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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Tasodifiy
tarmoqlanuvchi jarayonlar nazariyasi — zarrachalar populyatsiyasi evolyutsiyasi
bilan bog‘liq masalalar uchun matematik model bo‘lib, tibbiyotda, kimyoda,
fizikada, biologiyada, ommaviy xizmat ko‘rsatish kabi va fanning boshga ko‘plab
yo‘nalishlarida vujudga keladigan murakkab amaliy masalalarni yechishda muhim
ahamiyatga ega. Shu sababli tasodifiy tarmoqlanuvchi jarayonlarni o‘rganish
zamonaviy tasodifiy jarayonlar nazariyasidagi dolzarb va muhim vazifalardan biri
bo‘lib golmoqda.

Bugungi kunda tarmoqlanuvchi jarayonlar xossalarini aniglash uchun bunday
jarayonlarni tagsimotlarini va shartli tagsimotlarini bilish muxim ahamiyatga ega.
Ammo bu tasimotlarni aniq formulalar orqali ifodalashning deyarli imkoniyati
yo‘q. Shu sababli aytilgan tagsimotlar uchun asimptotik formulalarni aniqglash,
tarmoglanuvchi jarayonlarning shartli tagsimotlari asimptotikasini o‘rganish; ko‘p
sondagi zarrachalardan boshlanuvchi tarmoglanuvchi jarayon tagsimot funksiyasi
asimptotikasini topish; bitta zarrachaning bevosita avlodlar soni cheksiz
dispersiyaga ega bo‘lgan tarmoqlanuvchi jarayoni uchun limit teoremalar isbotlash
tarmoqlanuvchi jarayonlar nazariyasining markaziy va dolzarb masalalaridandir.

Mamlakatimizda matematikaning fundamental va amaliy tadbiqiga ega
bo‘lgan ehtimollar nazariyasi, matematik statistika va tasodifiy jarayonlar
nazariyasining katta amaliy ahamiyatga ega bo‘lgan dolzarb yo‘nalishlariga,
xususan tasodifiy tarmoqlanuvchi jarayonlar tagsimotlarining va shartli
tagsimotlarining asimptotikasini o‘rganishga alohida etibor qaratildi. Buning
natijasida tarmoqglanuvchi jarayonlar tagsimotlarining asimptotikasini tatqiq qilish
bo‘yicha salmoqli natijalarga erishildi. “Ehtimollar nazariyasi va matematik
statistika” fanlarining ustuvor yo‘nalishlari bo‘yicha xalqaro standartlar asosida
ilmiy tadgiqotlar olib borish asosiy vazifalari va faoliyati yo‘nalishlaridan biridir!
Bu borada tarmoqlanuvchi jarayonlar nazariyasi sohasida ilmiy tadqiqot ishlarini
rivojlantirish dolzarb va muhim ahamiyatga ega.

O‘zbekiston Respublikasi Prezidentining 2017 yil 7 fevraldagi “O‘zbekiston
Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi to‘g‘risida”gi
PF-4947-sonli Farmoni, 2017 yil 17 fevraldagi “Fanlar akademiyasi faoliyati,
ilmiy tadqiqot ishlarini tashkil etish, boshqarish va moliyalashtirishni yanada
takomillashtirish chora tadbirlari to‘g‘risida”gi PQ-2789-sonli, 2017 yil 20

!0¢zbekiston Respublikasi Prezidentining 2019-yil 9-iyuldagi “Matematika ta’limi va fanlarini yanada
rivojlantirishni davlat tomonidan qo‘llab-quvvatlash shuningdek, O‘zbekiston Respublikasi Fanlar akademiyasining
V.I.Romanovskiy nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi
Ne PQ-4387-son qarori
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apreldagi “Oliy ta’lim tizimini yanada rivojlantirish chora-tadbirlari to‘g‘risida” gi
PQ-2909- sonli va 2019 yil 9 iyuldagi “Matematika ta’limi va fanlarini yanada
rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek, O‘zbekiston
Respublikasi Fanlar akademiyasining V.I.LRomanovskiy nomidagi Matematika
instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi PQ-
4387-sonli garorlari hamda mazkur faoliyatga tegishli boshqa normativ-huquqiy
hujjatlarda belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadqiqoti
muayyan darajada xizmat qiladi.

Tadqiqotning respublika fan va texnologiyalarni rivojlantirishning
ustuvor yo‘nalishlariga bog‘ligligi. Mazkur dissertatsiya O‘zbekiston
Respublikasi fan va texnologiyalar rivojlanishining IV. “Matematika, mexanika va
informatika” ustuvor yo‘nalishi doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. Tasodifiy tarmoqlanuvchi
jarayonlarni o‘rganish bo‘yicha dastlabki ishlar F.Gal’ton, U.Vatson,
A.N.Kolmogorov, R.Bellman, T.Xarris, B.Sevastyanov, S.Karlin, M.Irjina,
Dj.Lamperti, P.Ney, D.Kendall, N.A.Dmitrev, K.B.Athreya, F.L.Spitzers va
boshgalar tomonidan amalga oshirilgan. Tarmoglanuvchi jarayonlar uchun limit
teoremalar B.Sevastyanov, P.Ney, A.Yaglom, V.Zolotarev, Dj.Foster,
V.Chistyakov, Dj.Villiamson, R.Slack, E.Seneta, A.Pakes, S.Nagaev, G.Mitov,
N.Yanev, A.Zubkov, V.Vatutin hamda O°‘zbekistonlik olimlar Sh.K.Formanov,
A.Nagaev, R.Muxamedxanova, [.S.Badalbayev, I.Raximov va boshqalar
tomonidan amalga oshirilgan.

Subkritik va kritik Gal’ton-Varson tarmoqlanuvchi jarayonlar bir ehtimollik
bilan so‘ngani uchun bu jarayonlarning jarayon so‘nmaganlik shartidagi shartli
tagsimotlari o‘rganilgan. A.M.Yaglom subkritik va kritik jarayonlar shartli
tagsimotlarining asimptotikasini aniqlagan va kritik holda mos ravishda
normallangan tarmoqlanuvchi jarayon shartli tagsimoti bitta zarracha avlodlari soni
chekli uchinchi momentga ega bo‘lganda ko‘rsatkichli tagsimotga yaqinlashishini
ko‘rsatgan. T.Xarris tarmoqlanuvchi jarayonning uzoq kelajakda so‘nmaslik
shartidagi tagsimoti limiti 1—-e™* —xe™" ko‘rinishdagi tagsimot bo‘lishini isbotlagan.
V.M.Zolotarev uzluksiz vaqtli tarmoqlanuvchi Markov jarayonlarini jarayon
so‘nmaganlik shartidagi tagsimotini, bitta zarracha avlodlari soni hosil giluvchi
funksiyasi ma’lum ko‘rinishga ega (bu holda zarracha avlodlari soni dispersiyaga
ega bo‘lmasligi ham mumkin) bo‘lgan holda asimptotikasini topgan. H.Kesten,
P.Ney, F.Spitzerlar kritik tarmoglanuvchi jarayonlar uchun Yaglom teoremasi
o‘rinli bo‘lishi uchun bitta zarracha avlodlari soni dispersiyasi chekli bo‘lishi
yetarli ekanligini ko‘rsatganlar.

V.Feller katta sondagi zarrachalardan boshlanuvchi tarmoglanuvchi kritik

jarayonlarni  tagsimoti  (shartsiz) Feller jarayoni tagsimotiga kuchsiz
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yaqinlashishini, T.Lindvall esa V.Feller natijasini Skoroxod fazosida ham o‘rinli
ekanligini isbotlagan. Dj.Lamperti va P.Neylar katta sondagi zarrachalardan
boshlanuvchi kritik jarayonlarning jarayon so‘nmaganlik shartidagi chekli
o‘lchamli tagsimotlari tayin diffuzion jarayonning mos tagsimotlariga
yaqinlashishini ko‘rsatgan. E.Seneta va A.Peykslar kritik tarmoqlanuvchi
jarayonlarni jarayonni so‘nish vaqti garalayotgan vaqtdan so‘ng biror aniq vaqtda
ro‘y berishi shartida o‘rganganlar.

Dissertatsiya mavzusining dissertatsiya bajarilgan ilmiy tadqiqot
muassasasining ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi. Dissertatsiya
tadqiqoti O‘zbekiston Milliy universiteti Matematika fakulteti “Ehtimollar
nazariyasi va matematik statistika” kafedrasining ‘““Statistik baholash nazariyasi va
gipotezalarni tekshirish” (2016-2021 yillar) mavzusidagi ilmiy tadqiqot yo‘nalishi
doirasida va V.I.LRomanovskiy nomidagi matematika instituti ilmiy Kengashida
tasdiglangan ‘“Stoxastik taxlil” laborotoriyasining rejalashtirilgan mavzusiga
muvofiq bajarilgan.

