamap TomoHugaH 3ca R(NF,) euwryBuan JleitOaw

anrebpacu Tyia SKaHJIUTU KypcaTuiraH.
Keliunru teopemana L = R(NF,)+ sl, xypunuiura sra Oynaran L JleiiOuun

anrebpanapu uaeasIapHUHT TYFPU WUFUHIUCUTA SUUITUIIN KeNTUpUirad. byHuHr
MabHOCH LIyHJaH UOOpaTKH, sIpUM coaja KucMu sl, anrebpa xamzia Tyia uaeaiu

R(NF,) eaunyBuan anreOpanapaad noopar 6ynran L Jleiilbaui anreOpanapu yuyH
IOKOPHJIATH THITOTe3a Oaskapuiaiy.
9-teopema. Alitaiinuk, L Jleli6Hun anrebpacu L =R+ sl, xypunumnaru

&iinnMmara sra 6yncuH. Arap R — Hunbpanukanu NF, Hon-dunudopm anredpanax
nbopar Oynran eumnyBuaH JleiiOHul anreOpacu Oyica, y xonga L=R® sl,
VpurIM Oynany.
XapakTepUCTUK KETMa-KeTIAuru (my,...,m_) Ba KynauTmauap KaIBald
Kyiumaruda OYnraH HUIBIIOTSHT alre0paHn KapaimMus:
[e.e]l=¢,, 1<t<s, 1<i<m —1.
Ymby anrebpa omarna Nyom KYpuHUII T OeNTriaHau. V. X. Mamananues

Ba Bb.A. OMuUpOBIapHUHT HILIApUJa HWIbPAAUKAIN N, . anrebpa xamja

L

HUWIbPAJUKATHUHT KO-ymyaMu s Ta TeHr OymraH euwnyB4dad JleiiOHun
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anreOpacHUHT KylWn1arnda TaCHU(W OJTUHTaH:

[e',el1=¢",, 1<t<s, 1<i<m, -1,
[e],x,]=ie, 1<i<m,

R(N,, ,..5):le,x]=({-1)e, 2<t<s, 2<i<m,
[el,x,]=¢, 2<t<s, 1<i<m,,
[x,e/]= e,

X .0 X — Y% .
Oy epaa {x,, .} — HUJIbpaJMKaJIHUHT TYJIOUPYBYU KUCM (Pa30CUHUHT Oa3ucu

Bynpan tawkapu, ymap Ttomonuman R(N,, §) euwnyBuaH JleHOHUI

enhity ?
anrebpacu Tyja 3KaHJIUId UCOOTIIaHTaH.
10-reopema. Aiitaiinuk, L JleiiOHun anrebpacu L = R+ sl, xypuHuiigaru

€iinnmara sra Gyncu. Arap R eannysyan upean R(N,,  ,s) anreGpagan nbopar
Oynca, y xonma L=R®@sl, ypunnu Oynagu, ApHU L WUAealNIapHUHT TYFpU
WUFUHAUCH 1IaKJIuaa EMniaaau.

bmra R=N®Q «ypuHumga TacBUpiaHTraH edvwiyBuaH JlelOHUII
anrebpacu Gepwiran 6ymu6, ymoby dimQ=dimN/N*=k mapr Ypusau OYICHH.
K.K.A6nypacynoB  ToMoHumaH  ymOy R anrebpa  yuyyH  IIyHzai
{e,e,,....e,,X,X,,....,x,} 0asuc MaBxysa OynuO, yHnaru Kynaitmanap jxaaBau
KyWAuJard KypuHuIga OYaIuiiy KypcaTuiras:

n
_ t ..
le,e;]= Ecl.’jet, 1<i,j<n,
t=k+1

[e,x]= e, 1<i<k,
[x,,e]=(b,—1)e, b e{0,1}, 1<i<k,
le,x;]1=a, e, k+1<i<n,1<j<k,

q .
[x,.e]1=Dble, k+1<i<n1<j<k,
t=1

Joi Tl
Oy epna a;, COHH e, i=k+1,..,n BJIEMEHTHUHT XOCHWJ OVIHIINIATH e,

j=1,...,k31eMeHTHUHT Heua MapoTada UIITHPOK STUIIUHKA OWIIAUPAIH.

Mlynunrgex, K.K.A6xypacynoB tomonuman dimQ=dimN/N? wmaptau
KaHoaTJIaHTUPYBUH R =N @ Q kypuHHIIIa TacCBUpJaHTaH e4YrsyBYaH JIeHOHMIT

anreOpacu TYja 3KaHJIWTH XaM UCOOTIIaHTaH.
Kelinnru rteopemana sipuM conua KucMu sl, anreOpa Xampaa paaukaiu

R=N®Q xypunumra sra 6yaran dimQ=dimN/N* 1mapTHu KaHOATIAHTUPYBYH

eunTyBYaH anredpacuan ubopat 0ynran L JlelOuui anredpacu yayH FOKOpHUIaru
rUrnoTe3a 0aXXapuIuIIy KeITHPHUIITaH.
11-treopema. Aiitaitnuk, L JleiiOuun anrebpacu L = R+ sl, xypuHuigaru

¢itmmara sra 6yncuH. Arap R=N @ Q — eunnypuan JleiiOHu1 anrebpacu yuyH
dimQ=dimN/N? wapr ypunnu 6yica, y xonga L=R® sl, ypunnu 6ynaau, spHu
L wpeannapHUHT TYFPU UMFUHANCY IAKIAIA EWNAITAIN.
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XVYJOCA

Ymby nuccepramus Tyna waeanra sra Oynaran dexnm Ymyamum JleiOHuIl

anreOpanapuHu TacHupamra xamjaa JleiOHul anreObpanapuHUHI Mapkasuil Ba
HWIBIOTEHT AU depeHranIalIapyuHy TONUIITa OaFuIlIaHraH.

