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KUPHUII (pancada noxkropu (PhD) nuccepranusicu aHHOTAUSICH)

Juccepranusa MaB3yCHHUHT 10/13ap0auru Ba 3apypusitu. )KaxoH Mukécua
om0 Oopunaérrad kymiaad WIMHA Ba aMalud TaJKMKOTIAp aKcapwsT XoJuiapia
CTaTUCTUK (PM3MKA Ba MHBAPUAHTIIAD HA3APUSICUHU Tax IMJI KWIMII Macajlajlapura
kentupunaau. AvHu, QuMkaga n-KucM Myammocu (dazomarud  KUCMIIap
IPYIIIACUHUHT aJOXUJa XapakKaTJapuHU OJIAVNHAWHIAH aHUKJIAIra KapaTUJraH.
Xap Oup 3appadyaHUHT XapakaTMHU OolIKapaguraH (U3NK KOHYHJIAp OIAUi
oymuimu xaM, OYyIMaciuru XxaM MyMKdH. BuUpok, 3appadaiap TYIIaMUHUA TaXJIujl
KWJIMLI KyJ1a Mypakka0 xucobnanaau. Iy cababnan, Ky »xucMiii Ha3apuil pu3uka
aKcapusT XoJiapjaa KypuO YMKWIAETraH MyaMMoOTa XOoc OViraH sSKWHJIAIIHIIIap
TYyImiamMura TasHaad Ba ()aHHUHT SHI MHTEHCHUB COXAJlapH KAaTOpUTa KHUPAIH.
Kamomkepo-Mo3ep nuHamMuK cucreMa Oup VIUOBIM KYI JKHUCM MYyaMMOCH
xucobnanaau. Kanomkepo-Mo3ep cucTeMacuHU aHUK €4rMra 3ra OViraH TecKapu
KBajpar [‘aMuiITOHMaH TOMOHMJAH  OOIIKApWUJIAAWTaH  YU3MK  OVitnab
XapakaTJaHaJuraH n Ta 3appajiap 1e0 TacaBByp KUJIUII MyMKHUH. Y IOy 3appadaiap
cucteMacuHUHT Terunuim (aza gazocunu spHu n -Kanomkepo-Mozep dazocuHu
TaBcuIal Macananapy CTaTUCTUK PU3MKA, JMHAMHUK CHCTeMasap, MHBApUAHTIIAP
Hazapusicu Ba MH(GOPMALMOH TEXHOJOTHUSJIAPHUHT MYaMMOJIAPUHU Xall ATUIIAA
MYXHM aXxamusITra sra.

Xosupru Bakraa Kamomkepo-Moszep dazocuun Hakakuma iyHanTHpuirad
rpad kynxuwimurura 6up HamyHa cudaruna kapanaau. Ly ca6a6mm, Kamomkepo-
Mozep dazonapu anreOpauk reoMeTpusijia, WyHaNTUpWIraH rpadiapHUHT
TacBUpJIap Hazapusicuja, NpoekTUB Ba UYepenHuk anreOpanapuaa Typid XUl
tarOukapra sra. Kamomkepo-Mo3ep (pa3oCHHUHT SHT acoCUi XyCyCHSTIapHIaH
OUpH LIYHAAKU, Y KOMIUIEKC TEKUCIUKIArd HyKTajnapHUHr ['mnb0epT cxemacura
nuddeomopdaup. Jlemak, 'mapbept cxemacu yuyH 6apua MabIyM (KO)rOMOJIOTUK
koHcTpykuusuiap Kanomxepo-Moszep pazocu yuyH Y3MapuHHUHT YXIIaluiapura ara
oymumu kepak. ['miapbepT cxemacura yxmamaran xoiga Kamomkepo-Moszep
dazocu cwuuk adduu anreObpavk KYNXWUIMKAUP Ba y KYNXamuiv GyHKIUsIIAp
anreOpacu OunaH anukiaHaau. Kynmxammu ¢yHKOusapu aireOpacCMHUHT aHUK
TaBCU(PY HHBApUAHT MaTpHUIAap HA3apHACHHUHT OYHMK MyaMmMMoJlapuliaH Oupu
xucobnanagu. by Oopana: Kanomxepo-Mozep ¢hazonapuHUHT MUHHUMAJ XOCHI
KWIYBYWJIApU TYIJAMUHA TONWII Ba TOMNWITaH XOCHWJ KWIyBUMJIAp oOpacuia
KYNXaJyii MyHOcaOaTIapHU aHUKJIall MakKcaaid WIMUN TaJKUKOTIIapJaH
XucoOJaHa u.

Mamnakatumuzna dyHaameHTan (GaHIapHUHT UIMUNA Ba amMaiuil TaTOUKuUra
sra OynraH amanuii MaTeMaThka, HMHQPOPMATHKA, PAKAMIM HWKTHUCOIUETHUHT
nom3ap0 yHanunuiapra 3bTHO0p Kydatupunau. Kymiianan, oXupru Huiapaa
HOHACCOLINaTUB anreOpanap oyiinua dbyHaaMeHTan TAIKUKOTJIAPHH
PUBOXJIAHTHPHILTA aJIOXWaAa IBTHOOp KapaTwiau. YmoOy dyHIaMeHTaml
TagKuKoTiap noupacuaa Kamomxepo-Mozep ¢azonapunu TaBcudiam OpKaiu
amMaauii MyaMMOJIapHH XaJl 3TUII Oopacuaa CaaIMOKJIHM HaTWXajlapra SPHILWIIIH.
«Anrebpa Ba GyHKIIMOHAT aHAIK3» (DaHJIApUHUHT YCTYBOp HyHAIMIIIApH OYirda
XaJIKapo CTaHAapTiIap Japa)kacuia WIMHI TaAKUKOTIAp 0JU0 OOpHUIl MaTeMaTHKa
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GanuHMAT acocuii Basudacu Ba QaonuaAr HyHamumm 51O Oenrunanau’. Kapop
WKPOCUHM TabMUHJAIA WIMUANA HaTWKalapAaH WiIM-GaHHUHT  TypJIOII
coxanapuja goitnananuin makcaauna Kamnomxkepo-Mo3sep dazonapunu taBcudan
MYXHM axamusITra sra.

V36ekucron Pecry6iukacu Ipesunentuaunr 2017 iiun 7 despangaru [1D-
4947-con  «Y30eKHCTOH PecnyOIMKacHHH sHAJA PUBONUIAHTHPHIN OYitnda
xapakariap crparerusicu Tyrpucuiantu ®apmonu, 2019 iinn 9 uronnaru [1K-4387-
coH «MaremMatuka TabauMMH Ba (aHJIApPUHM SIHA/Aa PUBOXKIAHTUPUIIHU JaBiatT
TOMOHHM/IaH Ky/1a0-KyBBaT/IALl, [IYHUHTACK, Y36ekucToH Pecny6nukacu Mamnap
AxanemusicnauHr B. WM. PomanoBckuii Homumarm MaremaTMka HWHCTUTYTH
dhaonuaTHHU TyOJaH TAKOMHUJUIAIITUPUII YOpa-Taoupaapu Tyrpucuanti sa 2020
vun 7 wmangarn I1K-4708-con «MartemaTtuka coxacujard TabjiuM CcH(ATUHU
OIMPUII Ba  WIMHU-TAAKUKOTIAPHU  PUBOXKJIAHTUPHUIL  YOpa-TaAOUpJiapu
TYFPUCHIa»TH KapopJiapy, Xamaa Ma3Kyp (paoiusarra Teruuuid 00IIKa HOpMaTHB—
XYKyKHH XyxoKaTiaapAa Oelrwianrad BasudajaapHd amaira OIIMpHIIa yioy
auccepTanus TAAKUKOTH MyaisiH 1apa)ajia Xu3MaT KUIaIu.

TaakukKOoTHUHI pecny0anka ¢GaH Ba TEXHOJOTHAJIAPH PHBOKJIAHUIIU
YCTYBOP HyHAJIMILJIApUra OOFITMKJANTU. Ma3Kyp TaaKuKOT pecnyOinka ¢aH Ba
TEXHOJIOTHsIap  puBOXJIaHumMHUHT [V, «MaremaTtnka, MexaHuWKa Ba
uH(popMaTrKay yCTyBOp UYHATUIIM Jloupacua Oa>kapuiraH.

MyamMMOHUHI ypranwiaraniuk papamxacu. @O.Kanomxkepo, XK .Mo3sep,
J.Kaznan, b.Kocrant Ba C.CreprbOepriiapHuHr unuiapuaan 6omiad Kamomkepo-
Moszep cucremanapu Ba KamomueB-IletBuamBunu (KII) cucremacu ypracuumaru
OOFIUKIUK OYirya KeHT KyIamMiIu TaJIKUKOTIap onub Oopuiau. Kpuuesep Y3uHUHT
oup katop wmakomamapuaa KII Ba Kamomkepo-Mosep cucremanapuaa
xaiipatnanapnu  kamduérnap kKwigu. Y KII  TeHrmamacuHMHT  paruoHal
eunMIIapuHUHT KyTOnapu Kamomxepo-Mosep cuctemacura MyBO(HK XapakaT
KWIMIIMHA aHUK Ky3aTau. Kanomxepo-Mozep ¢azonapu Ba MabiiyM YEKCHU3

o d o )
ymuamim [paccmannman Gr ypracuma taOuuii OMEKTHB MOCIHAINYBHHM Kypras

oynuMm, Buiicon Oy cupuu xan kuiau. Anenuk I'pacmanauan KII TeHrimamacuHuHT
paloHan €YMMIIAPUHU TNapaMeTpiialuTUpaad. byHnaH Tamkapu, y aHUKIAHTaH
ouekuus KII okumnapu OmiiaH MOcC TyIIMIIUMHY Kypcatau. by uninan goiigananud
bepecr Ba Bmiicon OupumHunm Beiin anreOpacu wujcaulapuHUHT H30MOp(H3M
cunuapu ¢dazocu Ba Kamomxepo-Mozep ¢azonapu ypracuaard MOCIUKHU
anukimamay. Kevmarn wnurapuna ynap Kamomxkepo-Mosep (a3zocuHuHT Xap
oupuna tekucnuk G appun Kpemona rypynmnacuHUHT TaOUM TabCUpPU OOPIUTUHU
Ba Oy TpaH3uTHB Tabcup OVnummuHu kypcatumrad. FHO.bepect, A.Jmimartos,
®.3uMaToBap TAbCUPHUHT UKKU-TPAH3UTUB SKAHJIUTUHUA UCOOTIA0, TAhCUPHUHT
YEKCU3 TPAH3UTUB OYIMIJIMIMHUA TaXMUH Kuiauiap. bO9 runorezacu Kyrom3usu
TOMOHMIAH UCOOT/IaHTaH.

[I.Otunrodp Ba B.I'mH30yprinapHuHr acocuil HaTwXanapuaaH Oupu n-

30exkucTtoH PecnyOnmkacu Basupna axXKaMaCHUHUHT 150%0) Mangaru 30€KHUCTOH
1 V36 Pecny6 B M 2017 18 “¥36
PecnyOnukacu dannap akaJeMUSCUHHMHT SIHTUIAH TAIIKWI STUITAaH WIMHNA-TAJKHUKOT Myaccacajaapu
(haoNMSATHHHA TAIIKIUT STHI TYFPUCHIA TH 292-COH KapopH.
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Japakald CUMMETpUK rpynmna OwnaH Oornanran H (S,) pauuonan YepenHuk

anreOpacuHuHr cepuk kucmanredpacu Kamomkepo-Mosep KYNXWJUTUTHHUHT
O(C,) xoopauHaTa XajlKacura H30MOp{ KOMMYTAaTUB anredpa >KaHIUTUHH

kypcaranu. bynnan ramkapu, H (S,) anredopacu Ba O(C,) xaika opacuga Mopura
SKBUBAJICHTIIMK MyHOca0aT, Xxamaa H_(S,) HUHT OJuui TacBUpiapu Ba C, HUHT

HyKTajlapu ypTacuzaa y3apo Oup KuUHMATIM MOCIHUK MaBxXkyha. by daktnapnan
¢doiinananu6, O(C,) anrebpaga C, HUHI CHUMIUIEKTUK CTPYKTypacuaaH Keiauo

yukagurad Ilyaccon airebpa crTpykTypacu aHukiaHran. XycycaH, O(C))

anreOpanunr IlyaccoH xocun KWIyBYWIApU TOMWITaH. G TabCUPHUHT
TpaH3uTuBJMIU Ba C runep-Kenep KynXuumMra SKaHIUTHAAH KEJIUMO UYUKKAaH

xonga, XutunH Ba Buncon C, ¢asonu 0ab3u yekcus ymuamiuu JIu anreOpacHHUHT

Ky1ma opouracu Oyauim €ku OynMacaurura Ku3ukuau. bynra ['mu30ypr xamaa
Bbocknanar Ba Jle bpyiiH TOMOHJIapuAaH MyCTaKWI paBHILIa WKOOUM xkaBoOsap
Oepuinu. Ymap C, Ownan Oornuk Oynran mopa Jlm anrebpacuman O(C))

anreOpacura Tabumii cypbektuB JIu anrebpa romoMopdu3MuHU Kypauiap. by
romMmomMopdusM KyPT nxn MaTpUllaiapAard WHBApUAHT KYMXaJuiap XaJKach
opkammm Yramu. lllynnmaii kunmu6, Kamomkepo-Mozep (dazomapuHUHT KOOpAUHATA
XaJKaJIapUHU TaBCUPU nxn MaTpPUIAJIADHUHT WHBApPUAHT Ha3apusick OuiiaH
yamOapyac OOFJIHK.