Tadqiqotning magqsadi kritik tarmoqlanuvchi jarayonlar tagsimotini va
shartli tagsimotini sust yaqinlashishini taminlaydigan limit teoremalar isbotlashdan
iborat.

Tadqiqotning vazifalari:

bitta zarrachaning bevosita avlodlar soni dispersiyasi mavjud bo‘lmagan
holda kritik tarmoglanuvchi jarayonning »n+m momentda so‘nmaganlik
shartidagi tagsimoti asimptotikasini n va m parametrlarga turli xil shartlar
qo‘yilganda aniqglash;

bitta zarrachaning bevosita avlodlar soni chekli dispersiyaga ega bo‘lgan
kritik tarmoqlanuvchi jarayonlar uchun uning traektoriyalariga ma’lum shartlar
qo‘yilgandagi tagsimotlari uchun limit teoremalar isbotlash;

katta sondagi zarrachalardan boshlanuvchi kritik tarmoqlanuvchi jarayon
tagsimot funksiyasi asimptotikasini zarracha avlodlar soni dispersiyasi mavjud
bo‘lmagan holda topish;

bitta zarrachaning bevosita avlodlar soni cheksiz dispersiyaga ega bo‘lgan
kritik tarmoqlanuvchi jarayonni so‘nish momentiga qo‘yilgan shartdagi shartli
tagsimoti uchun limit teoremalar isbotlash;

Tadqiqot ob’ekti  kritik  tarmoqlanuvchi  jarayonlar  va ularning

tagsimotlari.

Tadqiqot predmeti. Tarmoqlanuvchi jarayon hosil qiluvchi funksiyalari,
tarmoqglanuvchi jarayonlar sonli xarakteristikalari, tarmoqglanuvchi jarayonlarning
davom etish ehtimolligi, tarmoqlanuvchi jarayonlarning bir o‘lchamli tagsimotlari
va chekli o‘lchamli tagsimotlari, shartli tagsimotlari.



Tadqiqotning wusullari. Dissertatsiya ishida ehtimolliklar nazariyasi
usullaridan va hosil giluvchi funksiyalar analitik usulidan foydalanilgan.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:

zarrachalar bevosita avlodlar soni dispersiyasi mavjud bo‘lmagan hamda hosil
qiluvchi funksiyasi maxsus ko‘rinishda bo‘lishi talab qilingan kritik Galton-Vatson
tarmoglanuvchi jarayonining berilgan momentda so‘nmaganlik shartidagi
tagsimotining asimptotikasi topilgan;

bitta zarrachaning bevosita avlodlari sonining dispersiyasi cheksiz bo‘lgan
holda ko‘p sonli zarrachalardan boshlanadigan kritik  Galton-Vatson
tarmoqlanuvchi jarayonlar uchun chekli o‘lchovli tagsimotlarning asimptotikasi
aniglangan;

bitta zarrachaning bevosita avlodlari soni chekli dispersiyaga ega bo‘lmagan
holda kritik Galton-Vatson tarmoglanuvchi jarayonlarining so‘nish vaqti ma’lum
vaqt oralig‘ida ro‘y berish shartidagi shartli tagsimotlari uchun limit teoremalar
isbotlangan.

Tadqiqotning amaliy natijalari quyidagilardan iborat:

ma’lum muhitdagi populyatsiya rivojlanishi yoki kasalliklarni tarqgalishining
matematik modellarini tarmoglanuvchi jarayonlar orqali ifodalashni taklif
etilganligi va bu tarmoglanuvchi jarayonlar asimptotikasini aniqlash usullarini
bayon gilinganligidan iborat;

Tadqiqot natijalarining ishonchliligi ehtimolliklar nazariyasi, tasodifiy
jarayonlar nazariyasi, matematik tahlil hamda matematik mulohazalarning
qat’iyligi bilan asoslanadi.

Tadqiqot natijalarining ilmiy va amaliy ahamiyati.

Tadqgiqot natijalarining ilmiy ahamiyati tarmoqglanuvchi jarayonlar
nazariyasini rivojlantirishda qo‘llanilishi bilan izohlanadi.

Tadqiqot natijalarining amaliy ahamiyati shundan iboratki, zarrachalarning
populyatsiyalar evolyutsiyasi haqida xulosalar chigarish, demografiya, biologiya,
shuningdek, meditsinaning bazi masalalarini yechish imkonini berganligi bilan
izohlanadi.

Tadqiqot natijalarining joriy qilinishi. Kritik tarmoqlanuvchi tasodifiy
jarayonlar uchun olingan natijalar asosida:

zarrachalar bevosita avlodlar soni dispersiyasi mavjud bo‘lmagan
tarmoqlanuvchi jarayonining berilgan momentda so‘nmaganlik shartidagi
tagsimotining asimptotikasidan OT-F4-69 raqamli “Garmonik tahlil, darajali
geometriya va uning matematik fizika masalalariga tadbiglari” mavzusidagi
fundamental 1ilmiy loyihada tez tebranuvchan funksiyalardan olingan
integrallarning asimptotik xarakterini tekshirishda foydalanilgan (Samarqand
Davlat universitetining 2023 yil 3 iyundagi Nel0-2896-sonli ma’lumotnomasi).
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[lmiy natijaning qo‘llanilishi singulyar integrallarni tekis baholash imkonini
bergan;

kritik  Gal’ton-Vatson tarmoqlanuvchi jarayonlarining tagsimotlariga
qo‘shimcha shartlar qo‘yilganda olingan asimptotik munosabatlardan OT-F4-40
raqamli  “O‘lchovli  funksiyalar sinfida indekslangan integral empirik
protsesslarning asimptotik xossalarini tatqiq qilish” mavzusidagi fundamental
loythada o‘lchovli  funksiyalar sinfida indekslangan integral emperik
protsesslarning asimptotik xossalarini isbotlashda foydalanilgan (O‘zbekiston
Milliy universitetining 27 iyuldagi Ne04/11-4514-sonli ma’lumotnomasi). I[Imiy
natijalarning qo‘llanilishi indekslangan integral emperik protsesslarning asimptotik
tagsimotlarini topish imkonini bergan.

Tadqiqot natijalarining aprobatsiyasi. Dissertatsiyaning asosiy natijalari 5
ta xalqaro va 5 ta respublika ilmiy-amaliy anjumanlarida muhokama qilingan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi bo‘yicha
jami 16 ta ilmiy ish chop etilgan bo‘lib, shulardan, 6 tasi O‘zbekiston Respublikasi
Oliy Attestatsiya komissiyasining falsafa doktori dissertatsiyalari (PhD) asosiy
ilmiy natijalarini chop etish tavsiya etilgan ilmiy nashrlarda, jumladan 1 tasi xorijiy
va 5 tasi respublika jornallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish, uchta bob, xulosa
va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning hajmi
99 betni tashkil etgan.

DISSERTA TSIYANING ASOSIY MAZMUNI

Dissertatsiyaning kirish qismida mavzuning dolzarbligi va zarurati
asoslangan, tadqiqotning respublika fan va texnologiyalar rivojlanishining ustuvor
yo‘nalishlariga mosligi ko‘rsatilgan, mavzu bo‘yicha xorijiy ilmiy-tadqiqotlar
sharhi, muammoning o‘rganilganlik darajasi yoritilgan, tadqiqotning maqgsad va
vazifalari bo‘yicha ma’lumotlar berilgan.

Dissertatsiyaning “Gal’ton-Vatson tarmoqlanuvchi jarayonlariga doir
asosiy ta’rif va natijalar” deb nomlangan birinchi bobida Gal’ton-Vatson
tarmoqlanuvchi jarayon ta’rifi va uning additivlik xossasi, hosil giluvchi funksiya
ta’rifi va uning asosiy xossalari, Gal’ton-Vatson tarmoqlanuvchi jarayonning hosil
qiluvchi funksiyasi, Gal’ton-Vatson tarmoqlanuvchi jarayonning o‘rta qiymati va
dispersiyasi uchun formulalar, jarayonning so‘nish ehtimolligi va kritik Galton-
Vatson tarmoqlanuvchi jarayonlari uchun asosiy limit teoremalar keltirilgan.

Birinchi bobning birinchi paragrafida Gal’ton-Vatson tarmoqlanuvchi jarayon
ta’rifi va uning additivlik xossasi, hosil giluvchi funksiya ta’rifi va uning asosiy
xossalari, Gal’ton-Vatson tarmoqlanuvchi jarayonning hosil giluvchi funksiyasi,



jarayonning o‘rta qiymati va dispersiyasi uchun formulalar hamda jarayonning
so‘nish ehtimolligi to‘g‘risida ma’lumotlar keltirilgan.

Birinchi bobning ikkinchi paragrafida kritik Gal’ton-Vatson tarmoqlanuvchi
jarayonlarining so‘nish ehtimolligi va shartli tagsimotlari uchun asosiy limit
teoremalar, jumladan, Kolmogorov, Yaglom va Slack teoremalari keltirilgan.