18

TagKUKOTHUHI aCOCHM HATHKallapy Kyiuaaruiapiad noopar:
Hunbpagukanu typt ymuamum Oynran Oem ymyamum edwinyBYaH JleiOHwmIl
anrebOpaiapu TacHU(IIaHTaH,

Mapkasu xocwiaBuii KucM anredpazna érmaiiauran Jleionui anredpacu yuyH
nuddepeHpanianm anreOpacHHUHT HUJIBIIOTEHT OYIMaciuru xamaa OyHaai
JletiGuu1 anrebpacu Tamky quddepeHamiaiira Srajuru ucOoTiaHraH;
JletiOnuiy anrebpanapu yuyH OWp BaKTna Mapka3uid Ba W4YKu OynmamuraH
muddepeHumamIanIap KYpuHUIIN TOWITaH;

HotpuBman wmapkasra osra Oynran JleiiOHuiy anrebpacupa Mapkasuid
mudepeHInaIIanuiap TYmaaMu WYKH  AuddepeHuuanianap TYIIaMa
Owran yctMa-ycT Tymumu ydayH JleiiOHui, anreOpacu mertaben anredpa
OYymuIIy 3apyp Ba eTapiiv MapT SKAHIUTH HCOOTIaHTaH;

sl, anre6pa Ba HUIbpaJUKaIu UXTUEPUI XapaKTepUCTUK KeTMa-KeTJIMKKa 3ra

OyiraH e4ymsyBYaH WMIEATHUHT SIPUM TYFpU WHFUHIWCUAAH uOopar OynraH
JletiGHu  anrebpacu  WACAUIADHUHT TYFPU HUFUHAUCU  KYPUHUILINJA
TAaCBUPJIAHUIIN UCOOTIIAHTaH;

EunnyBuan upeanu HUIbpaJUKaJIUHUHT MakcUMall KeHraitMacujaaH ubopar
oynran JlefiOHuI anrebpacu axxpanaauraH SKaHJIUTA UCOOTIaHTaH.
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INTRODUCTION (abstract of PhD dissertation)

Actuality and demand of the theme of the dissertation. In the world, as
well as theoretical physics, many objects of mathematics are studied through non-
associative algebraic methods. In particular, Lie and Jordan algebras arose as a tool
of quantum mechanics. On the other hand, Lie algebras, being non-associative,
reflect the essential properties of Lie groups. At the beginning of the development
of the theory of Lie algebras, the theory developed exclusively as an application of
Lie groups, later it acquired an independent character. Many concepts and
properties that exist in Lie groups were also determined for Lie algebras, and then
they were extended to a number of generalizations of Lie algebras. Problems of
defining the completeness of Leibniz algebras, which are one of the important
generalizations of Lie algebras, finding their inner and outer derivations and
classification of Leibniz algebras have become one of the actual and important
tasks of modern algebra.

At the moment, since varieties of Leibniz algebras have some classes
including all complete Lie algebras, it is necessary to take into account several
factors to defining the concept of complete Leibniz algebras. Therefore, some
scientists used different approaches to introduce the notion of complete Leibniz
algebras, and later it was accepted that a Leibniz algebra is called complete if its
center is trivial and all derivations are inner, as in Lie algebras. Such algebras are
also important from a cohomological point of view and many complete Leibniz
algebras belong to the class of cohomologically rigid algebras. In this regard, the
main problems are: to classify complete Leibniz algebras, to show that Leibniz
algebra with complete ideal is split, to prove that the given algebras have outer
derivations, to describe Leibniz algebras.

In our country much attention has been paid to mathematics, physics, geology
and biological sciences, which have scientific and practical applications of
fundamental sciences. In particular, special attention was paid to the development
of fundamental research on non-associative algebras. Within the frame of this
fundamental research, significant results have been obtained in the study of
complete Leibniz algebras. Conducting research? at the level of international
standards on the priority areas “Algebra and Functional Analysis” is the main task
and direction of activity of mathematics. To ensure the implementation of the task,
it is important to develop the theory of complete Leibniz algebras for the
application of scientific results in the relevant field of science.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development of the
Republic of Uzbekistan”, UP-2789 dated February 17, 2017 “On measures to
further improvement of the activities of the Academy of Sciences, organization,

2 Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures
on the organization of activities of the first created scientific research institutions of the Academy of
Sciences of the Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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management and financing of research activities”, PP-3682 from April 27, 2018
“On measures to further improve the system of practical implementation of
innovative ideas, technologies and projects” and PP-4387 from July 9, 2019 “On
measures to further development of mathematical education and science, and also
root improvement of the activity of the Uzbekistan Academy of Sciences
V.I.Romanovskiy Institute of Mathematics”, as well as in other regulations related
to basic science.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan IV,
Mathematics, Mechanics and Computer Science .