MarpuiianapHiHI MHBapuUaHT Hazapusicu d Ta nxn Marpunaizapra Moc
paBHIIA KylIMacura yTKa3ull OunaH Tabcup 3TyBun GL -mnBapuantinap C,

anrebpacuHu ypraHaau. Macana MKku KucMaaH uoOopataup: C , XalKaHUHT

MUHUMAaJ XOCHJ KWITyBUMJIAPH TYTUIAMUHM aHUKJIAII Ba yJlap Opacuiard Kymnxaim
myHocabaTiapau Tormi. K.C.Cubupckuii C,, XaJIKaHUHT XOCHJI KWIIyBUMJIApU U3

byHKIUsIapuIaH noopat KaHIMTruHu ucbotnaau. Kelinauanuk M.ApTHH KUYUK
YIgamiii MaTpulaJapHUHT MHBApUAHTIIApUHU Oapua u3 QyHKuusiap OuiaH XOCHII
KWJIWII MyMKAHJIUTAHA UCOOTiamu Ba Oy HaTwka UXTUEPUM  Yinuamim
MaTpUIIAJIADHUAT WHBAPUAHTIAPH YYYH XaM TYFpU OYJIUIIMHM TaxXMUH KUJIIH.
FO.I1.Pa3mebicnoB Ba C.IIpoue3usiap MycTakui paBuiiga M. ApTUHHUHT TaXMUHUHU
nuc60TIab, XOCHJ KHJIyBYIJIAD TYTUIAMUHUHT KyBBAaTH YCKIW SKAHIUTHHH XaM
kypcatnunap. lllyauaraek, ymnap Oy XOCHI KWIyBYWIAp OpacHaaru MyHocabariap

Kanu-I'amunbeToH TeopemacuaaH kenuO udumKuIMHU ucOornaaunap. bupok, C

HUHT MUHUMQJ XOCWJI KWJIyBUMJIAp TYIJIAMUHM TOIMII Ba YyJiap Opacujaru
MyHoca0aTlapHU aHUK €3Il OYMK MyaMMO OYyiuO KoiMoOKia. bab3u mabiym
HaTwxkanapau kenatupamus. S.JlyoHoB C,, Xed KaHJall MyHocabaTiapra sra

OynMaran Oemrta y3rapyBUMiIM Kynxaajgap ainreOpacu OynumuHu Kypcatau. C,,

anreOpa sroHa MyHocabaTra osra OyiaraH Kkymnxajaiap aiareOpacu SKaHJIWTU
K.C.Cubupckuii Ba 3.0opMaHEKHUHT nuuiapuaad kenuod unkaau. M. Tepannmm C,,

anreOpa yuyH 11 Ta uzgan nbopat MUHUMAIT XOCHJI KIUTYBYMIIAp TYTIJIAMH BA YHUHT
I'mns0epr KaTopuHu xucob6nad uukau. by xkatopHunr taBcugunan C,, na srosa

KYIXaaau MyHocabdaT MaBXyJ OJKaHiauru kenu0 uyukagu. Hakxamoto Oy
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MyHOCaOaTHUHT aHWK makiauau Torau. 1989 #imnnga C.Abeacuc Ba M.Ilurramyra
xap Kapmai C,, anreOpa y4yH XOCHJ KWIyBUWJIAPHHM XHMCOOJIAIIHUHI caMapaiu

YCYJMHHU TAKJIA( KWWK, YIIApHUHT HaTHxKanapuaan ¢oraananud X.AciaakceH,
B.[penckuii Ba JI.CagukoBamap C,, anrebpa ydyH SHIM MHHMMal XOCHI

KWIYBYWIAD TYIJIAMUHU TaKJIUM OTIUJAp Ba yjap OpacHJarHd MyHocaOaTHH
rongunap. Huxosr, B./Ipenckuii, JI.Cangukosa Ba /I JxokoBuwiap Tomonugad C,,

anreOpa yuyH MUHUMAJT XOCHJI KWJTyBUMIIAp TYTIJIAMU TaKJAUM 3TUJIIH.

JAuccepranus TAAKUKOTHHUHT JHCCEPTANMA 0a’KapWJIraH OJMi TabJIUM
MYaCCACACMHMHI WIMHI-TAAKMKOT HILIAPU pexajapu OMJIaH OOFIHKJIMIH.
Juccepramms TagAKUKOTH B.U.PomanoBckuit HOMHUIaru MaremaTtnka
MHCTUTYTUHUHT OT-04-82+0T-D4-87 pakamau «Oneparopsap Ba HOACCOUUATUB
anreOpamapaa Jjokan auddepeHnmamiam Ba aBTOMOpPU3MIIAP, HOYM3UKIIN
JMHAMHK cucTemanapja (asa aamamuiuiap Ba xaoc + EBkina Ba nceBno-EBkimg
dazonmapugaru Srpu YM3MKJIap Ba CUPTIAPHUHT I100a MHBaApUAHTIApU HA3APHUSACH
Ba YHHUHT MeXaHMKara Tatouxiaapu» (2017-2019 imnnap) a EOA-Drex-2018-77
pakamim «SpuMcojia Ba HWIMOTEHT ajiredpaliapuHUHT KOTOMOJIOTHK FpyIHagapu»
(2018-2019 ¥wiap) MaB3ycwaarn WIMHUK TaaKUKOT JOWUXanapu Joupacuaa
Oa)kapuJiraH.

TaakukoTHuHr makcaam Kanomxkepo-Mozep (azoapuHUHT KOOpJMHATA
xankacuga Ilyaccon anreOpa CTpPYKTypacHMHM aHUKIAIl Ba Oy CTPYKTypajaH
dorinanann6 Kamomkepo-Mo3zep dazonapuHuHr anredbpank TaBcuGuHU OepuIiian
nbopar.

TaakukoTHUHT Ba3udaaapu KyiugarmiapaaH noopar:

yauHuYd Ba TypTuHUM  Kamomxkepo-Mosep  ¢azosapy  KoopauHaTa
XAJIKaJapUHUHT MUHUMAaJ XOCWJI KUJTYBUMIAPU TYTUIAMUHU TOTIMILL;

Kanmomkepo-Mo3zep  dazomapu  KoopaMHATAa  XaJIKaJapUHUHT  XOCHII
KUJTYBYWIIAPH Opacuaard MyHOCa0aTIapHU TOITHIIL

Kanmomxkepo-Mo3zep dazonapuna [lyaccon anredpa CTpyKTypacuHU aHUK/JIAIII,

appun Kpemona rpynnacunu ukkuHun Kanomkepo-Mozep dazocura
TabCUPUHU YEKCU3 TPAH3UTUB TAHCUP IKAHIUTUHU UCOOTIIALL.

TaakukoTHUHr 00bekTH. Kamomkepo-Mozep daszocu, KoopJauHaTa Xajka,
KYTIXaJTi MyHOCa0ar.

TaagkukoTHuHr npeameTu. [lyaccon anredpanap Hazapusicu, MUHBapUaHTIap
Ha3apusACH, MaTpULIAJIap HAa3apHUsICH Ba KYIIXaAIap Ha3apUsCH.

TaagkukoTHMHr ycyaapu. Jlucceprauusyia acconuaTuB —anreOpaiap
Ha3apusACH METOUIapH, UHIAYKIHS METOIY, IIYHUHTEK UHBAPUAHTIIAP HA3ZAPUACH
yCyJulapy KYJUIAHUJITaH.

TaaKMKOTHUHT MMM SHIWINTH Ky Huaarwiapaad noopar:

yauHuYd Ba TYypruHun Kanomkepo-Mo3ep ¢a3zomapuHUHT KOOpAWHATA
XAIKAJTApUHUHT MUHUMAaJ XOCHJI KUJTyBUMJIApU TOMWIITaH;

yauHuYd Ba TYypruHun Kanomkepo-Mo3ep ¢a3zogapuHUHT KOOpAWHATA
XAJKAJIAPUHUHT XOCHJI KWJIyBUMJIApU Opacujard MyHocabariap TONMJITaH Ba
YyMYMHH XO0Jila ailpuM XOCWJI KWJIyBYWJIAp Opacuja MyHocabaT MaBxKyIUTU
MCOOTIIaHTaH;
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[Tyaccon anrebpa crpykrypacu opkaimm Kanomkepo-Mozep dazomapunu
TaBcudam ycyld spaTWiIraH Ba Oy ycyn é&€paamMuja YYUHYM Ba TYPTUHUU
Kanomxkepo-Mo3sep (azonapu taBcudianras;

apdun Kpemona rpynnacuHuHr Tabcupu UKkuHUM Kamomkepo-Mozep
dazocusia UeKCU3 TPAaH3UTHUB SKAHIUTY UCOOTIAHTaH.

TagKuKOTHUHI amMaJni HaTUKacK. Jluccepranusaga OJIMHTaH HATWXKaJap Ba
dolanaHwirad ycyjulapHd OJIMM YKyB IOPTJIApM MATrMCTPAHTIApU Ba TasiHY
JIOKTOPAHTJIAPH YYyH Maxcyc Kypcnapaa YyKkatuil myMkuH. Lllynunraexk, Ilyaacon
CTPYKTypacura JOUp HATWKajlap HWHBAapUaHT MaTpuuaiap Ha3apUACHHUHT
TUIIOTE3aJIapUHU XaJl ATULITA €paam Oepau.

TaagKMKOT HATHKAJTAPUMHMHI WINOHWIWJIMIHM HATWXKajlap WHBApUAHTIIAp
HA3apUsCHMHU, Xamja ajreOpaiap Ha3apusCUHUHT (QyHIaAMEHTaJl HaTKaJapuHU
KYJUIalll OpKaJId OJIMHTaHJIUTH OWiaH n3oxjianaau. OJMHraH HaTHKanap MaTeMaTUuK
KUXaTaaH TYrpu. YuuHuu Ba TyptuHud Kanomxepo-Mozep dazonapuHuHr
KOOpJAMHATA XaJKajapua Tomwiran myHocabarinap Mathematica 12 mactypuHuHT
CTaHAapT OYHPYKJIapu OPKAJIM TEKIIHUPUIIT MYMKHH.

TaagkKMKOT HATHKAJAPUHUHI WIMHMH Ba aMajaumii axamMusiTM. TaJKUKOT
HATWKQJIIAPUHUHT WIMHH  aXaMuATH [IyHJAaH UWOOpaTKu, WIIJga OJUHTaH
HATWXKaAJIApAaH TYpJIU areOpajapHUHT KYIXUUIMTUHU TAAKUK KHIIMIIAA, XyCycaH,
qYccepTanuaga KeITUPUIraH yCyJl Ba METOMJIApHU KYJUiad, WHBapUaHTIAp
HazapusICUAaru rurnoTe3aHu Xajl Kuiniia Gpoigaianuiaraninra Ouiad u30x1aHaau.

TanKuKOT HATHXKAJTAPUHUHT aMaiiil axaMHsITH IIyHJAaH MOOPAaTKH, OJMHTaH
HaTWXKalapAaH anreOpank CTPYKTypajap Haszapuscuia KyJulall MYMKHH.
[lynunraek, nuccepranusia OJIMHTaH HaTwkaiaap Ba (oipalaHwIral ycyJlapHU
OJIM YKYyB IOpTJIapM MAarucTpaHTiIapy Ba TasHY JOKTOPAHTJIApU YUYH Maxcyc
Kypcilapia YKATHLL MyMKHH.

TagkKMKOT HATHXKAJAPDUHMHI KopuM KuwiuHMmu. Kanomxepo-Moszep
dazonapuHuHT TaBcudu OYVitnua OJMHTaH HaTHXKaJIap acCOCHIA:

yauHuYd Ba TYypruHun Kanomkepo-Mo3ep ¢a3zomapuHUHT KOOpAWHATA
XaJTKaJJApUHUHT MUHUMAJ XOCWJT KiTyBUmiiapu TymiamMuian NeMTM2016-79661-P
pakamuin «['pynmna Ba HOacCOUMATUB aireOpajapHUHT TOMOJIOTUSUIAPU, TOMOTOIUK
Ba KaTErOPYMK MHBAPUAHTIAPW» MaB3yCHUIArM XOPUKHUI T'PAaHT JIOMMXACHIa XOCHUII
KUJTyBUWIIAp Opacuiard MyHocabatnapau anukiamaa ongananuirad (CaHThATo
ne Kowmmocrena ynuBepcuretuHudr 2022 iun 15 anpengaru MablyMOTHOMACH,
Ucnanus). Mnmuii HaTWXaHU KYJUIAHWIMIIM YMYMUWA XOJ/1a FOKOpH TapTUOIU
WHBApUaHT MaTpUlajiap XaJKacujgaru MyHOCAaO0ATHM aHUKJIAIIHA WMKOHUHU
oepras;

Kanmomkepo-Mozep  ¢dazomapuna Ilyaccon  anredpa  CTpyKTypacuHHU
anukyannmugad OT-®4-31 pakamnu «HoxommyTtaTtuB Momysuiap, JleiOHwui
anreOpanapy Ba CUMILIEKCIa OJMHOMHAI KacKaaapy» MaB3ycuaaru GyHaaMeHTal
novmxana  Kamomkepo-Mosep — (da3omapuHUHT  KOOpJAWHATA  XaJIKACUHH
tapcuduanna ¢oitnanammiras (Y30ekucton Ml yHUBepcHTeTHHHHT 2022
nui 21 anpenaaru MabJiyMOTHOMAcH). MUl HaTWKaHU KYJUJTAHWIUIIA YYUHYHY Ba
TypruHun Kanomkepo-Mo3zep ¢a3zomapuHUHT MUHAMAJ XOCHI KUJTYyBYMJIAPUHUHT
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[Tyaccon xynaiiT™a kaJBaJHU aHUK TOIWII UMKOHUHH OepraH.