Birinchi bobning uchinchi paragrafida immigratsiyali tarmoqglanuvchi jarayon
ta’rifi, ba’zi muxim xossalari, momentlari va bunday jarayonlar uchun ba’zi limit
teoremalar keltirilgan.

Dissertatsiyaning “Kritik Gal’ton-Vatson tarmoqlanuvchi jarayonlarining
asimptotikasi” deb nomlangan ikkinchi bobi Gal’ton-Vatson tarmoqlanuvchi Z,
jarayonning Z >0 shartdagi tagsimotini asimptotikasi n va m parametrlarga
go‘yilgan turli xil shartlarda o‘rganilgan. Bunda zarrachalar bevosita avlodlar soni
dispersiyasi mavjud bo‘lmagan hol qaralgan bo‘lib, f(s) hosil qiluvchi funksiya
maxsus ko‘rinishda bo‘lishi talab qgilingan.

Ikkinchi bobning birinchi paragrafida Gal’ton-Vatson tarmoqlanuvchi Z,
jarayonning Z >0 shartdagi tagsimotini asimptotikasi n» va m parametrlarga
go‘yilgan turli xil shartlarda o‘rganilgan.

Faraz qilaylik, Z , n>0 quyidagi

Z,
Z,=1, Z,=Y ¢ ., neN (1)
j=I1

rekurent munosabat bilan aniglangan Gal’ton-Vatson tarmoqlanuvchi jarayoni
bo‘lsin, bu yerda ¢ ; tasodify miqdorlar bog‘ligsiz, manfiymas butun qiymatlar
qabul qilib, bir  xil f(s) hosil qiluvchi funksiyaga va
{pe, k=0} (py+p <1, p,>0) tagsimotga ega tasodifiy miqdorlar ketma-
ketligidan iborat.

Hosil giluvchi f(s) funksiyaning n-momentdagi iteratsiyalarini fn(s) bilan
belgilaymiz.
Quyidagi shartni kiritamiz:

(A): f(s) hosil giluvchi funksiya

f(s)=s+(1—s)l+aL(l—s), 0<s<l1 (2)

ko‘rinishga ega, bu yerda «e(0,1]-tayin son, L(x)-nolda sekin o‘zgaruvchi

funksiya.
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1-teorema. Faraz qilaylik m fiksirlangan butun musbat son yoki k — oo da
mzo(k), m —> o0, f(s) uchun f’(l):l va (A) shart o‘rinli bo‘lsin. U holda

—M(1=£,(0))Z 1
E(e ( ”)A >Oj—>1-,1(1+/1“)“,k—>oo.
k+m

2-teorema. Faraz qilaylik f(s) uchun f'(1)=1 va (A) shart o‘rinli bo‘lsin.

Bu holda
) . ~A1-£(0))Z; _lta
e — a a
imim e[ 7o)<l

k+m

k — 0 da

Ushbu teoremaning tasdig‘i Pakes tomonidan immigratsiyali jarayonlar
uchun isbotlangan teorema natijasi sifatida olingan. Bizni 2-teoremani
isbotlashdagi usulimiz Pakes usulidan farq giladi.

Agar 2-teorema shartlari bajarilib, (A) shartda o =1 bo‘lsa, (1— fk(O))Zk

tasodifiy miqdorning Z >0 shartidagi shartli tagsimoti m —oo,n—>o da

Laplas almashtirishi (1+ ﬂ,)_z bo‘lgan 1—-e* —xe* tagsimotga kuchsiz
yaqinlashadi. Bu natijani T.Harris isbotlagan.
3-teorema. Agar f(s) hosil qiluvchi funksiya uchun f'(1)=1 va (A) shart

o‘rinli va m—oo da k =0(m),k — o0 bo‘lsa

~2(1-£(0))Z _lia
E(e (1=7id ))% >0j—>(1+ﬂ“) “ . m—> oo,
k+m

4-teorema. Faraz qilaylik f(s) uchun f’(1)=1 va (A) shart o‘rinli bo‘lsin,
t €(0,1) fiksirlangan biror son bo‘lib, k =[nt], m:[(l—t)n} deylik, bunda [a]

belgi a sonining butun qismini bildiradi. Bu holda

_ﬂ'(l_fn(o))z[m]
E(e é>0j_’%(t’/1)’”—”°’

by yerda

(pa(t,i)zil{l—it;*[lﬂia}‘L}—il i 1 (e 1o —
re te A(1-1)" A(1-1)




Natija. f "(1)<oo bo‘lsin. Bu holda (A) shart « =1 bilan bajarilib 4-
teoremaning tasdig‘idagi ¢, (t,/i) hosil giluvchi funksiya

1 1 1-1¢
A)==| ——-
n(14) t{l+lt 1+/1t(1—t)}

Y

ko‘rinishga ega. ¢, (t,/I) Laplas almashtirishi ¢ e (1 — e_lyf) zichlik funksiya va

G,(y)zt-l(l_e-f)_t-l(1-t)(1_efv’vj, y20

ehtimollik tagsimotiga mos keladi. Bu natija Lamperti, Ney [8]ning 2-teoremasi
natijasi bilan mos keladi.

5-teorema. Faraz qiliylik f(s) hosil giluvchi funksiya uchun f’(1)=1 va
(A) shart o‘rinli bo‘Isin. U holda har qanday ¢ €[0,1] va ixtiyoriy A2>0 uchun

w,(2)=lim E{eﬂ(l'f"(‘”% g 0} =1- 217 (14 2° )
n—>%0 nt]

munosabat o°‘rinli.

Ravshanki, v, (/1) funksiyani quyidagi ko‘rinishda yozish mumkin
w,(2)=1-17 +t5(1—;t(1+/1“)_“).

Bundan l//,(ﬂ) funksiya &n tasodifiy miqdorning Laplas almashtirishi
ekanligi kelib chiqadi, bu yerda ¢ va n bog‘ligsiz, hamda & migdor

P(£=0)=1-1, P(£=1)=¢*

tagsimotga, n miqdor esa 1—1(1+/1“ )7 ga teng hosil giluvchi funksiyaga ega.

Ushbu talginda 4-teoremada olingan natijaning ma’nosi oydinlashadi. Haqiqatdan
ham, agar qaralayotgan tarmoqlanuvchi jarayon [n¢] momentda so‘nmagan bo‘lsa

(Z[m] > O) u n-momentda yoki so‘nadi (Z, =0) yoki davom etayotgan bo‘ladi
(z,>0). z,=0 tasodifiy hodisaning Z,,>0 shartdagi tagsimotining n — o

dagi limiti 1—¢“ soniga teng.
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Endi n butun musbat giymatlar qabul qiluvchi va {gj, i,] eN} tasodifiy
miqdorlar ketma-ketligidan bog‘lig bo‘lmagan tasodifiy miqdor bo‘lsin. A(s)
orqali 7 ning hosil giluvchi funksiyasini belgilaymiz.

W,_, keN- boshlang‘ich momentda tasodifiy 7 sondagi zarrachalardan

boshlanuvchi
W =n W zigw, nelN
j=1

rekurent munosabat bilan aniglangan kritik Gal’ton-Vatson tarmoqlanuvchi
jarayoni bo‘lsin. Ushbu paragrafda En < shart bajarilganda W,, k e N tasodifiy

jarayonlar uchun 1-3 teoremalar analogi keltirilgan.
Ikkinchi bobning ikkinchi paragrafida ko‘p sondagi zarrachalardan
boshlanadigan va bitta zarrachaning avlodlari soni chekli dispersiyaga ega

nt

bo‘lmasligi mumkin bo‘lgan holda mos ravishda normallashtirilgan Z;,, 7 € [0.1]

Gal’ton-Vatson kritik tarmoglanuvchi tasodifiy jarayonining chekli o‘lchovli
tagsimotlarining asimptotikasi o‘rganilgan.
6-teorema. Faraz qilaylik f ’(1) =1, (A) shart bajarilsin, bu holda ixtiyoriy

keN va0<t<t,<..<t, <1, 2,20, i=1,2,...,k uchun

(1= £, O 2 Zpp g Zp))
vektorning Laplas almashtirishi n — oo da
fi(xtent s ), k=2,

Laplas almashtirishiga yaqinlashadi. fk(x,tl,...,tk,A,...,/lk), k =2,... funksiyalar

quyidagi munosabatlarni qanoatlantiradi:

Fo(Xtests A i) = fiy (x,tl,...,tk_l,Al,...,/lk_l + 2, (1+ 4 (1, —tk_l))_”),

xA
(1+ti"‘ )i _ e’l%

bunda f (x,t,/l) =e

Bu teoremadan quyidagi natija kelib chiqadi.
Natija. Faraz qilaylik 6-teorema shartlari bajarilsin. U holda har ganday

k=2,3,... va tie[O,l], i=1,_k, 0=t <t,<...<t, <1 uchun

(1- fn(O))(Z[ml],...,Z[mk]) vektorning tagsimoti n—>o da Laplas almashtirishi 6-
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teoremada aniglangan f, (x,tl,...,tk,/ll,...,/”tk) Laplas almashtirish funksiyasiga mos
vektor tagsimotiga kuchsiz yaqinlashadi.