The degree of scrutiny of the problem. Lie algebras, which all derivations
are inner and the center is zero, appeared in M.Goto’s work, although at that time,
there were few algebras of this kind, therefore, their meaning could not be
understood very well. The first important result on complete Lie algebras was
given in the context of E.Schenkman’s theory of subinvariant Lie algebras. The
term of “complete Lie algebras” was firstly used by N.Jacobson, it was proved that
arbitrary Lie algebra with a complete ideal is split. In recent years, various authors
have focused on the classification and structural properties of complete Lie
algebras. D.J.Meng has proved that any finite-dimensional complete Lie algebra
can be decomposed into the direct sum of simple complete ideals, and such a
decomposition is unique up to the order of the ideals. Also, Y.C.Gao and D.J.Meng
first gave a necessary and sufficient condition for some solvable Lie algebras with
[-step nilradicals to be complete and a method for constructing non-solvable
complete Lie algebras.

By analogy with Lie algebras, the definition of complete Leibniz algebras was
introduced by J.M.Ancochea and R.Campoamor-Stursberg. Authors proved the
completeness of the solvable Leibniz algebra with the null-filiform nilradical. Later
J.K.Adashev and others showed that solvable Leibniz algebra with the nilradical
being naturally graded p-filiform Leibniz algebra of maximal codimension is
complete. Moreover, B.A.Omirov and U.X.Mamadaliyev classified complete
solvable Leibniz algebras with the nilradical of an arbitrary characteristic
sequence. Also, K.K.Abdurasulov proved the completeness of a solvable Leibniz
algebra with the nilradical of codimension equals the number of generators of the
nilradical.

In the structural theory of Leibniz algebras, one of the main problems is the
classification of arbitrary classes up to isomorphism. Low-dimensional Leibniz
algebras were classified by J.-L.Loday, B.A.Omirov, J.M.Casas and others.
Classification of four-dimensional solvable Leibniz algebras was obtained by
A .Kh.Khudoyberdiyev and E.M.Canete. It should be noted that the dimension of
the nilradical of five-dimensional solvable Leibniz algebras is three or four. A
description of a five-dimensional solvable Leibniz algebra with the three-
dimensional nilradical has been given by A.Kh.Khudoyberdiyev, 1.S.Rakhimov
and Sh.K.Said Husain.
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Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work is
carried out in accordance with the given topic of scientific research OT-F4-82 +
OT-F4-87 «Local derivations and automorphisms of operator and nonassociative
algebras, phase transitions and chaos in nonlinear dynamical systems» + «The
theory of global invariants of curves and surfaces in Euclidean and pseudo-
Euclidean spaces and its applications in mechanics» at V.I. Romanovskiy Institute
of Mathematics (2017-2019).

The aim of research work is to determine the structure of low-dimensional
solvable Leibniz algebras and finite-dimensional Leibniz algebras with a complete
ideal and to find central and nilpotent derivations of Leibniz algebras.

Research problems:

to classify five-dimensional solvable Leibniz algebras with the four-
dimensional nilradical;

to find the properties of nilpotency of derivation algebras, central and outer
derivations of finite-dimensional Leibniz algebras;

to construct Leibniz algebras with the complete radical.

The research object: Finite-dimensional Leibniz algebras, solvable Leibniz
algebras, derivations algebras of Leibniz algebras.

The research subject: Structural theory of finite-dimensional Leibniz
algebras, the theory of solvable and nilpotent Leibniz algebras.

Research methods: In the dissertation the methods of structural constants,
classification methods, inductive method, as well as the methods of invariant
theory are applied.

Scientific novelty of the research work consists of the following:

five-dimensional solvable Leibniz algebras with the four-dimensional
nilradical is classified;

the forms of the derivations of Leibniz algebras which are both inner and
central are found and it is proved that the set of all central derivations of a Leibniz
algebra with non-trivial center coincide with the set of all inner derivations if and
only if the Leibniz algebra is metabelian;

it is proved that if a Leibniz algebra L whose its complete ideal is a solvable
algebra with the nilradical of an arbitrary characteristic sequence, then L is split;

it i1s proved that if L is a Leibniz algebra whose its radical is the maximal
extension of the nilradical, then L is the direct sum of ideals.

Practical results of the research. The obtained results and used methods in
the dissertation can be taught as a graduate course for masters and PhD students of
higher education institutions. In addition, the results of the dissertation concerning
the structure of Leibniz algebras with some complete radicals allow to verify
hypothesis about Leibniz algebras with an arbitrary complete ideal.

The reliability of the results of the study. Our results have been obtained by
using derivation theory, the known methods of investigation of other classes of
algebras, fundamental results of the theory of algebras. The proofs of obtained
results are mathematically correct.
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Scientific and practical significance of the research results.The scientific
significance of the results is explained by the fact that the obtained results in the
work can be used for further research of varieties of other algebras. In particular,
the techniques and methods developed in this dissertation can be used to solve the
proposition on an arbitrary Leibniz algebra with a complete ideal to be split.

The practical significance of the research results is explained by the fact that
they allow to create hypotheses about the description and properties of complete
Leibniz algebras.

