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INTRODUCTION (abstract of PhD dissertation) 
 

Actuality and demand of the theme of the dissertation. In the world, as 
well as theoretical physics, many objects of mathematics are studied through non-
associative algebraic methods. In particular, Lie and Jordan algebras arose as a tool 
of quantum mechanics. On the other hand, Lie algebras, being non-associative, 
reflect the essential properties of Lie groups. At the beginning of the development 
of the theory of Lie algebras, the theory developed exclusively as an application of 
Lie groups, later it acquired an independent character. Many concepts and 
properties that exist in Lie groups were also determined for Lie algebras, and then 
they were extended to a number of generalizations of Lie algebras. Problems of 
defining the completeness of Leibniz algebras, which are one of the important 
generalizations of Lie algebras, finding their inner and outer derivations and 
classification of Leibniz algebras have become one of the actual and important 
tasks of modern algebra. 

At the moment, since varieties of Leibniz algebras have some classes 
including all complete Lie algebras, it is necessary to take into account several 
factors to defining the concept of complete Leibniz algebras. Therefore, some 
scientists used different approaches to introduce the notion of complete Leibniz 
algebras, and later it was accepted that a Leibniz algebra is called complete if its 
center is trivial and all derivations are inner, as in Lie algebras. Such algebras are 
also important from a cohomological point of view and many complete Leibniz 
algebras belong to the class of cohomologically rigid algebras. In this regard, the 
main problems are: to classify complete Leibniz algebras, to show that Leibniz 
algebra with complete ideal is split, to prove that the given algebras have outer 
derivations, to describe Leibniz algebras. 

In our country much attention has been paid to mathematics, physics, geology 
and biological sciences, which have scientific and practical applications of 
fundamental sciences. In particular, special attention was paid to the development 
of fundamental research on non-associative algebras. Within the frame of this 
fundamental research, significant results have been obtained in the study of 
complete Leibniz algebras. Conducting research2 at the level of international 

 
and direction of activity of mathematics. To ensure the implementation of the task, 
it is important to develop the theory of complete Leibniz algebras for the 
application of scientific results in the relevant field of science.  

The subject and object of research of this dissertation are in line with tasks 
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947 

Rep -
further improvement of the activities of the Academy of Sciences, organization, 

 
2 
on the organization of activities of the first created scientific research institutions of the Academy of 
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-3682 from April 27, 2018 
ove the system of practical implementation of 

-
measures to further development of mathematical education and science, and also 
root improvement of the activity of the Uzbekistan Academy of Sciences 

to basic science. 
Connection of research to priority directions of development of science 

and technologies of the Republic. This study was performed in accordance with 
the priority areas of science and technology of Republic of Uzbekistan IV, 
Mathematics, Mechanics and Computer Science . 

The degree of scrutiny of the problem. Lie algebras, which all derivations 
are inner and the center is zero, appeared in 
there were few algebras of this kind, therefore, their meaning could not be 
understood very well. The first important result on complete Lie algebras was 

e algebras. The 
it was proved that 

arbitrary Lie algebra with a complete ideal is split. In recent years, various authors 
have focused on the classification and structural properties of complete Lie 
algebras. D.J.Meng has proved that any finite-dimensional complete Lie algebra 
can be decomposed into the direct sum of simple complete ideals, and such a 
decomposition is unique up to the order of the ideals. Also, Y.C.Gao and D.J.Meng 
first gave a necessary and sufficient condition for some solvable Lie algebras with 
l-step nilradicals to be complete and a method for constructing non-solvable 
complete Lie algebras. 

By analogy with Lie algebras, the definition of complete Leibniz algebras was 
introduced by J.M.Ancochea and R.Campoamor-Stursberg. Authors proved the 
completeness of the solvable Leibniz algebra with the null-filiform nilradical. Later 
J.K.Adashev and others showed that solvable Leibniz algebra with the nilradical 
being naturally graded p-filiform Leibniz algebra of maximal codimension is 
complete. Moreover, B.A.Omirov and U.X.Mamadaliyev classified complete 
solvable Leibniz algebras with the nilradical of an arbitrary characteristic 
sequence. Also, K.K.Abdurasulov proved the completeness of a solvable Leibniz 
algebra with the nilradical of codimension equals the number of generators of the 
nilradical.  