Ikkinchi bobning uchinchi paragrafida bitta zarrachaning bevosita avlodlar
soni chekli dispersiyaga ega bo‘lgan holda kritik Gal’ton-Vatson tarmoqglanuvchi
Z,, k>0 jarayonning uning tugash momentiga qo‘yilgan shartdagi shartli
tagsimoti asimptotikasi m va k parametrlarga qo‘yilgan turli shartlarda
o‘rganilgan va ular uchun limit teoremalar isbotlangan.

Gal’ton-Vatson tarmoglanuvchi jarayonining tugash momentini ifodalovchi
T= min(k Lz, = O) tasodifiy miqdorni kiritamiz. Ravshanki, kritik holda

lim P(T >n)=1limP(Z, >0)=0 va demak, P(T <o)=1.

7-teorema. f'(1)=1, o’ =f"(1)<oo bolsin. Bu holda har ganday

tayinlangan meN va barcha j € N uchun

u, (k)= limP(Zn :%:n+kj :ﬂ(j)[fkj (O)_fkj—l(o):" 4)

n—>0

bu yerda

U,(s)= limisjP(Z" :%:}ij =G (5, (0))-G(sf,,(0), (5

8-teorema. f'(1)=1, o” = f"(1)<oo bo‘lsin. U holda har ganday

tayinlangan meN va barcha j € N uchun

u, =1imP(Zn :%dgmm):—u(j)fn{(o), (6)

n—>o0 m

O p(Z, =] 1
U(s):hmz_;s P( n %<T§n+mj:;G(sfm(o))'

n—»o0 “
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9-teorema. f'(1)=1, o”=f"(1)<o bo‘lsin. U holda har ganday 1>0

uchun quyidagi munosabat o‘rinli:

[e—l(l—fn(O))Z[m] 1

lim E =
e Z[nt]>0’zn:0] 1+ Ar(1-1)

n—»0

Dissertatsiyaning uchinchi bobi “Kritik Gal’ton-Vatson tarmoqlanuvchi
jarayonlar uchun shartli limit teoremalar” deb atalib, bir zarrachaning bevosita
avlodlari soni cheksiz dispersiyaga ega bo‘lgan holda Z,, k>0 kritik Gal’ton-

Vatson tarmoqlanuvchi jarayonining tugash momentiga qo‘yilgan shartdagi
tagsimotlari uchun limit teoremalar isbotlangan.

Uchinchi bobning birinchi paragrafida zarrachaning avlodlari soni hosil
giluvchi funksiyasi (A) shartni ganoatlantirganda ikkinchi bobning uchinchi
paragrafidagi 7,8- teoremalar analogi hamda 12-teorema keltirilgan.

10-teorema. Faraz gilaylik (A) shart o‘rinli va f'(1)=1 bo‘Isin. U holda har

ganday tayin k € N vahamma je N lar uchun n— o da

P(Z” g/ kj = u()[ £ (0)-15(0)].

munosabat o‘rinli bo‘ladi, bunda x( j), j =1 migdorlar
lim (1 £,(0))(an) " P, (i.J) =in(j)

munosabatdan aniqlanadi, bu yerda P, (i, J ) = P(Z" - % _ ij'
=

Natija. Faraz gilaylik (A) shart o‘rinli va f'(1)=1 bo‘lsin. U holda har

gqanday tayin k € N uchun n—o da
o0 ) 7 =i
CDk,”(s):ZI:SJP( " %:ij—)U(sfk(o))—U(sfk1(0)), 0<s<I,
=

munosabat o‘rinli bo‘ladi, bu yerdagi U(s) funksiya 10-teoremadagi u(j), j=1

o‘Ichovning hosil qiluvchi funksiyasi:

U(s)ziy(j)sj.

11-teorema. Faraz gilaylik (A) shart o‘rinli va f'(1)=1 bo‘lsin. Bu holda

barcha je N va har ganday tayin m € N son uchun n — oo da
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P2t <nom) > ) 00)

munosabat o‘rinli bo‘ladi, bu yerdagi ,u( j), j =1 miqgdorlar 10-teoremada

aniglangan.
Natija. Faraz qilaylik (A) shart o‘rinli va f ’(1):1 bo‘lsin. U holda har

ganday tayin m € N soni uchun n — o0 da

= =i 1
ZSJP(Zn %<T§n+mj_);lj(sf”’(0))’OSS<1’
j=1

munosabat o‘rinli bo‘ladi, bu yerdagi U (s) funksiya 10-teoremadagi x(j), j=1
o‘lchovning hosil giluvchi funksiyasi.

12-teorema. Faraz qilaylik (A) shart o‘rinli va f'(1)=1 bo‘Isin. Bu holda har
ganday A >0 uchun

li E(e_ﬂ(]_f"(o))z['”/ ] ! 1= Are| 1+ !
1m _ =— — @ — 1 X
o A >0.2,=0) g A(1-1)"

1

x| 14+14% 1+;1 .
A(1-r1)~

Uchinchi bobning ikkinchi paragrafida 10-12-teoremalar isbotida kerak
bo‘ladigan yordamchi ma’lumotlar keltirilgan, uchunchi paragraf bobning asosiy
natijalarini isbotlashga bag‘ishlangan.

Uchinchi bobning to‘rtinchi paragrafida immigratsiyali deyarli kritik
tarmoqlanuvchi jarayonni deterministik jarayonga yagqinlashishi hagidagi teorema

isbotlangan.
Har bir neN da {5(’;) i, ] eN} va {gi(”),ieN} nomanfiy butun son

1

qiymatlarni gabul giluvchi bog‘ligsiz bir xil tagsimlangan tasodifiy miqdorlarning
ikkita o‘zaro bog‘liq bo‘lmagan oilasi bo‘lsin. Immigratsiyali tarmogqlanuvchi

{X ]E"), k > O}, neN jarayonlarning ketma-ketligini quyidagi rekurrent

munosabatlar bilan aniqlaymiz:

X
Xy'=0, X" =Y &" +&", k.neN. ©)
=
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T >0-biror tayinlangan son bo‘lsin. Dy, orqali [0,7] oraligda aniglangan

ikkinchi turdagi wuzilishlarsiz va o‘ng tomondan uzluksiz haqiqly qiymatli
funksiyalarning Skoroxod fazosini belgilaymiz.

Xn(t), t 20 tasodifiy jarayonni quyidagicha

X,(t)=x, 1€[0,T] (10)

 “nt]?

aniglaymiz, bu yerda [a] - a sonining butun gismini bildiradi. Ravshanki,

{Xn(t), te[O,T]}, neN jarayonlarning traektoriyalari D, fazoga tegishli.

[0.7]

Faraz qilaylik mané:l("f)<oo, neN bo‘lsin. Agar n—>1 da m, —>1 bo‘lsa,
{Xn (1), te[O,T]}, nelN jarayonlar ketma-ketligi deyarli kritik imigratsiyali
tarmoqlanuvchi jarayonlar deb ataladi. Ushbu paragrafda mos ravishda
normallangan {Xn (t), te[O,T]}, neN tasodifiy jarayonlar ketma-ketligini

deterministik (tasodifiy bo‘lmagan) jarayonga yaqinlashish shartlari aniglangan.
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Xulosa

Dissertatsiya ishi kritik Gal’ton-Vatson tarmoqlanuvchi jarayonlarda bitta
zarrachaning avlodlari soni dispersiyasi mavjud bo‘lgan va mavjud bo‘lmagan
hollarda shartli tagsimotlar asimptotik holatini aniglashga hamda shu jarayonlar
uchun limit teoremalar isbotlashga bag‘ishlangan.

Tadqgiqotning asosiy natijalari quyidagilardan iborat:

1.Bitta zarrachaning bevosita avlodlar soni dispersiyasi mavjud bo‘lmagan
holda kritik Gal’ton-Vatson tarmoqglanuvchi jarayonning n+m momentda
so‘nmaganlik shartidagi tagsimoti asimptotikasi 7 va m parametrlarga turli xil
shartlar qo‘yilganda aniqlangan.

2. Bitta zarrachaning bevosita avlodlar soni chekli dispersiyaga ega bo‘lgan
kritik tarmoqlanuvchi jarayonlar uchun uning traektoriyalariga ma’lum shartlar
go‘yilgandagi tagsimotlari uchun limit teoremalar isbotlangan;

3. Bitta zarrachaning bevosita avlodlari soni cheksiz dispersiyaga ega
bo‘lgan holda katta sondagi zarrachalardan boshlanuvchi kritik Gal’ton-Vatson
tarmoqlanuvchi jarayonlarning chekli o‘lchovli tagsimotlarini asimptotikasi
haqidagi teorema isbotlangan.