Implementation of the research results. The results were used in the
following scientific studies:

the results on the classification of five-dimensional solvable Leibniz algebras
with the four-dimensional nilradical were used to describe solvable Leibniz
algebras with quasi-filiform nilradical in the project “Non-commutative modules,
Leibniz algebras and polynomial cascades on simplexes”, No. OT-F4-31
(Reference from National University of Uzbekistan dated January 17, 2022, No
04/11-229). The scientific results allowed to classify low-dimensional solvable
Leibniz algebras whose nilradical is a quasi-filiform algebra;

obtained results which were in the dissertation about outer derivations of
finite-dimensional Leibniz algebras were used in the project OT-4-27 “Description
of predual spaces of Jordan triples, spaces of capacities and holomorphic
continuation of functions” (Reference from Karakalpak State University dated
January 17, 2022, No 01-21-04/56). The application of the scientific result allowed
to describe almost inner derivations of finite-dimensional filiform Leibniz
algebras.

Approbation of the research results. The main results of the research have
been discussed at 4 international and 4 national scientific conferences.

Publications of the research results. On the topic of the dissertation, 14
scientific papers were published, 6 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of thesis of the Doctor of Philosophy, including 2 of
them published in international journals and 4 in national scientific journals and 8
abstracts.

The structure and volume of the dissertation. The dissertation consists of
the introduction, three chapters with conclusions, general conclusion and
bibliography. The total volume of the work is 86 pages.

MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research theme and correspondence to the
priority research areas of science and technology of the Republic are given, we
present degree of scrutiny of the problem, formulate our goals and objectives,
identify the object and subject of study, and state scientific novelty and practical
results of the research. Moreover, we give the theoretical and practical importance
of the obtained results, and also give information on the implementation of the

research results, the published works and the structure of dissertation.
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In the first chapter of the dissertation, titled “Solvable five-dimensional
Leibniz algebras with the four-dimensional nilradical”’, we introduced
necessary basic notions and concepts of Leibniz algebras which are used in
dissertation and have given the classification of 5-dimensional solvable complex
Leibniz algebras with 4-dimensional Lie and non-Lie nilradical.

Definition 1. A Leibniz algebra L is a vector space over F equipped with a
bilinear map (multiplication) satisfying the Leibniz identity

[)C,[y,Z]] = [[X,y],Z] —[[X,Z],y]
forall x,y,ze L.

From now on Leibniz algebras L will be considered over the field of complex
numbers and with finite-dimension.

For a Leibniz algebra L, the subspace of squares of the elements
I =span{[x,x]|x € L} becomes an ideal due to the Leibniz identity. Then [/ is the
minimal ideal with respect to the property that L/ is a Lie algebra.

For a given Leibniz algebra L we define the following two-sided ideals

Ann (L)={xeL|[y,x]=0,forall ye L},
Center(L)={xeL|[x,y]=[y,x]=0,forall ye L}
called the right annihilator and the center of L, respectively.

An ideal of a Leibniz algebra is called a central ideal if it is contained in the
center of the Leibniz algebra.

A linear map d:L — L of a Leibniz algebra L is said to be a derivation if for
all x,y € L, the following condition holds:

d([x,y]) =[d(x), y]+[x,d(y)].
The set of all derivations of L (denoted by Der(L)) forms a Lie algebra with
respect to the commutator [d,d'|=d cd'—d'od for d,d' € Der(L).
Note that the operator of right multiplication by an element x € L (further

denoted by R,) is a derivation, which is called an inner derivation. Derivations
which are not inner are called outer derivations. The set InnDer(L)={R _:xeL}

inherits the Lie algebra structure from Der(L).

Definition 2. A derivation d of a Leibniz algebra L is called central if
d(L)c C(L).

We denote by CDer(L) the set of all central derivations of L. It should be
noted that CDer(L) is an ideal of Der(L).

Definition 3. A Lie algebra g is called complete if Center(g)=1{0} and all
derivations of g are inner.

Example 1. a) Semisimple Lie algebras over a field of characteristic 0 are
complete.

b) The (unique) non-abelian Lie algebra of dimension 2 is complete.

r le.e]=—e,e]=e.
Definition 4. A complete Lie algebra g is called a simple complete, if any
non-trivial ideal of g is not complete.
Obviously, a simple Lie algebra over the field of characteristic 0 and the
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algebra r, are simple complete Lie algebras.

By analogy with Lie algebras, now we give the definition of a complete
Leibniz algebra that was first introduced by J.M.Ancochea and R.Campoamor-
Stursberg.

Definition 5. A Leibniz algebra L is called complete if Center(L)={0} and all
derivations of L are inner.

Now we introduce the notion of a simple complete Leibniz algebra.

Definition 6. A complete Leibniz algebra L is called a simple complete
Leibniz algebra, if any non-trivial ideal of L is not complete.

We define the following sequences:

L'=L, [''"=[I'L], k=1, M=p, =" 1", k=1,
so-called the lower central and the derived series of L, respectively.
Definition 7. A Leibniz algebra L is called nilpotent (respectively, solvable),

if there exists seN (meN) such that ' = {0} (respectively, I ={0}). The

minimal number s with such property is called the index of nilpotency of L.

The maximal nilpotent (respectively, solvable) ideal of a Leibniz algebra is
said to be the nilradical (respectively, radical) of the algebra.

The next we give the notion of characteristic sequence. For a finite-
dimensional nilpotent Leibniz algebra L and for the matrix of the linear operator
R., denote by C(x) the descending sequence of its Jordan blocks’ dimensions with
an arbitrary element from the set L\L?>. Consider the lexicographical order on the
set of such sequences.