TagKuKOT HATHKAJIAPUHUHT anpodanusicu. Ma3Kyp TaJKUKOT HaTHKAJIapy
2 Ta xankapo Ba 4 Ta pecy0JiMKa WIMHI-aManuil aHXyMaHJIapuja MyXoKaMmaaaH
YTKa3UJIraH.

TagKukoT HATHXKAJAPUHUHI JIbJOH KWIHHIaHaIuru. J[luccepranus
MaB3ycu Oyiunua >xamu 11 Ta WIMHI Wl YOO STWITaH, LIyJapJaH, V36exucron
PecnyOnukacu  Omnuii  arrectanus  KOMHUCCHUSICMHMHT  ¢ancada  JOKTOpH
U CCEPTALUSIIAPU ACOCUN WIIMUM HATHUKAJIAPUHU YOI ATUII TABCUSA STHIITAH WIMHUM
HaIIpJIapaa 5 Ta WIMUN MaKoJia, )KyMiIaziad, 2 TaCH XOpHKui Ba 3 Tacu pecnyOJinka
YKypHaJuIapuaa Halp STUJITaH.

AuccepraMAHMHI TY3WIMIIM Ba XamMH. Jluccepramms KUpHUIL KHUCM,
TyprTa 000, Xynoca Ba QoinanaHuirad agabuérnap pyiixaruman wuodopart.
JlvccepTaissHUHT XaKMH 85 O€THU TAIIKWUI TraH.

JIUCCEPTALIMSTHUHT ACOCU MABMYHU

Kupum xucMmuga auccepTalysi MaB3yCHHUHT J0J3apONUrd Ba 3apypaTH
acocjaHraH OYnu0 TaJKUKOTHUHT pecnyOimka ¢aH Ba TEXHOJIOTHsUIApU
PUBOXKIIAHUIIIMHUHT YCTYBOP HYHAIMIIUIAPUTA MOCITUTH KYpCaTUIITaH, MyaMMOHHUHT
YpraHuiraHIvK 1apa)kacu KeITUPWITaH, TAAKUKOT Makcalu, Bazudanapu, 00beKTH
Ba TMpeaMeTH TaBCU(IaHTaH, TAIKUKOTHHHT WMWK SHTWIATA Ba aMaJui
HaTWXKamapu OaéH KWIMHTaH, OJIMHTaH HaTWKaJapHUHT Ha3apuid Ba amaiui
axamusITH 04yud OepuiraH, TaIKUKOT HATHKAIAPWHUHT JKOPHHA KWUJIMHMILIW, HAIIP
STWITAH MIUIAP, XamjJa JuccepTalus Ty3WlulM Oyiindya MabiayMoTiap
KEITUPHIITaH.

HuccepraTiussHiHr  OupuHYM  000M  «/lacTiaabku MabJayMmoTJap Ba
HATHKAJap» 1e0 HomiaHrad. By 6001a acocuii TynryH4yanap Ba AuccepTaTiusga
UIIaTWIaIMran 0ab3u Tepmuniaap kentupuirad. [lyaunaraek, Kamomkepo-Mo3sep
dazosapy MUHBaApUAHT MaTpuUlajap XaJKacura KUpPraHjauru cababiu Oy Xankara
TETUIILTN MAIIXyp HaTHKajap 3CiIaThO YTuiarax.

1-tabpud. Aliraitnuk, G rpynma Ba Oy Oynamaran S Tymiam Oepuirad
oyncun. Arap -:Gx S — S ¢dyHkuus yuyH -(g,x) — g - x Oenruaam KUpuTuino, oy
¢Gysknus 6apua x€S, g, g, € G yuyH

(1) (glgz) X= 8 (gz " X)),
(1) e-x=x, 0y epna e sneMeHT G TpyNIIAHUHT OUPIIUK DJIEMEHTH,
HIapTiapHu KaHoaTiantupca, G rpynmna § Tyrjiamra TabCup 3Tajau JeHuIau.

Arap G rpynmaHuHT S TYIIamra TabCUpH MaBxkya OViica, y Xxoyga S Tymiam
G -Tymam aelniaam.

M =M (C) opkamu C xomiuiekc COHJAp MaWIOHH YCTHAATH 7nxn

MaTpHUIAJTapHUHT aCCOLMATUB ajreOpacuHu Oenrwiaiimu3. AuTtainuk d mycOat
OyTyH coH OyncuH. TeckapunaHyBuu nxn MarpunanapHudar GL (C) rpynnacu

d ) ) ) )
M, anrebpanunr d ta Hycxacugan ubopar M, TYFpu kymaiitmacura TaGuuii
paBuILa TaAbCUP 3TAIU:

10



g (X s X,) = (gX,g ", 8X,8™). g eGL,(O). (1)
By tascup M’ 1yrpu xymaitrmagaru C[M’] xymxammap anreGpacuna Tabcup
xocun kunazy, sean @ € CLM'] Ba g € GL  yuyH Kyliuaariya aHUKIaHaIH:
(g* )X s X)) = (g7 (X, X)),
Oy epmai=1,...,d yayn X, HUHT 2JIeMEHTIapHHH YN3UKIN QYyHKIMsIap cudaTuia
Kaparni MyMKHH.
M 13rpu xymaiirmaru dn’ ymaamnm apdus Gpazo cudaTHaa XaM aHEKIALI

2
MYMKHUJIUTH 3cnatu6 yramus, sbau M = C*.

M?/GL, opbuta pasocunn anrebpank KYMXWIIHK cH(aTHIa TaBcHpaus
KJIACCUK WHBapUaHTIap HA3apUSICUHMHT Mypakka0 MacanajapujaH Oupu
xucobnanaau. bynnait MyamMonapau Xai sty yuyH Jlasug Mamdopsa 1965 iinnna
['MnbOepTHUHT WMHBAapUAHTIAP Ha3apusicCUIaru rosuiapuaaH (QoijganaHud SHTU
V'// G opbuta dazocunu kuputau, Oy epaa V anredpauk kynxwuivk Ba G 3ca Oy
KYNXWUTUKKA TAbCHP 3TYBUH areOpank rpynma. bomikaua kunub6 aiitranna, V // G

opbuta ¢dazocu V' yctugaru énuk G -opbuTanapiaH nobopar.
Uxtuépuit V anrebpank xynxmumk ysumarn C[V] xynxammap anre6pacu

OuaH aHMKIaHraHauru cada6bmu M’ // GL  opbuta dasocunn TaBcHpIAIIHUHT
ypuura C[M’ // GL | kynxamnap anredpacunu TaBcuall eTapauaap.

V yeruparn G -tascup 6apua f €C[V], g€G nap yuyn C[V] ycruna
Kyhuaaru popmysia OuaaH aHUKJIAHTaH:

(g*HW)=f(g" V).
G -TabcHp XOCWJI KWITAQHJIMHTA ca0abmu G -MHBapUAHT  KYIXaJJIapHUHT
KyW#arunya KucM-ajareopacuiy aHUKITaiMu3:
ClVlP={feC[V] | g*f=f O6apua geG}.
Kyiiunaru Teopema 1965 itwnaa J{. Mamdbopa ToMoHuaH UCOOTIAHTaH.

1-teopema. Aitaitnuk, V anrebpank KynxXwuiukra Tabcup JSTyBUH G

anreOpauk rpymmna Oepuiran OyicuH. Y xoia
ClV//1Gl=Cry’.

[lyuuar  yuyn, Mamdopaauar Tteopemacura kypa, C[M?//GL ]
anreOpaHuHr TaBcU(Iall MacajacMHM KyHuJard HKKM MacallaHd YpTraHUIIra
KENTUPUIL MyMKHUH:

i) C[M! // GL,] anreOGpaHuHr XOCH KHTyBYMIAPHHE TOIIHIIL,

11) Oy XOCHJI KHJTyBUMJIap opacuaaru 6apua OOFIMKIMKIAPHHA TOIHIII.
Bus GL -nmBapuant kynxagnapuunr C, :=C[M’]"" anreGpacuuu TaBcudam

MacanacuHu Yypranamui. FOxopujaru 1) macajiaHu €uYdill Makcaiuaa MYCTaKWI
paBuiga C. Ilpouesu Ba FO.I1. PazMbiciioBnap Kylujgard Mamxyp HaTHXKalapHU
ncOoTaaguIap.

2-teopema. C

. XalKa KOMIUIEKC COHJIap MaiiioHun ycrujga Oapua
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Tr(Al.lAiz...A,,), 1<j<n® o§ap oOpKamM XOCWI KWIMHamd, Oy epnaa
A,.I,Al.z,...,A[j e{d,A4,..,4,}.

OHAM IOKOpUJArd MACAJIAHUHI WKKWUHYM KUCMUHU XaJl 3TUIIJA MYXHUM
axamusitra sra 6ynran Konu-I'aMuinbTOH TeOpeMacuHu KeJTUpamMus.

3-reopema. Uxtuépuii 4 € M, marpuna yuyH f (A)=0 TeHIIMK ypUHIUIUD,
Oy epna f,(x)— A MaTpUIIaHUHT XapaKTEPUCTUK KYTIXaIu.

Kyiunaru teopema xam C. Ilpoue3u Ba FO.I1. PasmebicioBiap TOMOHHUIaH
UCOOTIIaHTaH:

4-teopema. Honp xapakTepuCTUKanM MaJOH YCTHAArM MaTpuuaizap
anreOpacuHUHT Oapya u3 TeHriaukiapu Ksmu-I'aMunToH Teopemacu HaTmwxacuaa
XOCHJI OYau.

n>0 coH yuyH, M xM nexkapr KymalTMaHUHI KyHugarudya KUCM
TYILJIAMAHYU aHUKJIaUMHU3:

C={X,Y)eM xM | rank([X,Y]+1)=1},

Oy epza /, MaTpuia n x n ymdamnu oupiauk matpuna. M, x M, na anuxianras (1)

¥

Kypununigara tabcup C, 1a XaM TabCUp XOCHIT KA.

2-tabpu¢. C //GL  opbura dasocura n-Kamomkepo-Mosep asocu
nenunnagu.

Kanmomkepo-Mo3sep azonapu Buiicon unuiapua KeHT KaMpOBIIM YpraHUJraH
Ba y KyluJiaru TeopeManu ucOoTiaras:

S-teopema. n-Kamomkepo-Mosep C  ¢daszocu 2n  yndamnu CHIIIMK,
aXpaJMaIurad KOMIUIEKC CUMIUIEKT apPuH KYIXuura oynaau.

Ouau I[lyaccon anredpacu TabpudUHUHT KUCMU XucoOanran JIu anredpacu

tabpuduHn  kentupamus. Kelimnuanuk C,, xankanu Ilyaccon anrebpa

CTPYKTypacura 3ra 3kaHJIuruHu kypcaramus. Hatmwkana 0y crpykrypa Kanomxepo-
Moszep dazocunuHT kKoopauHaTa Xankacuaa [lyaccoH cTpyKkTypa XOCHIT KHIIaJIH .
3-rabpud. F maiigon ycruaa anukianran L ajareOpaHUHT UXTUEPUH X, ), Z
3JIEMEHTJIapH YUyH Kyiuaaru anHusTiap Oaxapuica:
[x,x]=0 — aHTUKOMMYTaTUBIIUK allHUSATH,

[x. [y, 211+ [y.[z,x]] +[z,[x, y]] =0 — SIxoGu aiinusr,
y xonna L anredpa JIu anrebpacu nevinnanu, Oy epna [—,—] — L anrebpana
AHUKJIAHTAH KYyTAUTUPUII aMaJIu.

Oumu [lyaccon anredpacu TabpuuHU KEATHPAMU3.
4-tappud. (R,) KOMMyTarWB, acCOlMaTHB airedpama {——} amal

aHMKJIaHTaH 0Yaub, uxTuépuii a,b,c snementiaap Oy amanra HucOaTaH Kyiuaard
alHUATIapHU Oakapca:

i) {a,by=—{b,aj,

ii) {a,{b,c}}+1{b,{c,a}}+{c,{a,b}}=0,

iii) {a-b,c}=a-{b,c} +b-{a,c},
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y xonaa R anre6para [lyaccon anreGpacu aeiunany.

JleiiOHun anreOpa TabpuPUHU KENTUPAIIIUK.