In the structural theory of Leibniz algebras, one of the main problems is the 
classification of arbitrary classes up to isomorphism. Low-dimensional Leibniz 
algebras were classified by J.-L.Loday, B.A.Omirov, J.M.Casas and others. 
Classification of four-dimensional solvable Leibniz algebras was obtained by 
A.Kh.Khudoyberdiyev and E.M.Canete. It should be noted that the dimension of 
the nilradical of five-dimensional solvable Leibniz algebras is three or four. A 
description of a five-dimensional solvable Leibniz algebra with the three-
dimensional nilradical has been given by A.Kh.Khudoyberdiyev, I.S.Rakhimov 
and Sh.K.Said Husain. 
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Connection of the theme of the dissertation with the research works of 
higher education, where the dissertation is carried out. The dissertation work is 
carried out in accordance with the given topic of scientific research OT-F4-82 + 
OT-F4-87 

theory of global invariants of curves and surfaces in Euclidean and pseudo-
at V.I. Romanovskiy Institute 

of Mathematics (2017-2019). 
The aim of research work is to determine the structure of low-dimensional 

solvable Leibniz algebras and finite-dimensional Leibniz algebras with a complete 
ideal and to find central and nilpotent derivations of Leibniz algebras. 

Research problems: 
to classify five-dimensional solvable Leibniz algebras with the four-

dimensional nilradical; 
to find the properties of nilpotency of derivation algebras, central and outer 

derivations of finite-dimensional Leibniz algebras; 
to construct Leibniz algebras with the complete radical. 
The research object: Finite-dimensional Leibniz algebras, solvable Leibniz 

algebras, derivations algebras of Leibniz algebras.  
The research subject: Structural theory of finite-dimensional Leibniz 

algebras, the theory of solvable and nilpotent Leibniz algebras. 
Research methods: In the dissertation the methods of structural constants, 

classification methods, inductive method, as well as the methods of invariant 
theory are applied.  

Scientific novelty of the research work consists of the following: 
five-dimensional solvable Leibniz algebras with the four-dimensional 

nilradical is classified; 
the forms of the derivations of Leibniz algebras which are both inner and 

central are found and it is proved that the set of all central derivations of a Leibniz 
algebra with non-trivial center coincide with the set of all inner derivations if and 
only if the Leibniz algebra is metabelian; 

it is proved that if a Leibniz algebra L whose its complete ideal is a solvable 
algebra with the nilradical of an arbitrary characteristic sequence, then L is split;  

it is proved that if L is a Leibniz algebra whose its radical is the maximal 
extension of the nilradical, then L is the direct sum of ideals. 

Practical results of the research. The obtained results and used methods in 
the dissertation can be taught as a graduate course for masters and PhD students of 
higher education institutions. In addition, the results of the dissertation concerning 
the structure of Leibniz algebras with some complete radicals allow to verify 
hypothesis about Leibniz algebras with an arbitrary complete ideal. 

The reliability of the results of the study. Our results have been obtained by 
using derivation theory, the known methods of investigation of other classes of 
algebras, fundamental results of the theory of algebras. The proofs of obtained 
results are mathematically correct. 
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Scientific and practical significance of the research results.The scientific 
significance of the results is explained by the fact that the obtained results in the 
work can be used for further research of varieties of other algebras. In particular, 
the techniques and methods developed in this dissertation can be used to solve the 
proposition on an arbitrary Leibniz algebra with a complete ideal to be split. 

The practical significance of the research results is explained by the fact that 
they allow to create hypotheses about the description and properties of complete 
Leibniz algebras.  

Implementation of the research results. The results were used in the 
following scientific studies: 

the results on the classification of five-dimensional solvable Leibniz algebras 
with the four-dimensional nilradical were used to describe solvable Leibniz 
algebras with quasi-filiform nilradical in the project -commutative modules, 

-F4-31 
(Reference from National University of Uzbekistan dated January 17, 2022, 
04/11-229). The scientific results allowed to classify low-dimensional solvable 
Leibniz algebras whose nilradical is a quasi-filiform algebra; 

obtained results which were in the dissertation about outer derivations of 
finite-dimensional Leibniz algebras were used in the project OT-4-
of predual spaces of Jordan triples, spaces of capacities and holomorphic 

sity dated 
January 17, 2022, -21-04/56). The application of the scientific result allowed 
to describe almost inner derivations of finite-dimensional filiform Leibniz 
algebras. 

Approbation of the research results. The main results of the research have 
been discussed at 4 international and 4 national scientific conferences. 

Publications of the research results. On the topic of the dissertation, 14 
scientific papers were published, 6 of which are included in the list of scientific 
publications proposed by the Higher Attestation Commission of the Republic of 
Uzbekistan for the defense of thesis of the Doctor of Philosophy, including 2 of 
them published in international journals and 4 in national scientific journals and 8 
abstracts. 

The structure and volume of the dissertation. The dissertation consists of 
the introduction, three chapters with conclusions, general conclusion and 
bibliography. The total volume of the work is 86 pages. 