Definition 8. The sequence
C(L)=max C(x)

xel\[?
is said to be the characteristic sequence of the nilpotent Leibniz algebra L.
Definition 9. An n-dimensional Leibniz algebra L is called a p-filiform if the
characteristic sequence is C(L)=(n —p, 1, ...,1).
P
Note that in the case of p=0, we say that L is null-filiform, and 1-filiform
algebras we call just filiform. Sh.A. Ayupov and B.A. Omirov proved that an
arbitrary n-dimensional null-filiform Leibniz algebra has a basis {e ,e,,....e,} such

that the multiplication in the algebra has the form:
NF,: [e,e]=e,, 1<i<n-—1,
where the omitted products are equal to zero.

A Leibniz algebra L is called simple if it has only ideals are {0}, 7, L and L*#1.

Definition 10. A Leibniz algebra L is called semisimple if its radical is equal
to [.

In 2012 the analogue of Levi’s theorem for Leibniz algebras has been proven
by D.Barnes. He showed that any finite-dimensional complex Leibniz algebra is
decomposed into a semidirect sum of the solvable radical and a semisimple Lie
algebra. Therefore, the classification of solvable Leibniz algebras is important to
construct finite-dimensional Leibniz algebras.

The focus of the first chapter is classification of five-dimensional solvable
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Leibniz algebras. Let R be a five-dimensional solvable Leibniz algebra. Then it can
be written in the form R=N+Q, where N is the nilradical and Q 1is the
complementary subspace, we get dimN >3. Since the description of five-
dimensional solvable Leibniz algebras with three-dimensional nilradical has been
given in the A.Kh.Khudoyberdiyev’s work, we consider the case of four-
dimensional nilradical. If the index of nilpotency of the nilradical N equals 5 or 4,
then N is the null-filiform or filiform algebra, respectively. Since solvable Leibniz
algebras with null-filiform or filiform nilradicals were classified by
[.A.Karimjanov and others, moreover, the classification solvable Leibniz algebras
with abelian nilradicals is obtained by J.K.Adashev, we consider the case of index
of nilpotency of the nilradical equals 3.

It is known that an arbitrary four-dimensional nilpotent Lie algebra with the
index of nilpotency 3, is isomorphic to following algebra:

vi le.e]=e, [e,e]=—e,.

In the following theorem we give the description of the five-dimensional
solvable Leibniz algebras with nilradical v.

Theorem 1. Let R be five-dimensional non-Lie solvable Leibniz algebra with
four-dimensional nilradical v. Then R is isomorphic to one of the following
pairwise non-isomorphic algebras:

le,e,]= ey, e]=e;, [e,x]=ae + fe,
R(a,pB,0,,0,):3[e,x]=-x.¢]=e, [x,x]= 0, + 0,e,.

[e,,x]=—x,e,]=—e,,

[81,62]2—[62,61]263, [64,)6]:84,
= + = —
Rz(ﬂ,O'):<[el,X] 61 ﬂe4a [x,el] 81,
[82,)(]:—62—64, [xaez]:eza
[x,x]= Oe,.
le,e,]=—e,.e]=e;, [e,x]=e,
R(a,0):1[e,x]=-x,¢]=e,, [x,x]=o0e;.
[ez,x]=—[x,e2]=ae3,

le.e,]=—[e,.e]=e;, le,.x]=—x,e,] = e, + Pe,,
R,(a,B,0):4le,x]=—x,e]=¢ +0e,, [x,x]=e;.

[e,,x]=—x,e,] = —e,,

le.e,]=—e,q]=e,  [e,x]=e,
Ri(a,pB,0):qle,x]=x,e,]= ae;, [x,¢]=—e,— fe;,

le,, x]=—x,e,]=e,, [x,x]=o0e,.

le.e,]=—ley,e]=e;, [e,x]=ae,

Ri(a):[e,x]=—x,¢]=e, [x,e,]=e;.
[e,,x]=—x.e,]=—¢,,
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le,e,]= e, ]= e, le,, x]=—]x,e,]=e,,
R.(B):1le,x]=—x,e]=¢€ + Pe,, [x,x]=e;.
le,,x]=—]x,e,]=—e, —¢,,

le,e,]=—e,.e]=e;, le;, x]=—x,e;] = ae,,
Ry(a,B,y,a,,,0):1[e,x]=-x,e]= ¢ + Pe,, [e,, x]=a, e,
[e),x]=—x,e,]=(a—1)e, +ye,, [x,x]=oe,.
le.e,]=—e,,e]=e;, le,,x] = ae,,
R, ,7,8,5): [e,, x]=—{x,e]=¢ + e, [x,e,]= Pe,,
le;, x]=—x,e;]= e, le,,x]=ye,,
[x,x] =o€,

where the parameters in these families of algebras are follows:
R(a,p,0,6):  (0,0,0,1); (1,0,0,0); (1,0,0,1); (0,5,0,0), 5 #0; (0,5,1,0).

R\(a,p): (0,0); (1,0); (0,1); (1,1).

R,(a,0): (0,0); (0,1); (1,0).

R, (a,pB,0): (,0,0), ¢ #0; (0,4,0), f=0.

Rs(a,ﬁ,ﬁ) : (09190)9 (O>ﬁ>1)> (l,ﬂ,G)

R(a): a#-—1.