S5-rappud. F maiinon ycruiaa aHukiaanrad L aireOpaHHHT UXTUEPUH X, ), z
DJIEMEHTIIApH YIyH KyHumaru

[lx, v], 2] =[x, z], ] +[x, [y, 2]]

JletiOnur alinuaTu Oaxapuiica, L anredpa JleiOaui anredpacu aeiinnaau, Oy epaa
[-,—] — L anrebpana aHWKJTaHTaH KYyTaUTUPHUIIT aMaIy.

Oumu C,, na Ilyaccon anredpa CTpykTypacu KaHJall aHUKJIAHUIIMHYU KypUO

YHKAMU3.
Atnraiinuk @ :V xV — C uxku yaaammm V' =Cx @ Cy Bextop dhaszocuaa

CO(X,)/) = —a)(y,x) = 1) G)(X,.X) = Q)(yay) =0

mapTiap OuiaH aHMKIaHTaH OMYM3uKH opma, R 3ca x Ba y dJIEMEHTIIAp OPKaIu
XOCHJI KWJTMHT'aH 3PKUH acCOIMAaTUB anredpa 0yicud. {——}: Rx R — R Ouuu3ukiu
AKCJIAHTUPUILIHUA KyHHJAarnya aHuKJIAnInK:

P g

Qo oot vV 3= D U,V U U UV VYLD

i=1 j=1

Oy epna Upyeo sl s V5oV, 18D X €KH Y HU KaOyJ1 KUJIaau.

1993 i#iungpa M.KonmeBnu Oy kymaditmanu  JIeHOHUIT allHUSATHHU
KaHOATJIAaHTUPHUIIMHU ncOOTIaau Ba Oy HaTwka R anreOpanunr Oy kymaitmara
HucOaran JlelOumiy anreOpacu OynMImMHU — Kypcataau. R anreOpaHHHT
Com(R) = Span{ab—ba|a,b € R} xucm-hazocunu anukiaiwauk. Com(R) kucMm-
dazo R amrebpanudr mapkasu Z(R)aga ETHIIMHM KYpCaTHIN KUHMH 5Mac.
L=R/Com(R) daxrop JleiOuui anredbpanu kypud unkamus. Kyiinmgarn Hatuxka

['MH30ypIrHUHT UIIK1a UCOOTIAHTaH:
1-racauk. £=R/Com(R) dakrop anrebpa X0CHII KAIMHIAH KynaiirmMara

HucOaran JIu anre6pa 6ynanu.
by JIu anre6pa mona JIu anredpara mucos 0yaau Ba MHBApUaHT MaTpHUIaiap
xankacuna Jlu anre6pa CTpyKTypacMHHM aHHMKJIAIIIA MyXUM axaMHUsT KacO STaju.
XaKUKaTaH XaMm, KyMuJarnia aHuKJIaHTaH aKCJIIAHTHUPHILL:
tr:L—>C[(M,xM,)//GL ]
X1yt Xy s (XY ) e Te(X Y. X Y 'm))

C ~amreOpaga Jlu anrebpa crtpykrypacu Ba HaTmwxkaaa Ilyaccon anreGpa

nd
CTPYKTYPAaCUHH XOCHJI KUJTaH.

[ynunrnek, 6uz Kanomxepo-Mo3zep ¢azonapuna rpymma TabCUPUHU XaM
ypranamus.

6-tabpud. Aivrtaiinmuk G rpynma Ba Oym Oynmaran S Tyruiam OepuiraH
OyicuH. Arap s,7 € S 3JeMeHTIap yuyH myHaail g € G 3JeMeHT TONWING g -5 =r
oynca, y xonga G rpymnma S TYmiamaa TPaH3UTUB TabCHP ATaju, EKU TabCUP
TPaH3UTHUB JICHUIIA]IH.
DHU 7 -TPAH3UTHUB TYIIYHYACUHU KEJITUPaAMU3.
7-raspud. Arap (s,,...,s,) Ba (7,...,7,) 1ap S TYIUIAMJAru TypJH 7 -ITUKJIap
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yuyH miyHIai g € G aneMeHT Tonuiaub, Oy 3JeMEHT yUyH

& (5100028,) = (& 51r-es85,) = (o)
mrapt 6axkapuiica, y Xoiaa G rpynna S TyrmiaMaa n -TpaH3UTHB TabCUP 3TaIH, KU
TabCUP 7 -TPAH3UTUB JCHUIIAIN.
Ky#innaru tabpud yekcu3 TpaH3UTUB TYITyHUYACHHU TaBCUDIANIH.
8-tabpud. Arap xap Oup mycobar n coHU yuyH § TpynmnaHuHr S Tymiamaard
TabCUPHU 71 -TPAH3UTHUB OYJica, y X0i1a Oy TabCUp YEKCU3 TPAH3UTHUB JACHUIAIN.
Ukkn  y3rapyBumim  kynxamiap C[x,y] XalkaCMHHUHT  YHUMOIYJISIP
apromoppusminapunuar G rpynmnacu C, Kanomxkepo-Mosep dazocuna tabcup

ATaJU.
Kytinnaru teopema I'.Buncon Ba FO.bepectiap unuaa ucootiaHras:
6-Tteopema. Xap 6up n >0 yuyn G rpynna C, 1a TpaH3UTUB TabCUP ATANU.

[ynunraek, FO. bepect, A. DummMaroB, @. DummMaTtoBiap Kyluaaru TeopeMaHu
ucOOTIIAIITraH:
7-teopema. Xap 6up n >0 yuyn G rpynna C, ra 2-TpaH3UTUB TabCHP TaJIH.

[lyHuHT €K, yIap TOMOHUAAH Oy TabCUpP YEKCU3 TPAH3UTUB OYIIUIIM XaKu1a
runoresa 0epwirad. by runoresa K. KroM3usiH TOMOHUAaH HCOOTIAHTaH:
8-teopema. C, Kanomxepo-Mo3ep (asocuHuHT aBTOMOpP(dU3MIApU TPyNIIIacy

TabCUPU YEKCU3 TPAH3UTUB OYaju.

Huccepramusauar  «Kasomkepo-Mo3ep  (a3ojJapuHUHT  KOOPAWHATA
XajJKacujaara MyHocadartjaap» 1e0 HOMJIAHYBYM WKKUHYM 000M/Ia, WHBApUAHT
MaTpullajiap Ha3zapusCcH Y4yH Kapainran Macananapau Kanomxepo-Mosep
¢dazomapuHUHT KOOpAMHATA XaJKacu Y4YyH eunmiapu Oepunaau. Kamomxepo-
Mosep dazonapu MHBapUaHTIAP XAITKACHUHUHT (paKTOpu Oynraniaura cabadmm Oy
MacaJIAJIApHUA YPraHull MyMKUH.

[1.2tunrod Ba B.I'uu30ypriapHUHT uniapuaa

{Tr(X'Y")|0<i,j<n}
tymnaMm  Kanomkepo-Moszep  ¢asonapununr  C[C ] koopauHaTa XalKacHHU
KOMMYTaTUB airedpa cudaruaa xocua Kunumu ucdornaanrad. P opkamu C[C ]

HUHT KyHUJIaryd XOCWJI KUJTyBUYWIapUIaH HOOpaT TYIJIaMHH OeNTHIaiiMu3:
Tr(X), Tr(Y),
Tr(A4*), Tr(AB), Tr(B?),
Tr(A4%), Tr(A’B), Tr(AB?), Tr(B?),
Tr(4"), Tr(4’B), Tr(A’B*), Tr(AB*), Tr(B*),

Tr(A"), Tr(A"'B), ..., Tr(AB"™"), Tr(B"),
oy epaa A= X — lTr(X)In, B= Y—lTr(Y)In,
n n
9-Teopema. P Tymnamaard XOCHJ KWIyBUMJIAp Opacuja Kamuia OuTTa
MyHOCa0aT MaBXy/I.

Kaitn »stum  kepakku P 1ynnam  Kamomkepo-Mosep  dazonapuHUHT
KOOpAMHATa XaJIKaCH Y4yH MUHMMAJl XOCWJI KWJIyBUYMIIap TYTUIaMu sMac. bupok, 9-
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Teopemanu ucboTuaa KyUTaHWITaH METO P TYIiaM 3JIEMEHTIapu Opacujiaru
MyHOCa0aT KYpUHUIINHH aHUK €3ulra épaam oepau.

{Tr(X'Y’),0<i,j<n} tymmam C[C] anreOpann KOMMyTaTuB ajirepa
cudartuna xocun kuiaranauruaad Ba Konu-I'amunsTon Teopemacuaan goiigananuod
KyWHJIaru TaCAUKHU OJIaMU3.

2-tacauk. Kyitnaaru uznap

Tr(X),Tr(Y),
Tr(A4*),Tr(A4B),Tr(B?),
Tr(A%),Tr(A°B),Tr(AB*),Tr(B%),
Tr(A*), Tr(A’B), Tr(A’B*),Tr(AB’),Tr(B%),
Tr(A’B*),Tr(A’B), Tr(A4’B’)

C[C,] uu xocun Kuiaau.

bupok, y MuHMMan xocuia KuwiyBuwiap Tymiamu smac. Kyitnna 6u3 6ab3u
«apanamnn u3jap Ba «TapTUOJAHTaH» W3JIAp opacujaa OOFJIAHUII MaBXKYJTUTHHU
KEJITUPaAMMU3.

1-nemma. Uxtuépuit (X,Y)eC, xyprnuk yuyH KyHuzaru TEHIJIMKIAP

(V)

Y PHHIIN:
12Tr(A4°B*) = Tr(AYTr(B?) + 6 Tr( A*B)Tr( AB) + 3Tr( ABY) Tr( A°),
12Tr(A’B*) = Tr(A4*)Tr(B’) + 6 Tr(AB*)Tr(AB) +3Tr(A’B) Tr(B?).
20Tr(A’°B’) = -Tr'(AB) + 6Tr(A’B)Tr(AB*) +3Tr(A’B)Tr(B?)

+ 9Tr(4*B*)Tr(AB) + 3Tr(AB*)Tr(4)
+ %Tr(A3 YTr(B*) - %Tr(Az)Tr(AB)Tr(BZ) —16Tr(AB).

by nemmanan 2-Tacaukaard U3JapHUHT OXUPTH UKKWATACH KYIXaJ [IAKIUAa
KOJITaHJIapy opKayii MdoaaaaHuimy keauo ynkaau. LIlyHnHrIek, Kyinaara HaTuxa
YPUHIIAIUD:
10-reopema. Kyiingaru nsnap
Tr(X),Tr(Y),
Tr(A%),Tr(AB), Tr(B?),
Tr(A4%),Tr(A’B), Tr(AB?), Tr(B),
Tr(A"), Tr(A’B), Tr(A’B*), Tr(AB’), Tr(B")
C[C,] HuHT MUHMMAaJ XOCUJI KWTYBUMJIAPH TYTUIAMUHHU XOCHJT KWJIAJIH.
Kyingaru teopema C[C, | HUHT XOcuI KWITyBUMIIapy Opacuaru MyHocabaTHU

AHWK LIAKJIAHU KypcaTau.
11-teopema. C[C,] na Kyliunarnda MmyHoca0aT ypuHIu 6yaanu:
—Tr?*(A)Tr(B*) + Tr(A*)Tr*(AB) + 2Tr(A*)Tr(A’B*) —4Tr(AB)Tr( A’ B)
+2Tr(B*)Tr(A") + 2Tr(A*)Tr(AB*) —2Tr(A’B)* +8Tr(A*) = 0,
C

, aireOpa ydyH gapaxacu 6 naH ommaiinuran 11 smemeHTnan ubopar

MHUHUMAaJI XOCWJI KWIYBUWIAp TyIUIaMU TepaHWIIA TOMOHHMIAH TOIWJITaH. ¥YJap
kyiunarunda: Tr(X), Tr(Y) Ba

Tr(X?), Tr(XY),Tr(Y?),Tr(X>), Tr(X?Y), Tr(XY?), Tr(Y?), ()

Tr(X?Y?), Tr(X°Y’XY). (3)
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K.Hakamoro siroHa Ba »XyJa Mypakka® OyiaraH anreOpauk MyHOcCaOaTHH
tonraH. X.AcmakceH, B.JIpenckuit Ba JI.CagukoBajapHUHT HIIKAa OOIIKa OHp
MUHUMAJl XOCWJ KWIYBUWIAp TYIJaMud Tomwirad. by xocun KuimyBumiap
IOKOpUJIard XOCWJT KWITyBUMIIApaH Kyiuaaruda Gapk KWIaau: JacTIa0Kyd UKKHU U3
y3rapmaiinu, (2) naru usnapgaaru X Ba ! marpuianap MOC paBHINAa Y3IapHHUHT
u3cu3 A Ba B marpunanapu 6unan Ba (3) maru uznap KyWuaard

v=Tr(A’B*) — Tr(ABAB), 4)

w=Tr(4’B*AB) — Tr(B’A’BA) (5)
u3jiap OWIaH aJMalITUpWIraH. Ym0y SIHTM XOCHJ KWJIyBUWJIAp OpKaIu yjap
opacuJlard MyHOCa0aTHU KYpUHMIIIMHM €3WII aH4Ya OCOHJAIagu Ba Oy HaTWxka
X.Acnakced, B.[penckuii Ba JI.CaguKOBaJJApHUHT HINMAATA aCOCHM HaTHXa
xucobnanaau. lynunraex, myauuduap KydugaruHu MCOOTIaIITaH:

3-racaquk. C,, na Kyluaaruia TEHIJIUK YPUHIM OY1aau:

Tr(ABAB) —Tr(A’B*) = %n(n -1). (6)

(6) Tenrnmuk C,, anreOpagaru v xocwi KuinyBunHu C, Kanomkepo-Mo3sep

($ha30CUHUHT KOOpJMHATA XaJKacuJa y3rapMac COHra TeHT SKaHJUHU OWJIAUpAJIH,
apan V=-3. Kyiiuga C,, anreOpanuHr W xocwu KuiryBuunHH C, Kamomxepo-
Mosep (ha3oCMHUHT KOOpJWHATA XaJdKacujaa KaHAal OYJMIN XaKujaa MabilyMOT
oepaau.