 
MAIN CONTENT OF THE DISSERTATION 

In introduction the motivation of research theme and correspondence to the 
priority research areas of science and technology of the Republic are given, we 
present degree of scrutiny of the problem, formulate our goals and objectives, 
identify the object and subject of study, and state scientific novelty and practical 
results of the research. Moreover, we give the theoretical and practical importance 
of the obtained results, and also give information on the implementation of the 
research results, the published works and the structure of dissertation. 
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Solvable five-dimensional 
Leibniz algebras with the four-dimensional nilradical , we introduced 
necessary basic notions and concepts of Leibniz algebras which are used in 
dissertation and have given the classification of 5-dimensional solvable complex 
Leibniz algebras with 4-dimensional Lie and non-Lie nilradical.  

Definition 1. A Leibniz algebra L is a vector space over  equipped with a 
bilinear map (multiplication) satisfying the Leibniz identity  

 
for all   

From now on Leibniz algebras L 
-dimension.  

For a Leibniz algebra L, the subspace of squares of the elements 
 becomes an ideal due to the Leibniz identity. Then I is the 

minimal ideal with respect to the property that L/I is a Lie algebra. 
For a given Leibniz algebra L we define the following two-sided ideals  

 
 

called the right annihilator and the center of L, respectively.  
An ideal of a Leibniz algebra is called a central ideal if it is contained in the 

center of the Leibniz algebra. 
A linear map  of a Leibniz algebra L is said to be a derivation if for 

all  the following condition holds:  
 

The set of all derivations of L (denoted by Der(L)) forms a Lie algebra with 
respect to the commutator  for . 

Note that the operator of right multiplication by an element  (further 
denoted by Rx) is a derivation, which is called an inner derivation. Derivations 
which are not inner are called outer derivations. The set  
inherits the Lie algebra structure from Der(L).  

Definition 2. A derivation d of a Leibniz algebra L is called central if 
  

We denote by CDer(L) the set of all central derivations of L. It should be 
noted that CDer(L) is an ideal of Der(L).  

Definition 3. A Lie algebra  is called complete if  and all 
derivations of  are inner.  

Example 1. a) Semisimple Lie algebras over a field of characteristic 0 are 
complete. 

b) The (unique) non-abelian Lie algebra of dimension 2 is complete.  
 

Definition 4. A complete Lie algebra  is called a simple complete, if any 
non-trivial ideal of  is not complete.  

Obviously, a simple Lie algebra over the field of characteristic 0 and the 
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algebra  are simple complete Lie algebras. 
By analogy with Lie algebras, now we give the definition of a complete 

Leibniz algebra that was first introduced by J.M.Ancochea and R.Campoamor-
Stursberg.  

Definition 5. A Leibniz algebra L is called complete if Center(L)={0} and all 
derivations of L are inner.  

Now we introduce the notion of a simple complete Leibniz algebra.  
Definition 6. A complete Leibniz algebra L is called a simple complete 

Leibniz algebra, if any non-trivial ideal of L is not complete.  
We define the following sequences:  

 
so-called the lower central and the derived series of L, respectively. 

Definition 7. A Leibniz algebra L is called nilpotent (respectively, solvable), 
if there exists  ( ) such that  (respectively, ). The 
minimal number s with such property is called the index of nilpotency of L.  

The maximal nilpotent (respectively, solvable) ideal of a Leibniz algebra is 
said to be the nilradical (respectively, radical) of the algebra.  

The next we give the notion of characteristic sequence. For a finite-
dimensional nilpotent Leibniz algebra L and for the matrix of the linear operator 
Rx, denote by C(x
an arbitrary element from the set L\L2. Consider the lexicographical order on the 
set of such sequences.  

Definition 8. The sequence  
 

is said to be the characteristic sequence of the nilpotent Leibniz algebra L. 
Definition 9. An n-dimensional Leibniz algebra L is called a p-filiform if the 

characteristic sequence is C(L)= .  

Note that in the case of p=0, we say that L is null-filiform, and 1-filiform 
algebras we call just filiform. Sh.A. Ayupov and B.A. Omirov proved that an 
arbitrary n-dimensional null-filiform Leibniz algebra has a basis  such 
that the multiplication in the algebra has the form: 

 
where the omitted products are equal to zero.  

A Leibniz algebra L is called simple if it has only ideals are {0}, I, L and L2 I.  
Definition 10. A Leibniz algebra L is called semisimple if its radical is equal 

to I.  
In 201

by D.Barnes. He showed that any finite-dimensional complex Leibniz algebra is 
decomposed into a semidirect sum of the solvable radical and a semisimple Lie 
algebra. Therefore, the classification of solvable Leibniz algebras is important to 
construct finite-dimensional Leibniz algebras. 