R,(B): {03 {1}

Ri@..7.6,0): (2,1,0,0,1); (2,1,0,0,0),0 #0; (,0,0,0,1), x # {0;1;2};

(,0,0,5,0), a # {0;2}, 5 0.

R,(a,p,y,0,0): (0,0,1,1,0); (1,4,0,0,0); (a,—,0,0,0).
Below we present the list of all four-dimensional non-Lie nilpotent Leibniz
algebras with the index of nilpotency equal to 3.

Ay [ene]=ey, [enel=e, [e,e]=—e;

Ala): [e.el=e, le.e]=e, [e,e]l=—ae, [e,e,]=—e;

Ay [e,e]=e, [e,e)]=e, [enel=-e, [e,e]=¢;

Ay le,el=e,, le,e,]=e, [e,e]l=—e, [e,e]=-"2e +e,;

/11(0(): [61,81]284, [6‘1,62]:0564, [62,61]:—0584, [62782]2647

le;,e;] = ey;

M, - lene,]=ey, [epel=e, leyel=—¢, [e,e]=e,
[es,e]=e,;

My - le,e,]=e;, [e,e]=¢;

Hy - lenel=e, le,e,]=e, [e,e]=-e;
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s le.e]=¢e;, [e,e,]=e,;
1u6: [61782]2649 [62381]2_843 [83,63]284.
1+«
/17(0()1 [61982]2649 [62561]:1—649 [82962]2639 a+l.

In the next proposition we point out the five-dimensional solvable Leibniz
algebra with the nilradical 4,, 4,(a), 4;, 4,.

Proposition 1. Five-dimensional solvable Leibniz algebras with the four-
dimensional nilradicals 4,, 4,(«), 4,, A4, do not exist.

Theorem 2. Let R be a five-dimensional solvable Leibniz algebra with the
nilradical y;(a). Then R is isomorphic to the following algebra:
[elaez]:_[ezae1]=a€4a [61,61]284,
[el,x]=—[x,e1]=el—ae2, [62,82]264,

I[(a):
(@) le),x]=—x,e,]=e +e,, [e.e]=e,

le;,x]=—[x,e;]=e;, le,,x] = 2e,.

Similarly, we obtain the description of five-dimensional solvable Leibniz
algebras with the following four-dimensional nilradicals:

o There exist one five-dimensional solvable Leibniz algebra with nilradical u».

There exist two algebras with nilradical us.
There exist four algebras with nilradical .
There exist two algebras with nilradical us.
There exist three algebras with nilradical us.
The second chapter, titled “Outer, nilpotent and central derivations of
some Leibniz algebras” is devoted to investigate nilpotency of derivation
algebras, central and outer derivations of Leibniz algebras. In this chapter we
consider derivation of split Leibniz algebras and present some classes of Leibniz
algebras which are not complete, since they admit outer derivation. We determine
the properties of Leibniz algebras by comparing the set of central derivations with
the inner derivations.

Theorem 3. Let L be a Leibniz algebra such that =M + 4, where M is a

subalgebra, 4 is an ideal and 4>={0}, A#[A, Ann,(M)]. Then L has outer derivation.

Definition 11. A nilpotent Leibniz algebra is called characteristically
nilpotent if all its derivations are nilpotent.

Proposition 2. If L is a characteristically nilpotent Leibniz algebra, then

(1) the center of L is contained in L?;

(2) L*#{0}.

Theorem 4. Let L be a nilpotent Leibniz algebra. If L is the direct sum of two
non-zero ideals, such that one of them is central, then the Lie algebra Der(L) is not
nilpotent.

Theorem 5. Let L be a Leibniz algebra. If the center of algebra L is not
contained in L?, then Der(L) is not nilpotent.

We study the derivations of a Leibniz algebra which are both inner and
central. We will prove the following proposition.

o O O O

29



Proposition 3. Let L be a Leibniz algebra, R and R; are the radicals of L and
L?, respectively. Then:
1. InnDer(L) N CDer(L) = InnDer(Z,), where Z, ={l e L|[L,l] < Center(L)}.

2.InnDer(L) " CDer(L) c InnDer(Z,), where Z, ={r € R|[R,r]=0}.
It should be noted that InnDer(L) NCDer(L)#{0} for any non-abelian

nilpotent Lie algebra. But there exists non-Lie nilpotent Leibniz algebra, such that
InnDer(L) N CDer(L) = {0}.

Now we will study the Leibniz algebras with the condition
CDer(L) < InnDer(L). We have the following result:

Theorem 6. Let L be a Leibniz algebra with radical R satisfying
CDer(L) c InnDer(L). The following assertions are valid.

(1) If R is abelian, then either Center(L)={0} or L=L>.

(2) If Center(L)#{0} and CDer(L)#{0}, then R is not abelian.

We consider the Leibniz algebras whose all inner derivations are central.

Theorem 7. Let L be a Leibniz algebra. Then:

(1) InnDer(L) < CDer(L) if and only if L*={0}.

(2) If Center(L)#{0} and InnDer(L)=CDer(L), then L*=Center(L) and
dimCenter(L) =1.

(3) Der(L)=CDer(L) if and only if L is abelian.

The third chapter of the dissertation, titled “Leibniz algebras with complete
ideal” is devoted to the so-called complete Leibniz algebras. We construct some
complete Leibniz algebras with the complete radical and prove that the direct sum
of complete Leibniz algebras is also complete. It is known that a Lie algebra with a
complete ideal is split. We discuss the analogue of this result for the Leibniz
algebras and show that it is true for some classes of Leibniz algebras.