4-tacauk. Uxtuépuii (X,Y) € C xydTIuK ydyH KyHUIard TCHIJIMK YPUHIIN:

Tr(A*BAB) = Tr(A’B* AB) —% n(n—1)(n-2).

4-Tacnukka Kypa W Xocui KWIyBUM XaM 2 ra TeHI Kuiimar Ounan C,

Kanomxepo-Mo3zep ¢a3ocuHMHT KoOopAMHATa XalkKacuja y3rapmac OVyiaau.
HlyHuHT y9yH, KyWHIaru TeOpeMaHu HCOOTIAIINMU3 MyMKHH:
12-teopema. Kyitugaru uzmnap
Tr(X),Tr(Y), Tr(A%), Tr(AB), Tr(B%),
Tr(A%), Tr(A’B), Tr(AB*), Tr(B?)
C[C,] HUHT MUHMMAJ XOCHJI KWTYBUMJIAPH TYTUIAMUHHU XOCHJT KWJIAJIH.
Hlynunraex, Kyiiunaru teopema C[C,] HUHT XOCHJI KWITyBUMIIApH OpAcHUIAry

MyHOCa0aTHH aHUK MIAKIMHU KypcaTau.
13-teopema. C[C,] na Kyiiunaruga MmyHoca0aT ypuHiu 6ynanu:

Tr(A*)Tr(B’) - 2Tr(AB)Tr(AB*) + Tr(B*)Tr(A’B) = 0.

JuccepranusasHuHT «Kamomxepo-Mo3sep ¢azonapuga IIyaccon
CTPpyKTypacw» nae¢0 HomiaHyBud yuuHunm OoOmma, C[(M, xM )//GL,]

WHBapUaHTIIap aireOpacMHUHr 0ab3u Xocud  KuiyBumiapHuHr Ilyaccon
kynaiitmanapu xucobnanamu. [lona JIu anrebpanan kenund uukkan Ilyaccon
KYIMaTMaHU OJaTHH XOCWJI KWJIyBYWIAp YYyH XHcoOJaml OCoH Oyiicana, M3CU3
MaTpuiiaiap yayH ymapHuHr IlyaccoH kymaiTMamapuHH XucoOdam Mypakkad
XUcoOJIaHa u.
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2-nemma. Uxtuépwuii p,q =2 connap ydyH KyWnaara YpuHJIAaup:
{Tr(A"), Tr(B"))} = pqTr(A""'B"") —ﬂTr(A”’l)Tr(B””l).
n

Onaun X.Acnakcen, B.JIpenckuit Ba JI.CagukoBanapHUHT HIINa OCpUITaH
MUHHUMAJT XOCHJI KWTYBUMJIAP YUYH KyHuaaru OeinruianuiapHd KUPUTAMU3:
a, =Tr(X),a,=Tr(Y),a, =Tr(4%), a, = Tr(AB), a, = Tr(B?),
a, =Tr(A4),a, = Tr(A’B), a, = Tr(AB*), a, = Tr(B’), (7)
v=Tr(A’B*)—Tr(ABAB), w=Tr(A’B*AB) — Tr(B* A’BA).
14-teopema. C[M, x M]GL3 HUHT XOCWJI KuiyBumwiapuHuHr Ilyaccon
KyTaiT™a jkaJiBaid Kyiuaarnda oyiau:

la,,a,; =3
a, a, a, a, a, a,
a, | -2a,
a, | -4a, | -2a,
a, 0 3a, 6a,
a, | -2a, a, 4a, —laz
2 3
a, | -4a —-a 2a -a,a |
; 7 ; ? 3 —~aa +v+-a;
6
a, | -6a, | —3a 0 3 -a,a 1
o 8 K —3v+5a3a5 —3a; 47 —Easz

Oy ep/a *KaJBaTHUHT IOKOPH JUArOHAJI KUCMHU aHTU-CUMMETPUKIUP Ba OepuiiMaran
KynaiTMaliap HOJIra TEHT.

CIM, x M]GL3 naru Ilyaccon crpykrypa C[C,] na v=-3, w=2 kuiimatiap
Oounan Oupra Ilyaccon cTpykrypa xocwn kKuiaau. Ouau 13-Teopemana
kenrupuarad  C; Kanomxkepo-Mo3zep (a3ocMHUHT KOOpIMHATa XaJaKacuIaru
MyHocabatHu (7) naru Genruianuiap opKaiu €3aMus:

a,a,—2a,a,+aa, =0. )
(8) nonanuHr yan tapaduHU 7, OpKaau Oenrwiainuk. Ymoy xucoOnam

1
5 {a,,r} =3a,a,—2a.a,—4a,a, +2a,a, +a,a,
=a.a, —2a,a, +aa,
C[C,] na Oomka Oup MyHOCaOaTHU KEeNTUPUO YMKapaau Ba yYHHU 7, OpKaJH

OenrunaiMus.
Vxmam xonna Kyiugara MyHocabaTJIapHH XaM XOCUIT KUJIaMU3:
= 27, 2 2 _
r,=%a, —a,a, +a,a, +6a,a,—6a; ={r,a,},

r,=9a, +aa,a

3
3
\a,as+3aga, —3a,a, —a, _E{rva7}’

_ 2 2 2
r,=9a, —a,a, +aa; +6a,a, —6a;, =31{r,a,}.
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9-rabpud. Airaiiiuk R [lyaccon anrebpa Ba Z yHHHT Oy 11 OYIMaran KMCM-
Tymiamu 6yacud. Arap Z tymiaam R anreGpanunr uaeanu 6yau6, Ba {Z,R} 7

IIAPTHH KaHOATJIaHTHpPCa, y xoiaa Z IlyaccoH mmean aeiuiaim.
15-Teopemanan doiganannd xpcodaanuap HaTHKacKu1a KyHuaard KaiBajiHu
TYJAUPULL MYMKHUH:

a, | a, | a a, a, a, a,

| -2, | - | O A 1 0

3" 3"

7. 0 7. 27 0 1 2 ~

2 2 1 _57,3 _En‘ 5

r, | 0 | 2r | 4r, 0 —a.r, —2ar, —6a,r, +3a.r,
r, | 2r,| 0 | 2r 3 3 3 3

Easrz —a,n +5a3r1 an _Easrz _Easri
r, | —4r, | 2r,| 0 | 6a,r,-3a,r 2a.r, a, 0

By kyinaaru HaTukaHu Oepaau:
15-Teopema. r opkasm xocun KumuHran Z =C[(M,xM,)//GL,] Ilyaccon

unean 1r, + Ir, + 1Ir, + Ir, + Ir, uneanra uzomopduup.

by Oupruna myHocabaTtHu Ouiuin opkainu Oomka 4 Ta MyHOCa0aTHH Xam
XOCHJI KWJIMIII MyMKHHJIUTUHU KypcaTaiu.
C[C,] na xyiunaruya Gesnruianuiap:

a,=Tr(X),a,=Tr(Y),a, =Tr(4%), a, = Tr(4B), a, = Tr(B*),
a, =Tr(4%),a, =Tr(A4’B), a, = Tr(AB*), a, = Tr(B’),
a, =Tr(4%), a, = Te(A£B), a, = Tr(AB), a, = Tt(AB"), a, = Tt(B*),
Ba KyNIXaJAJapHU KUPUTANITUK:
R =—-aja, +aa; +2aa, —4a,a, +2a.a,+2aa, —2a; +8a,,
=-aa,a, +a, +2aa,—4a,a,+2aa, +aa,—aa,—4a,,
=—aal +aja, +2aa,—4a,a,+2aa, +2aa,—2a; +8a,,

37714 47713 57712

R2
R3
_ 2 2
R, =-3aja, + 6%3614617 +aaa, — 42614616 +12a.a,, —24a.a,, +12a.a,, +48a,,
R = ;0.0 = 4a,a, +6a,a.a,-3a.a, +12a.a,, —24a.a,,+12a,a, +48a,,
R =-aa,+3aa.a, — 26146125616 +8a.a,—12a,a, +4a,a
R = —23613614619 +23§13a5a8 Saa,+ 4a.a,—-12a.a, +8aya,,, i
R, =3aja, —3aa, — 1226136112 -|2— 24a.a,a,, — 6a3aaa10 +2a.a.a, —6aa,,
—43a Ay +22a5a6 N 6a; +24a,a, —24a;, +24aq,, 2
R, =3a.a; —3a,a; — 122a5 a, —|2—24a4a5a13 - 6a3aga14 +2a,a.a,-6a,a,,
—4a,a.a, +2a,a, - 6a52 +24a,,a,, —24a;, 2+ 24a,,,
R,=4a,a.a, —3a,a.a, —12a,a, +18a,a,a, —Ta;a, +12a,a,, —24a.a,,
+12a.a,, +48a,,
— 2 2
R =4a.a,a,-3aaa,—12a,a, +18a,a.a, —Ta;a, +12a.a,, —24a.a,,
+12a.a,, +48a,,
A2 3 2
R, =3aja,a, —3aa, —3a,a,—-3aa,a,+3a,a.a, +2aa.a,+12a
—4a,a.a, +2a.a.a, +12a.a,+12a,.a,,—12a,a, —48a

10°

2
24— 9a4a5a10

112
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‘a. —9a.a.a

2
a, —3a,a.a, +3aa.a, +2aa.a,+12aa,, ,a,a,

Rl3 - 3a3a4a5 3a4aS 3a5 11 47757712 375713
2—42614617619 + 2a3a8§419 + 122a4a5 +12a,a,, —12a,,a,, —48a,,, i
R,=aja; +aa,a, —2a, —a,a, —6a,a,a,+2a.aa,+2a.a.a,+10a,a,

57712
—2a,a.a, —4a.a,—3ala, +2a.a; +10aa, +32a; +4a,a, +8a,a,
—12a;, —72a,, —96,
2
R.=aa,—4aa,a, +2 2a,a.a,, +4a
+16a,,a,, —12a;, —48a,,.

117713

2 2
14 _4a4a5a11 tasa, +12a3a5 —461106114

C[C,] Hunr xocun kuimyBuminapuHUHr IlyaccoH kymaiTMacuHu XucoOnam

OwJiaH ymly HaTWXKaHU OJaMu3:
16-Teopema. 1<i <15 yuyyn R xynxamnap C[C,] na myHOcabatTiap Oynaanu.

Hucceprammsianar «Kamomkepo-Mo3sep ¢azonapuga yHumoay/iap rpymnmna
TabCHPU» J1e0 HOMJIaHyBYM TYpTuHUM O600una, C, Kanomxepo-Mosep daszocuna

YHUMOJyJIap TpPYyIIa TabCUPUHUHT YEKCU3 TPAH3UTUB OYJIMIIN KOHCTPYKTHB
yCyJia ucOOTIIaHA Y.
G opxkamu M x M HUHT Kyliujaruda UKKd TypJard aBToMophusmMiapuiaH

XOCHJI KUJIMHTaH TPYTIIaHu OeNruiaiMus:
(i) ©,:(X,Y)>(X,Y+p(X)), 06y epna peClt],
(i1) Y, (X, V) (X +q(Y),Y), 0y epna g e C[1].
B.Ban npep Kynk wummpa G rpymma Kywparura u3omMopd SKaHIATH
UCOOTIIaHTaH:

SAut(Clx, y]) ={f = (/.. /,) € Aut(Clx, y]) [ Jac(f,, f,) =1},
Oy epma Jac(f,,f,) udona (f,,f,) aKCIaHTUPUIUHUHI SIKOOWSH MaTPULACHHUHT

JETePMUHAHTH.
17-treopema. C, na G rpymmna tabcupu 6apya n €7, ydyH N —TpPaH3UTHUB

Oynaau Ba UIyHUHT YYYH Y€KCU3 TPAH3UTUBIIUD.
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XVYJIOCA

Yoy nucceprauus Kanomxkepo-Mo3sep dhazonapuHuHr anreOpank TaBcupuHu
Oeputan uoopar.
TaaKUKOTHUHT acOCU HATHXajlapu Kyiuaaruiaapaan uobopar:

1.

2.