4. Bitta zarrachaning bevosita avlodlar soni cheksiz dispersiyaga ega bo‘lgan
kritik tarmoglanuvchi jarayonni so‘nish momentiga qo‘yilgan turli shartlardagi
tagsimoti uchun limit teoremalar isbotlangan.

5. Immigratsiyali deyarli kritik tarmoqglanuvchi jarayonni vaqt o‘tishi bilan
tasodifiylik xususiyatini yo‘qotishi uchun yetarli bo‘lgan shartlarni o‘z ichiga

olgan teorema isbotlangan.
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BBE/IEHUE (anHoTaumus aucceprauuu 1oKkropa ¢punocodpuu (PhD))

AKTYaJIBHOCTH M BOCTPEOOBAHHOCTH TeMbl JAuccepranmMu. Teopus
BETBAIIMXCS CIy4alHbBIX MPOLECCOB MPEICTABIAECT COOON MaTeMaTU4eCcKyl MOJAEIb
3a71a4, CBSI3AHHBIX C BOJIIOLMEH MMOMYJIIMI YaCTHULl U BaKHA JUIS PEILICHHs CJIOMKHBIX
NPaKTUYECKUX 3a/1a4, BO3ZHUKAIOUMX B MEAMLMUHE, XUMHUH, (U3UKE, OUOJIOTruH,
CHCTEMaX MaccoBOTO OOCIYXMBaHHMsI W MHOTMX ApPYrux oOnactax Hayku. [loatomy
UCCJIEIOBAaHUE CITyYalHBIX BETBSAIIMXCS IPOLIECCOB OCTACTCS OJHOM U3 aKTYyalbHbIX U
Ba)XHBIX 33/1a4 TEOPUU COBPEMEHHBIX CITYYalHBIX MPOLIECCOB.

B mnocnennee Bpems UId ONPENENICHUS] CBOWCTB BETBALIMXCSA IPOLIECCOB
M3y4yaloTCd MX paclpelieNieHHs, a TakKe YCIOBHbIe pacnpeneneHus. OHako
HAXO0XKJICHUE SIBHBIX BBIPAKCHUM U1l PACHPENCIICHUM SBIICTCS TPYIHOW 3aJadey.
[losTOMy Ui OmpeneNneHuss aCUMIITOTUYECKUX (DOPMyYJT YKa3aHHBIX pacrpeesiCHUN
HEOOXOMMO M3YYHTh ACHUMITOTHUKY YCIIOBHBIX PpAacHpeNeieHUil  BETBAIIMXCA
IPOLIECCOB; HAXOXJICHUE AaCUMIITOTUKM (DYHKIMH PpaCIpelesieHus] BETBAIIErocs
nporecca, Ha4yuHasi ¢ OOJIBLIOrO YMCIIA YaCTUIL;, JOKAa3aTeNIbCTBO MPEIEIbHBIX TEOPEM
JUIsL BETBSILErocs Ipolecca ¢ OECKOHEYHBIM YHUCIOM MPSMBIX IMOKOJIEHUH OJHOM
YACTULBI-OIMH W3 LEHTPAJIBHBIX W aKTyaJbHBIX BONPOCOB TEOPUM BETBAIIMXCS
IPOLIECCOB.

B Hameil ctpane oco0oe BHHUMAaHUE YIESETCS aKTyaJbHbIM HaIpaBICHUSM
TEOPHUU BEPOSITHOCTEM, MATEMAaTUUECKON CTATUCTUKE U TEOPUH CITyYaiHBIX ITPOLIECCOB
Kak (yHIaMEHTaIbHOE W MPAKTUYECKOE MPHUMEHEHHE MAaTeMaTHKH, HWMEIOIINX
OOJIbIIOE TPAKTUYECKOE 3HAUYEHWE, B YACTHOCTH, K W3YYEHHUIO ACUMITOTHUKU
pacnpeeNieHnii U YCIIOBHBIX PACTIPEACIICHUN CITyYallHbIX BETBAILIMXCS IMpoLeccoB. B
pe3yibrare ObUIM JIOCTUTHYTBHI CYIIECTBEHHBIE pE3yJIbTaThl B  MCCIEJOBAaHUU
ACHUMITTOTHKHM pacrlpe/iefieHHid BeTBAIIMXCA TmporeccoB. IIpoBeneHne Hay4HbIX
WCCIICIOBAHMI HA OCHOBE MEXAYHAPOIHBIX CTAaHJAPTOB IO MPHUOPUTETHHIM
HanpaBiieHHssM  «Teopust BEpoATHOCTE W MareMarhdeckas CTAaTUCTUKa» U
«DyHKIMOHAIBHBIA AHAJIM3 U aKTyapHAasi MaTEMATUKa» SIBIIICTCS OJHOW U3 OCHOBHBIX
3a71a4 ¥ HalpaBJIEHUH JEATENBHOCTH'. B CBS3M C 3TUM aKTyalbHO M BOKHO Pa3BHTHE
HAay4YHbIX CCJIEIOBAHUI B 00JaCTH TEOPUH BETBAIIMXCS IIPOLIECCOB.

JlanHass fuccepTalusi B ONPEACIEHHOM Mepe CIyXHUT B 0OeCleueHUU
BBITTOJIHEHUS 33]1a4, onpeieTieHHbIX B YKase [Ipesunenta PecriyOonuku Y306ekucTan ot
7 depass 2017 toma Ne TIdD-4947 «O crparermu AEWUCTBUN MO JabHEHUIIEMY
pazButuio PecriyOnuku Y30ekucrtany», B IloctanoBnenuu Ilpesnaenta PecryOnuku
V36ekuctan Ne PQ-2789 ot 17 deppans 2017 roma «/lestenmsnocts AH CCCP,
HayuHbld «O Mepax N0 JaJbHEWIIeMy COBEPILIEHCTBOBAHUIO OpraHu3alluH,
ylpaBjieHUs W (UHAHCUPOBAHUS HAYUHBIX HCCIeAoBaHU», B IlocTaHoBieHNH
[Ipesunenra Pecniyonuku Y36ekuctan [1Q-2909 ot 20 ampens 2017 1. «O mepax 1o
JaTbHEUIIEMY Pa3BUTUIO CHCTEMbI BbICIIEr0 oOpasoBaHus»» W B llocTaHoBieHun
IIpesunenta PecnyOmukun'. Vsbekucran Ne PQ-4387 or 9 wmroms 2019 r.

Tlocranosnenue Ipesunenta Pecny6nuku Y36ekuctan, ot 09.07.2019 r. Ne IT11-4387 «O Mepax rocyaapcTBEHHOM
MOJACPKKA  JalbHEHIIEro pa3BUTHS MaTeMaTHYECKOTOo OOpa3oBaHMS ¥ HAayKH, a TakKkKe KOPEHHOTO
COBEpIICHCTBOBAHMS JESITENbHOCTH HHCTHTYTa Martemaruku umenu B.J. PomanoBckoro AxkagemMuu Hayk

Pecnybnuku Y36ekucrany
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«O TOCYIapCTBEHHOM MOJIEP)KKE JAJTBHEUMILEro pa3BUTHS MaTEeMaTUYECKOIrO
o0pa3oBaHMsI W HAayKd, a TaKke Mep M0 KOPEHHOMY COBEPILICHCTBOBAHHUIO
nesrenbHOCTH MHCTHTYTa MareMatuku nMmeHn B.J. PomaHoBckoro Akaaemuy Hayk
PecriyObnuku  V30ekucTan» W JApYrdx aJIMUHHCTPATHUBHO-TIPABOBBIX JOKYMEHTAX,
OTHOCSIIIMXCA K TaHHOU cdepe.

CoorBeTcTBHE HMCCJICIOBAHMSA TPHOPUTETHBIM HANPABJIEHUSIM PA3BHUTHS
HAYKH M TEXHOJIOTMH pecnmyOauKu. /[aHHOE HMCCIEIOBAHHE BBITOJIHEHO B paMKax
IpUOpUTETHOrO HampasieHuss 1V «MaremaTnka, MexaHMka M HH(POPMATUKA)
pa3BUTHS HAYKHU U TeXHoJoruil PecrryOnmkm.

Crenenb M3y4eHHOCTH NpPoOJieMbl. [lepBoHauanbHBIE PAOOTHI MO W3YYEHUIO
CIIy4alHBIX BeTBALIMXCA mporeccoB ocymiectsiaeHsl @. ['anmpronoMm, Y. Barconowm,
A.H. Konmoroposemv, P. bemnmmanom, T. Xappucom, b. CepactbsinoBbiM, C.
Kapmunasiv, M. Upxuna, [[x. Jlamnepru, I1. Hel, [1. Kengamnom, H. A. JImutpreBbiM,
K.b. Atpes, @.JI. CnutuepoM u apyrumu. [IpenensHbIM TeopemMam Uil BETBSIIUXCS
nporieccoB nocasieHbl padoTel b. CeBacthsiHOBa, I1. Hes, A. Srmoma, B. 3omoTtapesa,
JIx. @ocrtepa, B. Uuctsakosa, k. Yuneamcona, P. Ciaka, 3. Cenera, A. Idiikca, C.
Haraesa, I'. MutoBa, H. fIneBa, A. 3yOkoBa, B. BatyTuna, a Takke y30€KCKUX YIEHBIX
. K. ®opmanosa, A. Haraesa, P. Myxameaxanoroi, M. C. banan6aesa, . PaxumoBa
U IPYTHX.