In the following theorem we investigate the center and derivations of split
Leibniz algebras.

Theorem 8. Let a Leibniz algebra L be decomposed into the direct sum of
two 1deals, 1.e.,

L=L®L,.
Then we have
1) Center(L) has the decomposition
Center(L) = Center(L,) ® Center(L,).
2) If in addition, Center(L)={0}, then
InnDer(L) = InnDer(L,) ® InnDer(L,),
Der(L) = Der(L,) ®© Der(L,).
3) L is complete if and only if both L, and L, are complete.

We formulate the following conjecture for complete Leibniz algebra.

Conjecture. If a complete Leibniz algebra R is an ideal in the Leibniz algebra
L,then L=R® S, where Sis an ideal in L.

Let R be a solvable Leibniz algebra whose nilradical is NF),. It was proved
that there exists a basis {e,e,,...,e ,x} of the algebra R such that the multiplication
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table of R with respect to this basis has the following form:
le,el=e,, 1<i<n-1,
R(NF,)):{[x,e,]=—€,,
le,x]=ie, 1<i<n.
By J.M.Ancochea and others it is showed that the solvable Leibniz algebra
R(NF,) is complete.
Then we show that the above conjecture is true for a Leibniz algebra whose
semisimple part is sl, and the complete ideal is the solvable algebra with the null-

filiform nilradical.
Theorem 9. Let L be a Leibniz algebra such that L =R+ sl, be its Levi

decomposition, where R is a complete solvable ideal whose nilradical is NF,. Then
L =R® sl, in other words, L is the direct sum of ideals.

Let N be a nilpotent Leibniz algebra with the characteristic sequence
(m,,...,m,), and multiplication table

rt o lq_ ¢ .
N, .. le.el=e,, 1<t<s, 1<i<m -1

my

Consider a solvable Leibniz algebra L with the nilradical », =~ and

codimension of nilradical is s. In the U.X.Mamadaliyev and B.A.Omirov’s work
the description of maximal solvable extension of a nilpotent Leibniz algebra with
an arbitrary characteristic sequence was given, 1.e., it was proved that arbitrary
solvable Leibniz algebra with nilradical N, -~ of codimension s is isomorphic to

the algebra:
[e',el1=¢",,, 1<t<s, 1<i<m, -1,
[e],x,]=ie], 1<i<m,
RN,  w-8)yle,x]=(@—-1e, 2<t<s, 2<i<m,
[el,x]=¢], 2<t<s, 1<i<m,
[x.e1= ¢,

where {x,,...x_} 1s a basis of the complementary vector space.
Moreover, it was shown that the Leibniz algebra R(N, , .s) is also
complete.

In the following theorem we show that the previous conjecture is true for a

Leibniz algebra whose semisimple part is s, and the complete ideal is a solvable
Leibniz algebra with nilradical N,, .

Theorem 10. Let L be a Leibniz algebra such that L =R+ sl, be its Levi
decomposition, where R is the complete solvable ideal R(N, ., .s), then
L=R® sl,. In other words, L is the direct sum of ideals.

K.K.Abdurasulov derived that, let R=N @ Q be a solvable Leibniz algebra
such that dimQ=dimN/N*=k, then R admits a basis {e,e,,...,€ ,X,X,,...,x,} such

that the table of multiplication in R has the following form:
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n
_ t [
le,,e;]= Ecijjet, 1<i,j<n,
t=k+1

le,x]=e, 1<i<k,
[x.e]=(b—1)e, b e{0,1}, 1<i<k,
[e,x;]=a, e, k+1<i<n,1<j<k,

q9_ .
[x;,e]= Eb;’iel. , k+1<5i<n 1< <k,
o J o t
t=1

“

where omitted products are equal to zero and @, ; is the number of entries of a
generator basis element e; involved in forming of non generator basis element ¢, .

In addition, it was given that, R is also complete.
In the following theorem we present that if a Leibniz algebra with semisimple
part sl, and whose complete ideal is a solvable Leibniz algebra such that the

codimension of its nilradical is equal to the number of generators of the nilradical,
then it satisfies the above conjecture.
Theorem 11. Let L be a Leibniz algebra such that L =R+ sl, be its Levi

decomposition, which the complete solvable ideal R=N@®Q such that
dimQ=dimN/N*. Then L= R ® s, in other words, L is the direct sum of ideals.

CONCLUSION

The dissertation is devoted to classify finite-dimensional Leibniz algebras
with complete ideal and to find central and nilpotent derivations of finite-
dimensional Leibniz algebras.