Kanomxkepo-Moszep (a3ocHHMHT KOOpAMHATA XAJKACHHUHT Oab3U XOCHII
KWJIYBYMJIAPH Opacuaru MyHOCca0aTHU aHUKJIAIl METOIH OCpHUJITaH,
yunHud Ba TypTHuUM Kamomkepo-Mozep (daszomapu koopauHaTa
XAIKAJIAPUHUHT MUHUMAJT XOCUJI KWJIYBUWJIAPU TYTIJIaMJIApY TOIUJITAH;

. W3CU3 MaTpULAJIAPHUHT Japaxanapujgan uoopatr usnapHuHr Ilyaccon

KylnahTMajapyu aHUKJIAHTaH;
nxn WHBapuWaHT Marpunanapaa Ilyaccon anredpa CTpyKTypacu
AHUKJIAHTaH;

. TapTHOM ydra Ba TYpTra TEHr OYJIraH HMKKH KBaJpaT MaTpHUTLaap

WHBAapUAHTIIAPH  aIreOpacMHUHT XOCWJI  KuiyBuujapHuHr Ilyaccon
KyIanuTMa jKaJBajau KypUJraH.

yunHud Ba TYpTuHud Kanomxepo-Mozep ¢dazonapuHUHT KOOpJuHATa
XAJTKACUHUHT XOCWJ KWIIyBUMJIApU opacuaaru 0ab3u MyHocabaTiap
KEJITUPWITaH.

UKKH y3rapyBuuiIn Kynxauiap XaJIKACUHUHT YHUMOZyJIap
aBTomMopbusmiapu rpynmnacu ukkuHuu Kamomkepo-Mozep ¢dazocura
YEeKCU3 TPAH3UTUB TabCUP ITHUIIN UCOOTIIAHTaH.
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INTRODUCTION (abstract of PhD dissertation)

Actuality and demand of the theme of the dissertation. Many scientific and
practical types of research conducted around the world are mostly focused on the
analysis of statistical physics and the theory of invariants. In physics, the n-body
problem is the problem of predicting the individual motions of a group of celestial
objects interacting with each other gravitationally. Physical laws that govern the
motion of each particle may or may not be simple. However, the study of the
collection of particles is extremely complex. Thus, many-body theoretical physics
most often rely on a set of approximations specific to the problem at hand and ranks
among the most computationally intensive fields of science. The Calogero-Moser
dynamical system is a well-known one-dimensional many-body problem. One can
think of Calogero-Moser system as n particles moving on a line governed by inverse
square Hamiltonian, which has an explicit solution. The problems of describing the
corresponding phase space of this particle system, n-Calogero-Moser space, is
important in solving the problems of statistical physics, dynamic systems, invariant
theory and information technology.

Nowadays, the n -th Calogero-Moser space is considered as a typical example
of a Nakajima quiver variety. For that reason Calogero-Moser spaces have various
applications in algebraic geometry, representation of theory of quivers, preprojective
and Cherednik algebras. One of the most fundamental features of the Calogero-
Moser space is that it is diffeormic to the Hilbert scheme of # points on the complex
plane. Hence all known (co)homological constructions for the Hilbert scheme should
have its counterparts for the Calogero-Moser space. Unlike the Hilbert scheme, the
Calogero-Moser space is a smooth affine algebraic variety, which is determined by
its algebra of polynomial functions. An explicit description of the algebra of
polynomial functions is one of the open problems of the theory of invariant matrices.

In our country much attention has been paid to mathematics, physics, geology
and biological sciences, which have scientific and practical applications of
fundamental sciences. In particular, special attention was paid to the development of
fundamental research on non-associative algebras. Within the frame of this
fundamental research, significant results have been obtained in the study of the
Calogero-Moser spaces. Conducting research' at the level of international standards
on the priority areas “Algebra and Functional Analysis” is the main task and
direction of activity of mathematics. To ensure the implementation of the task, it is
important to describe the Calogero-Moser spaces for the application of scientific
results in the relevant field of science.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947 of
February 7, 2017 “On the strategy of action for the further development of the
Republic of Uzbekistan”, UP-2789 dated February 17,2017 “On measures to further

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on
the organization of activities of the first created scientific research institutions of the Academy of Sciences
of the Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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improvement of the activities of the Academy of Sciences, organization,
management and financing of research activities”, PP-3682 from April 27,2018 “On
measures to further improve the system of practical implementation of innovative
ideas, technologies and projects” and PP-4387 from July 9, 2019 “On measures to
further development of mathematical education and science, and also root
improvement of the activity of the Uzbekistan Academy of Sciences
V.I.Romanovskiy Institute of Mathematics”, as well as in other regulations related
to basic science.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan IV, "
Mathematics, Mechanics and Computer Science".

The degree of scrutiny of the problem. Since pioneering works by
F.Calogero, J.Moser, D.Kazhdan, B.Kostant, and S.Sternberg, there have been
extensive research on connection between the Calogero-Moser systems and
Kadomtsev-Petviashvili (KP) system. In a series of papers, Krichever made a
surprising discovery on KP and Calogero-Moser systems. Explicitly, he observed
that the poles of rational solutions of the KP equation move according to the
Calogero-Moser system. That mystery was resolved by Wilson, who constructed a
natural bijective correspondence between Calogero-Moser spaces and a certain

. . . . . d . . d
infinite-dimensional Grassmannian Gr“. The adelic Grasmannian Gr*

parametrizes rational solutions of the KP equation. Furthermore, he showed that
bijection was commuting with KP flows. Berest and Wilson used that work to
establish the Calogero-Moser correspondence between the space of isomorphism
classes of ideals of the first Weyl algebra A1 and Calogero-Moser spaces. In the
subsequent paper, they showed there was a natural action of the plane affine

Cremona group G on each of the Calogero-Moser space C,, and it was a transitive

action. Y.Berest, A.Eshmatov, and F.Eshmatov proved that G acts doubly
transitively and conjectured infinite transitivity of G -action. The BEE conjecture
was proved by Kuyumzhiyan.

One of the fundamental results of Etingof and Ginzburg states that the spherical
subalgebra of rational Cherednik algebra H (S,) associated with the symmetric

group of degree n is commutative algebra isomorphic to the coordinate ring of the
Calogero-Moser variety O(C,). Furthemore, H _(S,) is Morita equivalent to O(C,),

and there is one-to-one correspondence between simple representations of H (S,)
and points of C . Using these facts, they have investigated the Poisson algebra
structure on the algebra O(C,) coming from the symplectic structure of C,. In
particular, they have found an algebra and Poisson generators of O(C,). Motivated
by transitivity of G action and the fact that on C is a hyper-Kahlar manifold,
Hitchin and Wilson have asked if C, is a coadjoint orbit of some infinite-dimensional

Lie algebra. A positive answer to this question has been given independently by
Ginzburg and Bocklandt and Le Bruyn. They have constructed a natural surjective
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Lie algebra homomorphism from the Necklace Lie algebra associated with C to the
algebra O(C). The homomorphism factors through the ring of invariant

polynomials on pair of nxn matrices. Thus the description of coordinate rings of
Calogero-Moser spaces is closely related to the invariant theory of nxn matrices.
The invariant theory of n xn matrices studies the algebra C , of invariants of

the general group GL, acting on d of nxn matrices by simultaneous conjugation.

The problem consists of two parts: determining a minimum set of generators of the
ring C , and finding polynomial relations between them. K.S.Sibirskii proved that

a generating set of C,, consists of trace functions. Later, M.Artin proved that

invariants of small-sized matrices can be generated by all trace functions, and
conjectured that this result would be true for invariants of arbitrary-sized matrices
as well. Yu.P.Razmyslov and C.Procesi independently proved Artin’s conjecture
and showed that the power of a set of generators is limited. They also proved that
relations between these generators come from the Cayley-Hamilton theorem.
However, a minimal generating set of C , and exact relations among them remain

largely open problems. Some of known results are following. Dubnov showed that

C,, 1s the polynomial algebra in five variables with no relations. It follows from

K.S.Sibirskii and E.Formanek that C,; is a polynomial algebra with a single relation.
Teranishi found that a minimal generating set of 11 trace functions for C,, and

calculated its Hilbert series. It follows from the description of this series that there
is a single polynomial relation in C,,. K.Nakamoto found the exact form of this

relation. In 1989, Abeasis and Pittaluga offered an effective method for computation
of generators for any C,,. Using their result Aslaksen, Drensky, and Sadikova

presented a new minimal generating set for C,, and found its defining relation.
Finally, for C

.,» minimal generating set were presented by Drensky and Sadikova,
and by Dokovic.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work is
carried out in accordance with the given topic of scientific research OT-F4-82 + OT-
F4-87 "Local derivations and automorphisms of operator and nonassociative
algebras, phase transitions and chaos in nonlinear dynamical systems" + "The theory
of global invariants of curves and surfaces in Euclidean and pseudo-Euclidean
spaces and its applications in mechanics" (2017-2019) and “YoOT-Ftex-2018-77,
Cohomology groups of semi-simple and nilpotent algebras” in V.I.Romanovskiy
Institute of Mathematics (2018-2019 yy).

The aim of research work is to define Poisson structure on the coordinate ring
of the Calogero-Moser spaces and using this structure to give the complete algebraic
description of the Calogero-Moser spaces.

Research problems:

to find the minimal generating set for the coordinate ring of the third and fourth
Calogero-Moser spaces;

to find defining relations among the generators of the coordinate ring of the
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Calogero-Moser spaces;

to describe the Poisson structure on the Calogero-Moser spaces.

The research object: Calogero-Moser space, coordinate ring, polynomial
relationship.

The research subject: The theory of the Poisson algebras, invariant theory,
theory of matrices and theory of polynomials.

Research methods: In the dissertation the methods of the theory of associative
algebras, inductive method, as well as, the methods of invariant theory are applied.

Scientific novelty of the research work consists of the following:

the explicit generators of the coordinate ring of the third and fourth Calogero-
Moser spaces are found;

the defining relations between the minimal generators of the coordinate ring of
the third and fourth Calogero-Moser spaces are found and in generally, it is proved
that there exists a relation among traces of products of matrices of degree less or
equal to the half of the dimension of the Calogero-Moser spaces;

using Poisson algebra structure, a method to describe the Calogero-Moser
spaces was developed and the third and fourth Calogero-Moser spaces are described
with this method;

the action of the affine Cremona group was proved to be infinitely transitive in
the second Calogero-Moser space.

Practical results of the research. The taken results and used methods in the
dissertation can be taught as a graduate course for masters and doctoral students of
higher education institutions. In addition, the results of the dissertation concerning
the Poisson structure allow to verify hypothesis about the theory of invariant
matrices.

The reliability of the results of the study. Our results have been obtained by
using the invariant theory, as well as fundamental results of the theory of algebras.
The proofs of obtained results are mathematically correct. Found defining relations
for the coordinate ring of the third and fourth Calogero-Moser spaces can be checked
by using standart procedures of Mathematica 12.

Scientific and practical significance of the research results. The scientific
significance of the results of research is that the results obtained in the work can be
used for further research of varieties of other algebras. In particular, the techniques
and methods developed in this dissertation can be used to solve the hypothesis on
arbitrary Calogero-Moser type spaces.

The practical significance of the dissertation is that the obtain results can be
used in the theory of invariant matrices. The taken results and used methods in the
dissertation can be taught as a graduate course for masters and doctoral students of
higher education institutions.

Implementation of the research results. Based on the results obtained by the
description of the Calogero-Moser spaces:

the minimal generating sets for the coordinate ring of the third and fourth
Calogero-Moser spaces were used to find defining relations between the generators
in the fundamental scientific project No. MTM2016-79661-P “Homology,
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Homotopy and Categorical invariants in groups and nonassociative algebras”
(Reference from Agencia Estatel de Investigacion (AEI), Ministerio de Ciencia e
Innovacion, Spain, developed in the University of Santiago de Compostela Ne
15782, 15.04.2022). The application of the scientific result allowed to establish the
defining relation of the ring of invariants of a pair of matrices in the general case;

the Poisson algebra structure analyzed on Calogero-Moser spaces was used to
describe the coordinate ring of the Calogero-Moser spaces in the fundamental
scientific project “Non-commutative modules, Leibniz algebras and polynomial
cascades on simplexes”, No. OT-F4-31 (Reference from National University of
Uzbekistan named after Mirzo Ulugbek, 21.04.2022). The application of the
scientific result allowed to establish the table of Poisson multiplication on the
generators of the third and fourth Calogero-Moser spaces.

Approbation of the research results. The main results of the research have
been discussed at 2 international and 4 national scientific conferences.

Publications of the research results. On the topic of the dissertation, 11
scientific papers were published, 5 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of theses of the Doctor of Philosophy, including 2 of
them published in foreign journals and 3 in national scientific journals and 6
abstracts.

The structure and volume of the dissertation. The dissertation consists of the
introduction, four chapters, conclusion and bibliography. The total volume of the
thesis is 85 pages.

MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research theme and correspondence to the
priority research areas of science and technology of the Republic are given, we
present degree of scrutiny of the problem, formulate our goals and objectives,
identify the object and subject of study, and state scientific novelty and practical
results of the research. Moreover, we give the theoretical and practical importance
of the obtained results, and also give information on the implementation of the
research results, published works and the structure of dissertation.