IToCKONBbKY JTOKPUTHUYECKHE W KPUTHUYECKHUE BETBSIIMECS Mpouecchl [ anproHa-
Barcona BBIpOXKIAIOTCSI C BEPOSTHOCTBIO 1, TO pacmpenesieHue 3THX IPOLECCOB
M3y4aroTCs MPU YCIOBUH, YTO IpoLecC He He Bbipoawics. A.M. Sriom onpenemun
ACUMITOTHKY YCIIOBHBIX PACIIPEACTCHUN TOKPUTHUECKUX U KPUTUYECKUX MPOLIECCOB U
MOKa3aJl, YTO YCJIOBHOE PpACHPEACTICHUE KPUTUYECKOTO BETBSIIETOCS IMPOLIECcca,
COOTBETCTBEHHO  HOPMHMPOBAHHOE,  MPUOIMKAETCS K  AKCIIOHEHIHUATBHOMY
pacnpeeNeHnIo, KOrJa YUCI0 MOKOJEHUN OJIHOM YaCTUIbI UMEET KOHEUHBIN TPETUH
MoMeHT. T. Xappuc 10oKa3all, 4To Mpeaes pacCupeaesieHAs BETBALIETOCS ITpoLecca Ipu
YCJIOBUU HE BBIPOXKICHUS B OTIAJICHHOM OyaylieM umeeT Bua l—e * —xe . B.M.
30710TapeB  OMpENEIl TPEIEIbHOE PACIPEACICHUE HEMPEPBIBHBIX BO BPEMEHU
BETBALLMXCSI MAPKOBCKUX IMPOLIECCOB MIPHU YCIOBUHU, YTO MPOLIECC HE BBIPOXKIAETCS, B
cllydae, Korja Mpou3BoAsimas (yHKIMS 4YMClia TMOTOMKOB OJHOW YaCTHUIIbI, UMEET
CHelMaIbHBIN BUJ (B 3TOM CIIydae YMCJIO MOTOMKOB OJJHOM YaCTHUIIbI MOXET HE UMETh
mucniepento). X. Kecten, 1. Heid, ®@. Cnutuep 1oka3any, 4TO KOHEYHOCTb AUCIIEPCHA
YKCJla MOTOMKOB OJJHOM YaCTHUIIbI JOCTaTOYHA JJIsl CIIPABEUIMBOCTH TEOpEMbI Sriioma
JUISL KPUTUYECKUX BETBSIIIUXCS IPOLIECCOB.

B. ®emnep nokaszai, 4ro pacnpenesicHUe BETBAIMXCS KPUTHUECKHUX ITPOLIECCOB,
HAUMHAIOIIMXCSA C OOJIBIIIOTO YHMCNIA 4YacTUll, cJabo TPUOMIKAeTcs K TMPOIECCY
OGemnepa, a T. JlunaBain gokasan, 4to pesynabrar B. @emiepa cnpaBeiMB U B
npoctpanctBe Ckopoxona. [[x. Jlamneptu u I1. Heli mokazanu, 4yTo pacnpeneneHus
KPUTUYECKUX TPOIECCOB, HAUMHAIOIIUXCS ¢ OOJBIIOTO YKCIa YacTHIl, TIPU YCJIOBUH,
YTO TPOIECC HE 3aTyXaeT, MPHUOIMKAIOTCS K COOTBETCTBYIOIIMM paclpeaeiICHUSIM
onpenenennoro auddysunonHoro mporecca. E. Cenera u A. Iqiikc uccrnenoBamm
KPUTUYECKUE BETBSAIIMECA MPOLECCHl IPH YCIOBHHM, YTO MOMEHT BBIPOKACHUS
NPOLIECCA HACTYTIAET B ONPEACIIEHHOE BPEMS IIOCIIE PACCMATPUBAEMOTO BPEMEHH.

CBsi3pb TeMbl JHCCEPTAIMH C HAYYHO-HCCJIEA0BATEILCKUMH PadoTamMu
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yupexaenusi Boiciiero oopaszopanust (HUU), rae BHINOJHANIACH THCCEPTALMS.
JlccepTallmOHHOE MCCIIEOBAHUE BBIIOJIHEHO B PaMKaX HAYYHOI'O HCCIIECAOBAHUS IO
TeMe «Teopusi CTaTUCTUYECKUX OIICHOK W MpoBepka rumote3» (2016-2021 rompl)
kadenpsl «Teopun BeposSTHOCTEH M MaTEMAaTUUYECKOW CTAaTUCTUKIY MaTEMAaTUYECKOTO
daxynpreta HanmonanbHOoro yHHuBEepcuTeTa Y30€KHMCTaHA M B COOTBETCTBUU C
IUIAHOBOM TeMoM j1aboparopuu «CTOXaCTUYECKUN aHAIM3», YTBEPKICHHON Y4EeHBIM
coBeroM Marematuueckoro uacturyra uMm. B.M. Pomanosckoro.

Henbo wuccieqoBaHMsA  SABISIETCA  JOKA3aTENbCTBO IIPEIENBHBIX  TEOPEM,
o0ecreunBaroX Cladyro CXOIUMOCTh pacIpeeieHId U YCIOBHBIX pacIipeaeieH i
KPUTHUYECKUX BETBALMXCSA poueccos I 'anpToHa-Barcona.

3agaum ucciie0BaHNs:

OIPENEINUTh ACUMITTOTHKY PAaCHpPEAESICHUs] BETBALLETOCS MIPOLECCa IIPU yCIOBUN
HE BBIPOKICHUS MPOLIECCA B MOMEHTE 7 + m TPUA OTCYTCTBUM KOHEYHOW TUCIIEPCUU
yyciia MOTOMKOB OJHOW YacTUIbl M MpU HAJIOKEHUM Pa3IMYHBbIX YCJIOBUI Ha
apaMmeTpsl 1 U m;

JI0Ka3aTh MpEIEIbHBIE TEOPEMBI JJISl PACIIPEICTICHUN KPUTHUECKUX BETBSIILIUXCS
IIPOLIECCOB B CJIydae KOIJa YHUCIO ITOTOMKOB OJHOM YaCTHLIBI MUMEET KOHECYHYIO
JTUCIIEPCHUIO TIPU HAJIOKEHUU ONPEICIICHHBIX YCIIOBUI HA €€ TPACKTOPUH;

HATH aCUMNOTOTUKY (YHKIMU PpaCpEeieHUs] KPUTHUECKOTO BETBSILETrOCs
Npo1iecca, HAYMHAIOIIUXCS C OOJBIIOTO YHCIA YacTUI] MPU OTCYTCTBUHU JUCIEPCUU
YHCJIa TIOTOMKOB OJTHOM YaCTHUIIbI,

JIOKa3aTh TMPENIEIbHBIE TEOPEMBI U1 YCIOBHBIX PACIPEACIICHUN KPUTUYECKOTO
BETBSILLIEr0Cs MPOLIECCa B CIy4ae KOI/Ia YUCIO TOTOMKOB OJTHOM YaCTHLIbI OECKOHEYHO.

O0bexkTom wucciaenoBanus. Kputuueckne BerBsimpecss npoueccel | anbroHa-
Barcona, BeTBAIIMECS MPOLIECCHI C UMMUTPALTUEN.

IIpenmer ucciaenoBanusi. [IpousBossmme GyHKIMM BETBAIIMXCS TPOIECCOB,
YHUCIIOBbIE XapPaKTEPUCTUKU BETBALIMXCS MPOLECCOB, BEPOSTHOCTH IPOIOIDKEHUS
BETBALLMXCS  IIPOLIECCOB, OJHOMEPHBIC  PACHpPElCICHHs] W KOHEYHOMEPHBIE
pacnpeeNneHnsl BETBSIINUXCS POLIECCOB, YCIIOBHBIE PACIIPENCIICHUS.

Metoasbl ucciienoBanusi. B nuccepraimonHol paboTe HCIOIb30BaHBI METOIBI
TEOPUN BEPOATHOCTEN M aHATUTUIECKUN METO/T MTPOU3BOISIINX (DYHKITHHA.