The focus of the first chapter is classification of five-dimensional solvable 



27 

 

Leibniz algebras. Let R be a five-dimensional solvable Leibniz algebra. Then it can 
be written in the form R=N+Q, where N is the nilradical and Q is the 
complementary subspace, we get  Since the description of five-
dimensional solvable Leibniz algebras with three-dimensional nilradical has been 

-
dimensional nilradical. If the index of nilpotency of the nilradical N equals 5 or 4, 
then N is the null-filiform or filiform algebra, respectively. Since solvable Leibniz 
algebras with null-filiform or filiform nilradicals were classified by 
I.A.Karimjanov and others, moreover, the classification solvable Leibniz algebras 
with abelian nilradicals is obtained by J.K.Adashev, we consider the case of index 
of nilpotency of the nilradical equals 3. 

 It is known that an arbitrary four-dimensional nilpotent Lie algebra with the 
index of nilpotency 3, is isomorphic to following algebra: 

 
In the following theorem we give the description of the five-dimensional 

 
Theorem 1. Let R be five-dimensional non-Lie solvable Leibniz algebra with 

four- en R is isomorphic to one of the following 
pairwise non-isomorphic algebras:  

     

               

1 2 2 1 3 4 4

1 1 4 1 1
2

2 2 4 2 2

3

[ , ] = [ , ] = , [ , ] = ,

[ , ] = , [ , ] = ,
( , ) :

[ , ] = , [ , ] = ,

[ , ] = .

e e e e e e x e

e x e e x e e
R

e x e e x e e

x x e
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where the parameters in these families of algebras are follows: 

 

    

Below we present the list of all four-dimensional non-Lie nilpotent Leibniz 
algebras with the index of nilpotency equal to 3. 
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In the next proposition we point out the five-dimensional solvable Leibniz 
algebra with the nilradical    4. 

Proposition 1. Five-dimensional solvable Leibniz algebras with the four-
dimensional nilradicals     do not exist. 

Theorem 2. Let R be a five-dimensional solvable Leibniz algebra with the 
nilradical 1( ). Then R is isomorphic to the following algebra: 

 

Similarly, we obtain the description of five-dimensional solvable Leibniz 
algebras with the following four-dimensional nilradicals: 
o There exist one five-dimensional solvable Leibniz algebra with nilradical 2. 
o There exist two algebras with nilradical 3. 
o There exist four algebras with nilradical 4. 
o There exist two algebras with nilradical 5. 
o There exist three algebras with nilradical 6. 

The Outer, nilpotent and central derivations of 
some Leibniz algebras
algebras, central and outer derivations of Leibniz algebras. In this chapter we 
consider derivation of split Leibniz algebras and present some classes of Leibniz 
algebras which are not complete, since they admit outer derivation. We determine 
the properties of Leibniz algebras by comparing the set of central derivations with 
the inner derivations.  

Theorem 3. Let L be a Leibniz algebra such that  where M is a 
subalgebra, A is an ideal and A2={0}, A A, Annr(M)]. Then L has outer derivation. 

Definition 11. A nilpotent Leibniz algebra is called characteristically 
nilpotent if all its derivations are nilpotent.  

Proposition 2. If L is a characteristically nilpotent Leibniz algebra, then 
(1) the center of L is contained in L2;  
(2) L3  
Theorem 4. Let L be a nilpotent Leibniz algebra. If L is the direct sum of two 

non-zero ideals, such that one of them is central, then the Lie algebra Der(L) is not 
nilpotent. 

Theorem 5. Let L be a Leibniz algebra. If the center of algebra L is not 
contained in L2, then Der(L) is not nilpotent. 

We study the derivations of a Leibniz algebra which are both inner and 
central. We will prove the following proposition. 



30 

 

Proposition 3. Let L be a Leibniz algebra, R and R1 are the radicals of L and 
L2, respectively. Then: 

1.  where  
2.  where  
It should be noted that  for any non-abelian 

nilpotent Lie algebra. But there exists non-Lie nilpotent Leibniz algebra, such that 
 

Now we will study the Leibniz algebras with the condition 
 We have the following result: 

Theorem 6. Let L be a Leibniz algebra with radical R satisfying 
 The following assertions are valid. 

(1) If R is abelian, then either Center(L)={0} or L=L2. 
(2) If Center(L L R is not abelian.  
We consider the Leibniz algebras whose all inner derivations are central.  
Theorem 7. Let L be a Leibniz algebra. Then: 
(1)  if and only if L3={0}. 
(2) If Center(L L)=CDer(L), then L2=Center(L) and 

dimCenter(L) =1. 
(3) Der(L)=CDer(L) if and only if L is abelian.  