In the first chapter of the dissertation, titled “Preliminaries and results”, we
introduce necessary basic notions and concepts which are used throughout the
dissertation. Furthermore, we remind some well-known results concerning the ring
of invariant matrices since the Calogero-Moser space is embedded in it.

Definition 1. Let G be a group and S be a nonempty set. An action of the
group G on the set S is a function -:GxS — S (denoted by «(g,x) > g-x) such
that forall xeS§, g, g, €G the following holds:

) (88)x=g-(g ),
1) e-x=x,where e is the identity of G .

If there 1s an action of G on §, itis said that G actson § and S iscalleda G
-set.
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We denote by M := M (C) the C -algebra of nxn matrices over the field of
complex numbers C . Let d be a positive integer. The general linear group GL (C)

acts on the direct product M. of d copies of M, in the natural way:
g (X, X,)=(gXg"s...gX,g"), geGL,(O). (1)

This action induces an action of GL_on the algebra C[M!] of polynomial functions

on M/ ie. for pe C[M’] and g eGL :

(g * ¢)(X1" * '7Xd) = w(g_l'(Xl" * "Xd))’
where the entries of X, for i = 1,...,d, can be viewed as linear functions.

Note that one can identify M = c* , the affine space of dimension dn’.

Description of the orbit space M /GL  as an algebraic variety is a difficult

problem in the classical invariant theory. To resolve such issues, in 1965 David
Mumford developed a new orbit space V' // G( GIT quotient ) using Hilbert’s ideas

on invariant theory, where V' is an algebraic variety and G is an algebraic group
acting on V. Roughly, the space V' // G consists of closed G-orbits on V.

Since any algebraic variety V is determined by its algebra of polynomial
functions C[V/], it is sufficient to describe the algebra C[M! // GL ] instead of the
ring M // GL, . The first step in understanding this algebra is the following result
due to D.Mumford. Since G -action on ¥ induces G -action on C[V]:

(g* )= f(g" V),
for f e C[V], g € G, we define the subalgebra of G -invariant polynomials
ClVlI°={feCV] | g*f=/f forall geG},
and the following theorem is proved by Mumford in 1965.
Theorem 1. Let G be an algebraic group acting on an algebraic variety. Then
C[V /1 Gl=C[VY°.

Thus, by Mumford’s theorem, the problem of the description of the algebra
C[M? /I GL,] can be reduced to study of the following two problems:

(1) Find generators of C ,.

(11) Find all relations between these generators.

We study the problem of the description of the algebra C,, :== C[M! 1% of
GL -invariant polynomials. C. Procesi and Yu.P. Razmsylov proved independently

the following well-known results to solve the above problem (1).
Theorem 2. The ring C , is generated over C by all traces Tr(4.4, ...4 ),

1< j<n®, where A A A, €44, Ay Ay

Now we remind the Cayley-Hamilton theorem since it plays an essential role
in solving the second part of the above problem.
Theorem 3. For any 4e M, f(4)=0, where f (x) is the characteristic

polynomial of 4.
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The following theorem is proved in Procesi’s and Razmyslow’s works:
Theorem 4. All trace identities of the full matrix algebra over a field of
characteristic zero are consequences of the Cayley-Hamilton identity f .
For an integer n>0, let C, be the subset of M, x M, defined as
(XY eM x M, | rank([X,Y]+1)=1},

where I is the identity nxn matrix. The action (1) on M x M restricts to an
action on En

Definition 2. The n" Calogero-Moser space C, 1s the quotient variety
C //GL, .
The Calogero-Moser spaces were studied in detail by Wilson’s works and he

proved the following theorem:
Theorem 5. The Calogero-Moser space C, is a smooth affine irreducible

complex symplectic variety of dimension 2#.
Now, we recall the definition of a Lie algebra since it is a part of the definition
of Poisson algebra, which we will show that the ring C , have a Poisson algebra

structure. As a result this structure induces a Poisson structure on the coordinate ring
of the Calogero-Moser space.
Definition 3. A Lie algebra is a vector space g over a field [ with a bilinear

operation [—,—]:gxg—g, which we call a Lie bracket, such that the following
axioms are satisfied:
e It is skew symmetric: [x,x]=0, which implies [x,y]=—y,x] for all
X, yEg.
e [t satisfies the Jacobi identity: [[x, y],z]+[[y,+z],x]+[[z,+x], y]=0 for
all x,y,zeg.

Now we give the definition of a Poisson algebra.
Definition 4. A commutative C -algebra R with a bilinear map {—,—} is said

to be a Poisson algebra if
(@) {a,b}=-{b,a} for all a,beR,
(@) {a,{b,c}}+1{b,{c,a}}+{c,{a,b}}=0 for all a,b,c eR,
(iii) {ab,c}=a{b,c} +bla,c} for all a,b,c eR.
Let us remind the definition of Leibniz algebra.

Definition 5. [Lo] A Leibniz algebra L is a vector space over [ equipped with
a bilinear map (multiplication) satisfying the Leibniz identity

L. [y.z]]=1lx.v1, 2] = [[x.2], ]
forall x,y,zeL.
Now we consider how Poisson structure is defined on C , .

Let w:VxV —C be a bilinear form on a two diminsional vector space
V' =Cx®Cy defined by

a)(x’y) - —a)(y,x) - 19 CO(X,X) - a)(yay) =0.
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Let R be a free C -algebra on the generators x and y. Define a bilinear mapping
{——}:RxR—R by

P q
{0, v, )= le-Z;‘a)(ui,vj)ui+1 U UV VY
i=l j=

where elements u,,...,u,,V,,...,V, are either x or y.

In 1993 Kontsevich showed that this bracket statisfies the Leibniz identity in
his work which implies that R with this bracket is a Leibniz algebra. Let us introduce
the subspace Com(R) = Span{ab—ba|a,b € R} of R. One can verify that Com(R)
belongs to Z(R) and thus it is a Leibniz algebra ideal. We can consider the quotient
Leibniz algebra L£=R/Com(R). Moreover, the following result is proved in

Ginzburg’s work:

Proposition 1. The quotient algebra £ = R/ Com(R) with the induced bracket
is a Lie algebra.

This Lie algebra is an example of a Necklace Lie algebra. It plays an important
role in endowing Lie algebra structure on the invariants of pairs of matrices. Indeed,
a map defined as follows:

tr:L—>C[(M,xM,)//GL,]
X1y x Y s (X, Y) e Te(X Y. X Y'Y)
endows C , with a Lie, and consequently with a Poisson algebra structure.

We also study the group action on the Calogero-Moser spaces.

Definition 6. Let G be a group and S be a nonempty set. It is said that a group
G acts transitively, or that the action is transitive, if for every pair of elements
s,y €S, thereisa ge€§ suchthat g-s=r.

Now we give the definition for the notion of 7 -transitivity.

Definition 7. The group G acts »n transitively, or the action is » — transitive, if
it can map any # -tuple of distinct points of the set to any other »-tuple of distinct
points. In other words, if (s,,...,s,) and (7,...,7,) are n-tuples of distinct elements

in S, then there is some g €G such that
g (5100008,) = (& 51rves8 5, = (ool
The following definition describes the notion of infinite transitivity.
Definition 8. We say that the action of G on § is infinitely transitive if it is

n -transitive for every positive integer .
The group G of unimodular automorphisms of Cl[x, y] acts on the Calogero-

Moser space C, and the following theorem is proved by G. Wilson and Yu. Berest

in their work:
Theorem 6. For each n >0, the group G acts transitively on C, .

Moreover, in Yu. Berest, A. Eshmatov, F. Eshmatov’s work authors proved that
Theorem 7. For each n >1, the action of G on C, is doubly transitive.

They also conjectured that this action is infinitely transitive. This conjecture
was proved by K. Kuyumzhiyan:
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Theorem 8. The group of automorphisms of a Calogero-Moser space C, acts

infinitely transitively.

In the second chapter of the thesis, titled “Relations in the coordinate ring of
the Calogero-Moser spaces”, we give some answers to the questions addressed for
the invariant theory of pairs of matrices for the coordinate ring of the Calogero-
Moser spaces, which are also valid to be asked since they are quotients of the ring
of invariants.

In P. Etingof, V. Ginzburg’s work, it has been proved that

{Tr(X'Y')|0<1i,j<n}
generates C[C ] as a commutative algebra. Let us denote by P the set consisting of

the following generators of C[C ]:
Tr(X), Tr(Y),
Tr(A*), Tr(AB), Tr(B?),
Tr(A4’), Tr(A’B), Tr(AB*), Tr(B’),

Te(A"), TH(A"'B), ..., TH(AB™), Tr(B"),

where A=X—1Tr(X)1n,B= Y—lTr(Y)In.
n n

Theorem 9. There exists at least one defining relation between the generators
in the set P .

Note that the set P is not a minimal generating set for the coordinate ring of
the Calogero-Moser space. However, a method used in the proof of Theorem 9 helps
us to write an explicit defining relation between the elements of P .

Since {Tr(X'Y’), 0<i,j<n} generates C[C ] as a commutative algebra,

combining with Cayley-Hamilton theorem, we obtain the following proposition.
Proposition 2. The traces

Tr(X), Tr(Y),
Tr(A%), Tr(AB),Tr(B?),
Tr(A4%),Tr(A4°B), Tr(AB*),Tr(B?),
Tr(A4"),Tr(A4’B),Tr(A’B*),Tr(AB’), Tr(B"),
Tr(A’B*),Tr(A4’B*), Tr(A’B%)

generate C[C,].

However, it is not a minimal generating set. We need the following auxiliary
statement which state that there are relations among some of “mixed” traces and
“pure” traces.

Lemma 2. For (X,Y) eC,, we have

12Tr(A’B*) = Tr(4*)Tr(B*) + 6Tr(A’B)Tr(AB) +3Tr( AB*)Tr( 4%,
12Tr(A’B*) = Tr(A*)Tr(B*) + 6Tr(AB*)Tr(AB) + 3Tr( A’ B)Tr(B?).

20Tr(A’°B’) = -Tr'(AB) + 6Tr(A’B)Tr(AB*) +3Tr(A’B)Tr(B?)
+ 9Tr(4*B*)Tr(AB) + 3Tr(AB*)Tr(4)

+ %Tr(/ﬁ)Tr(B}) — %Tr(Az)Tr(AB)Tr(BZ) —16Tr(AB).
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The last three traces in Proposition 2 are expressed as a polynomial of other
traces. Moreover, we have the following result:
Theorem 10. The traces
Tr(X),Tr(Y),
Tr(A4%), Tr(AB), Tr(B%),
Tr(A4%),Tr(A’B), Tr(AB?), Tr(B),
Tr(A"), Tr(A’B), Tr(A’B*), Tr(AB?), Tr(B*)
form a minimal set of generators of C[C,].

The following theorem shows an explicit form of the defining relation between
the generators of C[C,].

Theorem 11. The following is a defining relation in C[C,]:
—Tr?*(A)Tr(B*) + Tr(A*)Tr*(AB) + 2Tr(A*)Tr(A’B*) —4Tr(AB)Tr( A’ B)
+2Tr(B*)Tr(A") + 2Tr(A*)Tr(AB*) —2Tr(A’B)* +8Tr(A*) = 0,
For the algebra C,,, a minimal generating set consisting of 11 trace monomials
of degree not exceeding 6 was found by Teranishi: Tr(X), Tr(Y) and
Tr(X?), Tr(XY), Tr(Y?), Tr(X?), Tr(X°Y), Tr(XY?), Tr(Y?), (2)
Tr(X°Y?), Tr(X Y’ XY). (3)
Nakamoto found a complicated algebraic relation, which turns out is the only
defining relation. It is written much simpler if one uses another minimal set of

generators, which is the main result of H. Aslaksen, V. Drensky, L. Sadikova’s work:
along with Tr(X) and Tr(Y), in (2) replace X and Y with their traceless versions

of A and B, correspondingly, and instead of (3) use
v=Tr(A’B*)—Tr(ABAB), 4)
w=Tr(A>B>AB) — Tr(B*A>BA). (5)
Furthermore the authors have proved following:
Proposition 3. The following equation holds in C,,:

Tr(ABAB) — Tr(A’B>) = %n(n ~1) (6)

Equation (6) tells us the generator v of the algebra C,, in the coordinate ring
of the Calogero-Moser space C, is a constant i.e. v=-3. Below we give a statement
on the generator w of the algebra C,, is in the coordinate ring of the Calogero-
Moser space C, .

Proposition 4. For (X,Y)eC , we have

Tr(A’BAB*)=Tr(A’B*AB) — % n(n—1)n-2).

According to Proposition 6 the generator w is also constant with the value 2 in
the coordinate ring of the Calogero-Moser space C,. Hence, we can prove

Theorem 12. The traces
Tr(X),Tr(Y), Tr(A4%), Tr(A4B), Tr(B’),
Tr(A4*),Tr(A’B), Tr(AB*),Tr(B?)
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form a minimal set of generators of C[C,].

Furthermore, the following theorem shows an explicit form of the defining
relation between the generators of C[C,].