The main results of the research are as follows:

1. We classified five-dimensional solvable complex Leibniz algebras with the
four-dimensional nilradical;

2. It is proved that if the center of a Leibniz algebra is not contained in derived
subalgebra of the Leibniz algebra then derivations algebra is not nilpotent and
it has outer derivation;

3. We found the forms of the derivations of Leibniz algebras which are are both
inner and central;

4.  We proved that, the set of all central derivations of a Leibniz algebra with
non-trivial center coincide with the set of all inner derivations if and only if
the Leibniz algebra is metabelian;

5.  We proved that if a Leibniz algebra L has semisimple part sl,, and its
complete ideal is a solvable algebra with the nilradical of an arbitrary
characteristic sequence, then L is the direct sum of ideals;

6. It is proved that if L is a Leibniz algebra whose its solvable ideal is the
maximal extension of the nilradical, then L is split.
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BBEJIEHUE (anHoTaumusi aucceprannu 1okropa ¢punocodpuu (PhD))

Leabio HccaenoBaHus SBISIETCS ONpeelieHUe CTPYKTYPhl MaJlOMEpPHBIX
pa3pemmMbIxX anredp JleiOHMIIAa 1 KOHEYHOMEPHBIX aiareOp JlelOHUIIA ¢ TTOJHBIM
uaeanioM, a TakkKe  HaxOXJeHHWE  IEeHTPaJbHBIX W  HWIBIIOTEHTHBIX
g epenurpoBanuii anredp JleitOuua.

O6bekT uccaenoBanus: KoneunomepHsie anredpsl JleliOHuLa, pa3peiimbie
anre6psl Jleiibnwmia, anredpsr quddepennupoBanuii anredop JlefioHuma.

HayuyHnasi HOBH3HA HCC/IeI0OBaAHHS 3aKJII0UYAETCs B CIIENyIOLEM:

omucaHbl S5-MepHble paspewmuMmble anredOpbl Jleibnuna ¢ 4-mepHbIM
HUJIbPAJIUKAJIOM;

Haiinensl GopMbl auddepeniupoBanus anrebp JleiOHUIa, KOTOpPBIE
ABJISIFOTCS. KaK BHYTPEHHHMH, TaK U LIEHTPAIbHBIMM;, JOKAa3aHO, YTO €CIU IEHTP
anre6psl  JleliOHMIla ~ HeTpUBHANeH,  MHOXECTBO  BCEX  LEHTPaJIbHBIX
muddepeHIMpoBaHUN  cOBMazaeT C  MHOXECTBOM  BCeX  BHYTPEHHHX
muddepeHMpoBaHU TOrMa W TONBKO Tornma, korga anrebpa JleliOHuia
MeTa0eeBa;

JIOKa3aHo, 4TO eclik ajredpa JleiiOHuIa L, MOTHBIA Heal KOTOPOW SBIISIETCS
paspeminMoil anreOpoil ¢ HUJIbPaTUKAJIOM IMPOU3BOJIBHON XapaKTepUCTUUYECKOU
MOCIIeI0BaTeIbHOCTH, TO L pa3noxumas;

7oKa3aHo, 4To ecnu L saBnsercs anre6pa JleiiOHuia, paaukan KOTOpoi
ABJISIETCS MAKCUMAaJIbHBIM paclIMpeHueM HUWIbpaJuKasna, To L sBiseTcss mpsiMoi
CYMMOW HJEaJioB.

BHeapenue pe3yJbTaToB HccjieqoBaHus. Pe3ynbrarhl ObUIM UCIIOJB30BaHbBI
B CJIEIYIOIINUX HAYYHBIX UCCIEIOBAHUSIX:

pe3yibTaThl 1O KilaccuPUKaUWKd TSTUMEPHBIX  pa3pelliuMbIX — anredp
JleitbHnia ¢ 4YeThIpeXMEpPHbIM HUJIbPAAMKAIOM OBUIM HMCIOJb30BaHbl IS
omucaHus  pa3pewuMbix  anreOp  JlelOHmma ¢ KBa3U-QUIHMPOPMHBIM
HunbpaaukanoM B npoekte OT-P4-31 «HexommyTtaTtuBHBIE MOAYJH, anreOpbl
JleitbaMIa ¥ Kackajpl MOJMHOMOB Ha CHMIUIeKcax», (cmpaBka HarmonambHOTO
yHUBepcuteta Y30ekucraHa ot 17 sHBaps 2022 roma Ne 04/11-229). Hayunsie
pe3ybTaThl TIO3BOJIMIN KJIACCH(PUIIMPOBATh pa3pemmmMble anreOpsl JleiiOHMITA
MaJbIX pa3MepHOCTeH, HWIbPaIUKal KOTOPBIX SBISETCS KBa3u-(GUIU(OPMHOMA
anreOpoi;

pe3yJbTaThl, MOJYYEHHbIE B AUCCepTalUU O BHEITHUX AU(hepeHIuPOBaAHUSIX
KOHEYHOMepHbIX anredp JleliOHuua, ObUTM Hcmonb30BaHbl B mpoekte OT-4-27
«Onucanue mnpenyalbHBIX TPOCTPAHCTB HOPJAHOBBIX TPOEK, MPOCTPAHCTB
eMKOCTel U ToJoMOpGHBIX MpoaokeHnit pyHkimmny» (cnpaBka Kapakanmakckoro
lNocynapctBennoro ynuBepcutera ot 17 suBapst 2022 roma No 01-21-04/56).
[IpuMeHeHne Hay4yHOTO pe3yJbTaTa TMO3BOJIMIIO OMHUCATh TOYTH BHYTPEHHHE
g depeHInpoBaHs KOHEYHOMEPHBIX PuindopMHbIX anredp JleOnua.

CTpykTypa u o0beM auccepranmuu. Jlucceprauus COCTOUT U3 BBEICHHS,
TpeX IJIaB, 3aKiitoueHus u oudimorpadun. O6beM auccepranuu 86 CTpaHUIIH.
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