Hay4yHasi HOBM3HA HCCJICIOBAHUS COCTOUT B CJICAYIOLIEM:

HalJIeHa ACHMITOTHKA PACHPEIEICHUs KPUTHYECKOTO BETBAILEIOCA Ipolecca
l"anbroHa-Barcona, mipu yCiioBUM OTCYTCTBHSI JUCIEPCHUN YMCTIA HETIOCPEICTBEHHBIX
MOTOMKOB OJTHOM YaCTHIIbI M MPOU3BOAAIIAS (DYHKIIUS UMEET CIICHUATIbHBIN BU/I, TIPU
YCIIOBHH HE BBIPOKIACHHUS B MOMEHTE 71+ M1 W NPU HAIOKEHNUU PA3IMYHBIX YCIOBHMA
Ha MapaMeTpsl n U m

OMpEIENICHa ACUMIITOTUKA KOHEYHOMEPHBIX PACHPEACTICHUN KPUTHUYECKUX
BETBSIIMXCSL TporieccoB ['anbroHa-BarcoHa, HaumHarommxcs ¢ OOJBIIONO 4YHCIA
YaCTULl, KOIZId YHUCJIO HENOCPEACTBEHHBIX IIOTOMKOB OJHOW YaCTHULIBl HMEET
OECKOHEUYHYIO JTUCTICPCHUIO;

JIOKa3aHbl TPEJEIIbHBIE TEOPEMBI ISl YCIOBHBIX PACIpPEIEICHUNA KPUTHUECKUX
BETBSIIMUXCS TporieccoB ["anmpToHa-BaTcoHa npu yclioBUM Ha BPEMEHHU BBIPOXKIICHUS,
KOTOPOE MPOUCXOAUTH B OMPEAECICHHOM WHTEPBAJIC BPEMEHU B CIIydae OTCYTCTBUU
KOHEYHOW AUCTIEPCUU YHCIIA HETTOCPEICTBEHHBIX TOTOMKOB OJTHOM YaCTULIbL;

23



IIpakTnyeckue pe3yjbTaTbl HCCIEIOBAHUS COCTOUT B CIIETYIOILEM:

MaTeMaTu4eckol MOJIENIbI0 pa3BUTHA MOMYJSIIMKM WM PacCHpOCTpaHEHUs
Oosie3HEl B OMpeNeNeHHOM cpelle MpeaaraeTcsl MpeACTaBIsITh BETBSIUMUCS
NpPOLIECCAMU, U OIUCHIBAIOTCS METOABI ONPEACICHUSI ACUMITOTUKHA ITUX BETBSIIUXCS
IPOLIECCOB;

JloCTOBEPHOCTH Pe3yJIbTATOB HUCCJIEJOBAHUSI OCHOBAaHA HA CTPOTOCTH METOJIOB
TEOPUX BEPOSITHOCTEM, TEOPUM CITyYalHBIX MPOIIECCOB, MATEMATUYECKOTO aHAIIM3a, a
TAKKE MATEMATHYECKUX PACCYKICHUN.

Hayynass w mnpakTudeckasi 3HAYMMOCTH Pe3yJbTATOB HMCCJIEOBAHMS.
Hay4nasi 3HauMMOCTB pe3yJIbTaTOB UCCIIEIOBAHUN OOBACHSAETCS UX IPUMEHEHUEM TIPH
pa3paboTKe TEOPUU BETBALIMXCS IIPOLIECCOB.

[IpakTyeckas 3HaUUMOCTb PE3YJIBTATOB MCCIEIOBAHUS OOBACHSAETCS TEM, UTO
MO3BOJIAOT J€NIaTh BBIBOBI 00 3BOIIOLMY MOIMYJISLHA, peliaTh HEKOTOPbIE MPOOIEMbI
aeMorpaduu, OUOJIOTHH, a TAK)KE MEIULIHBL.

Buenpenune pesyabraroB  mcciaenoBanusi. Ha  oCHOBE  pe3ysbTaros,
HOJTYYEHHBIX JJI1 KPUTHUECKHUX BETBAIIMXCS CIIyYaiHbIX POLIECCOB:

pe3ysibTaThl, IOJIYYEHHBIE JUISl YCJIOBHBIX PAaCIpENEICHU  BETBALIMXCS
IPOLIECCOB B CIy4yae OTCYTCTBHS MOMEHTAa BTOPOIO IOPSJAKA, HCIIOJIB30BAHO B
dbynaamentaabHoM mpoekre Ne OT-D4-69 «l'apMoHMYECKUH aHAU3, CTENCHHAS
reoMeTpusi M UX MNPWIOKEHUs K 3aJayaM MaTeMaTHuecKoil (u3ukm» (crpaBka
CamapkaHjckoro rocyaapctBeHHoro yHuepcutera nMenu Illapada Pammposa ¢
peructpaiiioHHbiM  HOMepoM Ne 10-2896 ot 3 wmrons 2023r.). i mpoBepku
ACHMITTOTHYECKOTO XapaKTepa MHTETPAoB, MOJIYYEHHBIX OT ObICTPO KOJIEOIHOIMXCS
¢ynkumii. IlpumeHenne HaydHOro pe3ynabTaTa MO3BOJIWIO PAaBHOMEPHO OLEHHUTH
CUHTYJISIPHBIX UHTEIPAJIOB;

MCMOJIb3YETCS IPU UCCIEI0BAHUH ACUMIITOTUYECKUX CBOMCTB MHIEKCHPOBAHHBIX
MHTETPAIBbHBIX ~ AMIIMPUYECKUX TIPOIECCOB B  Kacce pa3MEpHBIX  (PyHKUMA,
HOJTYYEHHBIE U paclpelelieHUs] KPUTUYECKUX BETBALIMXCS NPOLECCOB [ abToHa-
Barcona, Obutm wucnonb3oBaHbl B (GyHmameHTambHOM mpoekte Ne OT-D4-40
«HccenoBanne  aCUMIITOTUYECKUX CBOWCTB  MHJIEKCUPOBAHHBIX  MHTETPAJIBHBIX
AMITMPUYECKHX MPOLIECCOB B KJIacce M3MEpUMBIX (DyHKIUM» (cripaBka HanmonansHOTO
yHUBEpcUTeTa Y30eKucTraHa ¢ peructparioHHsiM HomepoM Ne Ne 04/11 -4514 ot 27
monst  2023ropa). IlpuMeHeHWe HaydHbBIX pE3yJbTaTOB  IMO3BOJIWJIO  HAMTH
ACHMITTOTHYECKHE paclpe/ieieHUs] MHICKCUPOBAHHBIX MHTErPATTbHBIX SMITUPUUYECKUX
IPOLIECCOB.

Anpo0anus pe3yJbTaToB UccaeqoBaHusi. OCHOBHbIE PE3YJIbTaThl TUCCEPTALUU
00CYXITAJIMCh HA 5 MEXIYHAPOIHBIX U S5 PEeCcHyOIMKaHCKMX Hay4YHO-TIPAKTUYECKUX
KOH(pEepEeHIUSIX.

IIyOosmmkanmst pe3yJbTaTOB HCCIeA0BaHMs. Bcero mo teme auccepranuu
oryosmkoBaHo 16 HaydHbIX pa®oT. M3 HUX 5 OMyOJMKOBAaHO B HAYYHBIX M3/IAHMSX,
pekomeHioBaHHbIX Bricielr Atrecrarmonnoir Komuccueit PecyOnuku Y30ekuctan
npu MuHHUCTEpCTBE BBICIIEr0 O0pa30BaHUS, HAyKd M HHHOBalui PecmyOmuku
V30ekucTaH K OIMyOJIMKOBAHUIO OCHOBHBIX HAy4YHBIX pe3yJbTaTOB IUCCEPTALIUiA
noktopa ¢unocopun (PhD), B ToM uucne, 1 B 3apy0eHOM U S B peciyOIMKaHCKUX
KypHasax.
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Crpykrypa u 00bemM auccepraumu. J(uccepraiysi COCTOUT U3 BBEICHUS, TPEX
IJIaB, 3aKJIIOUCHMsI M CITMCKa HCIIOJIb30BAaHHOW JuTepaTypbl. OO0beM auccepTaIiiu
cocTapysieT 99 crpaHuil.

OCHOBHOE COIAEPKAHME JMCCEPTAIIMHN

Bo  BBemeHumm = guccepralid  OOOCHOBBIBAETCS ~ aKTyalbHOCTH U
BOCTPEOOBAaHHOCTh TEMBI, MMOKa3aHa COOTBETCTBUS UCCIEIOBAHUS C MPUOPUTETHBIMU
HaIpaBJICHUSMHU PA3BUTHUSI HAYKU U TEXHOJIOTUN PeCIyOJIMKH, 1aH 0030p 3apyOeKHbIX
HAYYHBIX UCCIICZIOBAHUI IO T€ME, OCBEILIEH CTENEHb W3YYEHHOCTU MPOOJIEMBI, JTaHbI
CBEJICHMSI O 1IEJIM U 337a4aX UCCIIEI0BaHUS.