Theorem 13. For traceless pairs of matrices (4,B) €C, we have
Tr(A*)Tr(B*) - 2Tr(AB)Tr(AB*) + Tr(B*)Tr(A’B) = 0.
In the third chapter of the thesis, titled “Poisson structure on the Calogero-
Moser spaces”, we attempt to compute some Poisson brackets of certain generators

of the algebra of invariants C[(M  xM )//GL ]. While the Poisson structure from

the Necklace Lie algebra is easily computable on usual generators, it gets
complicated when using traceless matrices.
Lemma 4. For any p,q >2 the following holds

(Tr(A4”), Tr(B*))} = pgTr(A” B = 2L T (4" Tr(B).
n

Now make the following notations for the generators of the invariants of two
3x 3 matrices, which are given in H. Aslaksen, V. Drensky, L. Sadikova’s work:
a,=Tr(X),a,=Tr(Y),a,=Tr(4%), a, = Tr(4AB), a, = Tr(B?),
a, =Tr(4’),a, =Tr(A’B), a, = Tr(AB?), a, = Tr(B’), (7)
v=Tr(A’B*) -~ Tr(ABAB), w=Tr(A’B’AB) — Tr(B’ A’ BA).
Theorem 14. The Poisson multiplication table of the generators of

CIM, x M,]"" is as follows:

{a,a,}=3
a, a, a, a, a, a,
a, | -2a,
as | -4a, | -2a,
a, 0 3a, 6a,
a, | -2a, a, 4a, 1,
a, | -4a, | —a, 2a, -a,a, 5 1,
——aa,+v+—a,
6 3
a, | -6a, | —3a 0 3 -a,a 1
? § ? —3v+§a3a5 —3a; s —Easz

where the upper diagonal part of the table is skew-symmetric, and the rest of the
brackets are zero.

The Poisson structure on C[M, x M,]" induces a Poisson structure on C[C,]
with v=-3, w=2. Now, consider the defining relation, which is obtained in
Theorem 13, of the coordinate ring of the Calogero-Moser space C, in the notations

(7):

a,a, —2a,a,+aa, =0. )

3
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Let us denote by 7, the left-hand side of (8). Computing

1
5 {a,,r} =3a,a, —2a.a, —4a,a, +2a,a, +aa,
=aa,—2a,a, +aa,
yields another relation of C[C,], which we denote by 7, .
Similarly, we can derive the following relations:
r,=9a, —a,a; + ala, +6a.a,—6a: ={r,a},
3
r,=9a, +aa,a, +3aa,-3aa,—a, = E{Ifl,a7},
r.=9a, —a a, +aa +6a,a, —6a; =31{r,,a,}.
Definition 9. Let R be a Poisson algebra and Z be its nonempty subset. Then
7 is called a Poisson ideal if it is an ideal of R and satisfies {Z,R} 7 .

By straightforward calculation using Theorem 15 we can complete the following
table:

a3 a4 aS a6 a7 a8 a9

ho|-2r, | - | O r 2 | 0
P 30
3 3
r, | 0 v, 27 0 1 2 —7,
35 30
3 3
| 0 | 2r | 4r, 0 —a.r, —2ar, —6a,r, +3a.r,
r, |2, 0 | 2r, 3 3 3 3
Easrz —a,n, + §a3r1 an— Easrz 5 4h

r, | —4r, | 2r,| 0 | 6a,r,—3a,rn 2a.r, ar, 0

This prove the following statement.
Theorem 15. A Poisson ideal of 7 =C[(M,xM,)//GL,] generated by r, is

isomorphic to the ideal Zr, + Zr, + Zr, + Ir, + 1r, .

This shows that knowing one relation, we can generate other 4 relations.
Let us make the following notations in C[C,]:

a, =Tr(X),a,=Tr(Y),a, =Tr(4%), a, = Tr(4B), a, = Tr(B?),

a, =Tr(A4%), a,=Tr(A’B), a,= Tr(A4B?), a, = Tr(B%),

a, =Tr(4"),a, =Tr(A’B), a, = Tr(A’B?), a,, = Tr(4B%), a,, = Tr(B*),
and introduce the following polynomials:

R =-dla, +aa; +2aa,—4a,a, +2aa,+2aa,—2a; +8a,,

R = —a,0,4; +2aj +2a,a,,—4a,a,+2a,a, +aa, —a.a, . 4a,,

R = —a,a; +a,a, + 2a.a,,—4a,a,, + 2a.a,, + 2a,a, - 2a, +8a,,

R, =-3a;a, + 6c§3a4a7 +a,a.a, — 42614616 +12a.a,, - 24a.a,, +12aa,,+48a,,
R = 4,00, — 4a,a, +6a,a.a, —3a.a, +12a.a,, —24a.a,, +12a,a,, +48a,,
R =-a,a,+3aa.a, —2a,a.a, +8a,a,—12a.a, +4a,a,,

R =-2aa,a,+3aaa,—a.a,+4aa,—12aa,+8a,a,,,

34



A3 2 2 2 2

R, =3aja, —3a,a, — 122a3 a, -|2‘ 24a.a,a,, — 6a3a%a10 +2a.a.a, —6aa,,
—43a4a‘,)a72 +22a5a6 N 6a; +24a,a, —24a,, +24aq,,, 2

R, =3a,a; —3a,a; —122a5 a, ';'24‘14615‘113 - 6a3a25a14 +2a.a.a,—6a,a,,
—4a,a.a,+2aa, - 6a52 +24a.a,, — 24a132+ 24a,,,

R,=4a,a.a, —3aa.a, —12a,a, +18aa,a, — Ta;a, +12a,a,, —24a.a,,
+12a.a,, +48a,,

— 2 2

R =4aua,a,—-3aa.a,—12a,a, +18a,a.a, —Ta.a, +12a,a,, —24a.a,,

+12a.a,, +48a,,

A2 3 2 2

R, =3aa,a, —3a,a, - 3a;a,,—3aa,a, +3aa.a, +2aa.a,+12a,a, —%a,a.a,
—4a46§6a8 +32a5a6a7 2+ 12a.a, +12a,,a,,—12a,,a, —48a,,, 2

R,=3aa,a; -3a,a, —3aa, —3a,a.a,, +3a,a.a,,+2a.a.a,+12a,a,-%a,a,

2—42a4a7a9 2+ 2a3agaz9 + 122a4a5 +12a,,a, —12a,,a,, —48a,,, 2
R,=a;a; +aa,a, —2a, —aja,, —6aa,a, +2aaa,+2a.a.a,+10a,a,
2 2 2
—2a4ci5a“ —4a,a, —3aa,, +2a.a; +10a,a,+32a; +4a,a,, +8a,a,
—-12a;, - 72a,, - 96,
R.=ala,—4aa,a,+2aa.a,+4aa,—4a,a0.a, +ala

) 47757711 57710
+16a,a,,—-12a;, —48a,,.

+12a,a, —4a,a,,

Using Poisson multiplication of the generators of C[C,], we obtain the
following statement.
Theorem 16. The polynomials R,1<i <15 are defining relations in C,.

In the fourth chapter of the thesis, titled “Unimodular group action on the
Calogero-Moser spaces”, we prove infinite transitivity of the unimodular group
action on the Calogero-Moser space C, in a more constructive way.

We denote by G the group generated by the following two kinds of
automorphisms of M x M :

) O, :(X,Y)>(X,Y+p(X)), where pe(lr],
i) Y (X, ) (X +q(Y),Y), where g Clt].
By W. Van der Kulk’s work, it is known that the group G is isomorphic to
SAUt(CLx, y1) = {f = (/. /,) € Aut(CLx, ¥]) | Jac( £, £,) = 1},
where Jac( f,, f,) 1s the determinant of the Jacobian matrix of the map (f,, 1))
Theorem 17. The action of G on C, is a n —transitive group action for all
n €7, ,and hence infinitely transitive.
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CONCLUSION

The thesis is devoted to give an algebraic description of the Calogero-Moser

spaces.
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1.

2.

The main results of the research are as follows:
a method to find a relation between some generators of the coordinate ring of
the Calogero-Moser space is provided.
the minimal sets for generators of the coordinate ring of the third and fourth
Calogero-Moser spaces are found.
some Poisson brackets of the traces of powers of the traceless matrices are
determined.
Poisson algebra structure on the invariants of pairs of nxn matrices is
investigated.

. Poisson algebra multiplication tables on the generators of the algebra of

invariants of two matrices of degree three and four are found.

some defining relations between the generators of the coordinate ring of the
third and fourth Calogero-Moser spaces are established.

the group of unimodular autorphisms of a ring of two-variable polynomials is
proved to be infinitely transitive in the second Calogero-Moser space.
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BBEJEHUE (anHoTanus auccepraunu 1okropa ¢guisocodpuu (PhD))

Heabo ucciie0BaHUsL SIBISIETCA ompeneneHue CTpykrypbl Ilyaccona Ha
KOOPAUHATHOM KOJIblle mpocTpaHcTB Kanomxepo-Mo3epa u MCIoIb30BaHUE 3TOM
CTPYKTYPBI ISl TIOJTHOTO airedpandeckoro omnucaHus npoctpancTB Kamomkepo-
Mo3epa.

Oo0bexT uccaenoBanmsi: [Ipoctpancrso Kanomkepo-Mozepa, KoOopauHaTHOE
KOJIBLIO, MIOJIMHOMHAJIbHBIE OTHOIIICHHUS.

Hayuynasi HOBH3HA HCCIeJOBAHUSA 3aKIIOYAETCS B CIEAYIOMIEM:

HaWJIeHbI SIBHbIE 00pa3yIole KOOPAUHATHOTO KOJIbIIA TPETHEr0 U YETBEPTOTO
npoctpancTB Kanomkepo-Mo3zepa;

HaWJEHbl  ONPEAENSIONME  COOTHOUIEHUS ~ MEXAY  MHHUMAaJIbHBIMU
00pa3yronMMi KOOPJUHATHOTO KOJIbI]A TPEThEr0o W YETBEPTOTrO IMPOCTPAHCTB
Kanomxkepo-Mo3epa u B o0miem ciy4yae J0Ka3aHO, YTO MEXIy KOHKPETHBIMH
AJIEMEHTaMU 00pa3yIoUX €CTh aaredpanyeckoe COOTHOIIECHUE;

MOJHOCTBIO IMPOAHAJIM3UPOBAHA ITyaCCOHOBCKAsi CTPYKTypa MPOCTPAHCTB
Kanomxkepo-Mo3epa W SBHO OIKMCAaHbl TPETbE H YETBEPTOE MPOCTPAHCTBA
Kanomxepo-Mo3epa;

noKazaHo, 4To JedctBue adduHHONW Tpynnbl KpeMoHb OeCKOHEUYHO
TPaH3UTHUBHO BO BTOpOM mpoctpancTse Kanomkepo-Mo3zepa.

BHenpenue pe3yJabTaToB mHccJeqoBaHusa. Ha oOcHOBaHMM pe3yJIbTAaTOB,
MOJIYYEHHBIX IPU ONMCcaHuu npocTtpancTBa Kamomxepo-Mo3zepa:

MUHUMAaJIbHbIE MHOECTBAa O0Opa3yloluX i KOOPIAMHATHOTO KOJIblia
TPETHETO W YETBEPTOro NpocTpaHCcTB Kanomkepo-Mo3epa MCIob30BAINUCH JJIs
HAXOXKJACHHSI  OMNPEACNIAIONIMX  COOTHOIICHWH  MEXAy O0OpasyloluMud B
¢yHnameHTtanpHOM HaydyHoM Tmipoekte Ne MTM2016-79661-P «I'omonoruu,
TOMOTOIMYECKUE U KATErOpHUajbHbIE MHBAPUAHTHI B TPyNNax U HEACCOLMATUBHBIX
anreopax». (Cnpaka Yuupepcutera Canthsaro ne Kommocrena ot 15 anpens 2022
r., Nel15782, Ucnanus). [I[pumMeHeHrne HaydyHOTo pe3yJibTaTa MO3BOJIUIIO YCTAHOBUTH
OTPEJIEISIONIee COOTHOIIEHUE KOJIblla WHBAPUAHTOB Mapbl MaTpHll B OOIIEM
ciydae;

cTpykrypa ainreopel Ilyaccona, paccMOTpeHHas Ha MPOCTPAHCTBAX
Kanomxkepo-Mo3zepa, ucnosib30BaIach sl OMUCAHHMS KOOPAMHATHOIO KOJIbLIA
npoctpancTB  Kamomxkepo-Mo3zepa B (yHIaMEHTaTIbHOM HAyYHOM IPOEKTE
«HexoMMyTaTUBHBIE MOJTyJIH, adreOpsl JIeiOHMIIa 1 TOTMHOMHANIbHBIE KacKaabl Ha
cumiuiekcax», No OT-F4-31 (CnpaBka u3 HarmonansHoro yHusepcuteTa ot 21
anpenst 2022 r.). IlpumMeHeHHe Hay4yHOIrO pe3yJibTaTa MO3BOJUIIO YCTAHOBHUTH
tabnuily ymHoxeHusi Ilyaccona Ha 0O0pa3ylomuxX TpPEeThero M YETBEPTOrO
npoctpancTB Kanomxepo-Mo3sepa.

Crpykrypa U 0o0bem auccepramum. J[ucceprauusi COCTOUT W3 BBEAECHUS,
4eThIpe TJIaB, 3aKIoueHus u ouoamorpaduu. O0beM auccepTanuu 85 CTpaHHUIIHI.
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