Leibniz algebras with complete 
ideal -called complete Leibniz algebras. We construct some 
complete Leibniz algebras with the complete radical and prove that the direct sum 
of complete Leibniz algebras is also complete. It is known that a Lie algebra with a 
complete ideal is split. We discuss the analogue of this result for the Leibniz 
algebras and show that it is true for some classes of Leibniz algebras. 

In the following theorem we investigate the center and derivations of split 
Leibniz algebras. 

Theorem 8. Let a Leibniz algebra L be decomposed into the direct sum of 
two ideals, i.e.,  

 
Then we have   

1) Center(L) has the decomposition  
 

2) If in addition, Center(L)={0}, then 
 

 
3) L is complete if and only if both L1 and L2 are complete.  

We formulate the following conjecture for complete Leibniz algebra. 
Conjecture. If a complete Leibniz algebra R is an ideal in the Leibniz algebra 

L, then  where S is an ideal in L. 
Let R be a solvable Leibniz algebra whose nilradical is NFn. It was proved 

that there exists a basis  of the algebra R such that the multiplication 
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table of R with respect to this basis has the following form:  

 

By J.M.Ancochea and others it is showed that the solvable Leibniz algebra 
R(NFn) is complete.  

Then we show that the above conjecture is true for a Leibniz algebra whose 
semisimple part is  and the complete ideal is the solvable algebra with the null-
filiform nilradical. 

Theorem 9. Let L be a Leibniz algebra such that  be its Levi 
decomposition, where R is a complete solvable ideal whose nilradical is NFn. Then 

 in other words, L is the direct sum of ideals.  
Let N be a nilpotent Leibniz algebra with the characteristic sequence 

 and multiplication table  

 

Consider a solvable Leibniz algebra L with the nilradical  and 

codimension of nilradical is s
the description of maximal solvable extension of a nilpotent Leibniz algebra with 
an arbitrary characteristic sequence was given, i.e., it was proved that arbitrary 
solvable Leibniz algebra with nilradical  of codimension s is isomorphic to 

the algebra:  

 

where  is a basis of the complementary vector space.  

Moreover, it was shown that the Leibniz algebra  is also 

complete. 
In the following theorem we show that the previous conjecture is true for a 

Leibniz algebra whose semisimple part is  and the complete ideal is a solvable 

Leibniz algebra with nilradical   

Theorem 10. Let L be a Leibniz algebra such that  be its Levi 

decomposition, where R is the complete solvable ideal  then 

 In other words, L is the direct sum of ideals.  
K.K.Abdurasulov derived that, let  be a solvable Leibniz algebra 

such that dimQ=dimN/N2=k, then R admits a basis  such 
that the table of multiplication in R has the following form:  
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where omitted products are equal to zero and  is the number of entries of a 

generator basis element  involved in forming of non generator basis element .  

In addition, it was given that, R is also complete. 
In the following theorem we present that if a Leibniz algebra with semisimple 

part  and whose complete ideal is a solvable Leibniz algebra such that the 
codimension of its nilradical is equal to the number of generators of the nilradical, 
then it satisfies the above conjecture.  

Theorem 11. Let L be a Leibniz algebra such that  be its Levi 
decomposition, which the complete solvable ideal  such that 
dimQ=dimN/N2. Then  in other words, L is the direct sum of ideals. 

 
CONCLUSION 

 
The dissertation is devoted to classify finite-dimensional Leibniz algebras 

with complete ideal and to find central and nilpotent derivations of finite-
dimensional Leibniz algebras. 

The main results of the research are as follows: 
1. We classified five-dimensional solvable complex Leibniz algebras with the 

four-dimensional nilradical; 
2. It is proved that if the center of a Leibniz algebra is not contained in derived 

subalgebra of the Leibniz algebra then derivations algebra is not nilpotent and 
it has outer derivation; 

3. We found the forms of the derivations of Leibniz algebras which are are both 
inner and central; 

4. We proved that, the set of all central derivations of a Leibniz algebra with 
non-trivial center coincide with the set of all inner derivations if and only if 
the Leibniz algebra is metabelian; 

5. We proved that if a Leibniz algebra L has semisimple part  and its 
complete ideal is a solvable algebra with the nilradical of an arbitrary 
characteristic sequence, then L is the direct sum of ideals;  

6. It is proved that if L is a Leibniz algebra whose its solvable ideal is the 
maximal extension of the nilradical, then L is split.  
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