B nepBoii rmase auccepranmy noj HazBaHueM «(CHOBHBIE OIpele/ieHUs1 U
pe3yJbTarbl 0 BeTBAIIMXCHA npoueccax l'aabToHa-Barcona» maHo onpeneneHue
BETBAILIETOCA Tpouecca lanpToHa-BarcoHa ©  €ro CBOWMCTBA  aJAUTUBHOCTH,
OTpeielieHUe MPOU3BOJIAIICH (DYHKIIMM M €€ OCHOBHBIE CBOMCTBA, MPOM3BOIAIIAS
byHkius BeTBsierocs mnporecca [ ansToHa-Barcona, mpenacraBieHsl GpopMysibl s
CpPEIHEro 3HAa4YeHWsT W JUCHEpCUMU BeTBsAllerocs mnpouecca [anproHa-Barcona,
IIPUBENICHBI BEPOSATHOCTH BBIPOKIEHUS MPOLECCA U OCHOBHBIE MIPEAEIIBHBIE TEOPEMBI
JUIsl KPUTUYECKUX BETBSIILMXCS npoueccos [ aibroHa-Barcona.

B nepom naparpade mnepBoii r1aBbl JaHO OIPEeSICHUE BETBSIIET0Cs Mporiecca
["asibroHa-BarcoHa 1 ero cBOMCTBa aJJIMTUBHOCTH, JaHbl OIPEIEIICHUE ITPOU3BOIALLEN
(GYHKIIMM 1 €e OCHOBHBIE CBOMCTBA, IMPOU3BOIAIIIAsE (DYHKIIUSI BETBSIIIETOCS Ipolecca
l"anpToHa-Batcona, dopMynbl asi CpeaHero 3HAuYeHWs] M JUCIEPCHU TIpolecca, a
TaKke OOCYXKHAeTCs MOHSATHE BEPOSTHOCTH BBIPOXKICHHUS TIPOIIECCA.

B BTOpoM mnaparpade mepBoil TaBbl H3JI0KEHBI OCHOBHBIC TIpECibHBIC
TEOPEMBI ISl BEPOSTHOCTA BBIPOXKACHUS W JUIA  YCIOBHBIX PacpeiesiCHUN
KPUTUYECKUX BETBSIIMXCS TpoueccoB ['anbroHa-BarcoHa, B 4aCTHOCTH, MTPUBEACHBI
teopembl Kommvoroposa, Arinoma n Cnaka.

B Tperrem maparpade mnepBoil TJIaBBI JAHO OMNPEACTICHUE BETBAIIETOCHT
npoiiecca ¢ UIMMUTpAIMeH, TPUBEACHBI HEKOTOPhIC BaKHBIE CBOMCTBA, (POPMYIIBI IS
MOMEHTOB ¥ HEKOTOPBIE N3BECTHBIE MPEAECIIbHBIE TEOPEMBI TSI TAKUX ITPOLIECCOB.

Bo BTOpOI# r1aBe aquccepTaiunu, Moji Ha3BaHUEM «ACHMIITOTHKA KPUTHYECKUX
BeTBAlUXCH  mpoueccoB  l'anbToHa-Barcona», uM3y4arOTCs — acMMIITOTHKA
pacnpenenenus BeTBsmerocs mnpouecca l'ansrona-Barcoma Z — mpu  ycioBuu

Z . >0 uonpu pasMuHbIX YCIIOBUSX, HajaraeMble Ha mapaMeTpsl n U m. Ilpu

3TOM PACCMATPUBAECTCS CIy4Yall OTCYTCTBHUSL JMCIIEPCHHM YHCJIA HEMOCPEICTBEHHBIX
MMOTOMKOB OJIHOM YaCTHIIbI, a TPOU3BOIAIIAS PYHKIHS f(S) MMEET CHeUATbHBINA BH/I.
B mnepBom mnaparpade BTOpOM TIJIaBbl HM3y4aeTcsi aCUMITOTHKA YCIIOBHOTO
pacnpezenenys BETBAILErocs npoiecca I'anprona-Barcona Z, npu ycinosuu Z >0
IIPH PA3JIMYHBIX YCJIOBHSIX Ha IMAPAMETPBL 1 U m .
ITycte BerBsmmiica mnponecc Il'ansrona-Barcoma Z , n>0 onpenensercs

PEKYPPEHTHBIM COOTHOIIICHUEM
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Z,
Z,=1, Z,=Y ¢ ., neN (1)
j=1

T/ CllydaiHple BETMYMHE! &, . HE3ABUCHMbI M TIPHHAMAIOT HEOTPUIIATEIbHbIE TEITbIe
3HAUCHHS, C TNPOM3BOIAIICH (yHKuMeH f(s) M OIMHAKOBBIM pacIpe/IelcHHEM
{pk, kZO} (pOerl <1, p, >0).

O6o3naunm uepes f, () n- urepammro nponssopsmei pyHkumn f (s).

BBenem crnenyrolee ycioBue:
(A) : nponsBosmas GyHKums f (s) MMeeT BUL

f(s)=s+(1-5)"L(1-5), 0<s<1 )

rie « e (0,1]-bukcnpoBanHoe 9Kcio, a L(x)—MeUICHHO H3MEHSIOMAsCs QyHKIHS B
HyJIE.

Teopema 1. IIpeamonokuM, YTO WIM  m-(QUKCHPOBAHHOE  IIEJIOE
TIOJIOKUTENBHOE YMCIO WM IpH k—»co  m=o(k), m—»oo. Ilycte mpousBomsias
Gynxkumst f(s) Takas, aro f'(1)=1 n BemonHeHO ycnosue (A). Torna npu k—oo

A(1-£(0))2 =
E(e $ ”)% >Oj—>l—/1(l+/1a)a,k—>oo
k+m .

Teopema 2. Ilycts npomssommmas Gyuxkumst  f(s) takas, uto  f'(1)=1 u
BbINOHEHO ycioBue (A). Torna

_lta

I A1) a\ e
imim (¢ o))

k+m

Ecim B Teopeme 2 ycnoBue (A) BBIIOMHSETCS MpU & =1, TO YCIOBHOE
pacrpezieseHe CITyJaiHON BETHYHHBI (1 - 1, (0))Zk npu yciaosun Z >0 cnabo
CXOMUT TPU m —>00 a 3aTeM n —>o0 K pachupeneneHuro l—e " —xe ™ ¢
npeodpazoBanueM Jlaraca (1 + /1)_2. OT0T pe3ynbTaT ObuIo ToydeHo T.Xappucom.

Teopema 3. Ecou yist ipousBosiiieit pyHkimm f (s) CIPABEIJIMBO PABEHCTBO
f'(1)=1 u BbmonHeHo ycnosue (A) u npu m—> oo, k =o0(m), k — o0, 10

—A(1-£,(0))Z i
E(e (=i ))% >Oj—>(1+/1“) “ . m— o,
k+m

Teopema 4. [Tycts s nponssonsimeit pyuxumn [ (s) f'(1)=1 u BbmonHEHO
ycinoBue  (A), te (O,l) (UKCUpOBaHHOE  MPOM3BOJBHOE  YUCIO U

k=[nt], m= [(1 - t)n] , T7Ie cuMBOJ [a| 0Go3HauaeT Heyro yacTb uncna a . B atom
ciydae
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~A1=£,(0))Zp
E(e Ai>0j—)(ﬁa(t,ﬂ)

1 1 1 1 1 1 a
@, t, A :T{l—lté 1+tA° }—T 1- At | 1+ n 1+tA% | 1+ n (3)
=3 R A(1-1) A(1-1)

rac

Cuaencrsue. ITycts f”(1)<oo. B aToM ciyqae ycioBue (A) BHIIONHSETCS HIPU

a =1, npousBonsias GyHKIUS @, (t, /1) U3 TEOpEMBI 4 UMEET BUJT

1 1 1-1t
A)==| ——-
a(n4) t{1+/1t 1+/1t(1—t)}

[IpeoOpazoBanuto  Jlammaca ¢ (t,l) COOTBETCTBYET  (DYHKUHUS IUIOTHOCTH

X _r
t7e (1 —e ) Y pacrpeaesieHusI BEpOATHOCTH

G (y)=r(i-¢7)-r-nf1-e 7] y20

DTOT pe3yNbTaT COITACcyeTcs CO CAEACTBUEM TeopeMbl 2 pabotsl Lamperti, Ney.

Teopema 5. Ilycts npomssomsimas Gyukumst f(s) Takas, aro f'(1)=1 mu
BbIONTHEHO ycioBue (A). Torma mms moGoro re[0,1] u mpomssonsHoro A >0
CHPABEUIMBO COOTHOLIEHHE

v, (4)= limE(el(lfn(O)% > oj =12 (1)
=0 nt]

OueBHHO, 4TO PYHKIHIO ¥/, (/1) MOYKHO 3aIHcaTh B CJICIYIOIIEM BHIC
w,(2)=1-17 +ti(1—,1(1+/1“)_“).

Orciona cnenyer, 4to QyHKUIUS ¥/, (2) MIPEJICTABIISIET COOOM ITpeoOpa3oBaHKe

Jlarmaca city4aitHo#t BenmmuuHbl £77, TAe W 7 HE3aBHCHMbIC, a BEIMUMHA & WMEET
pacrpenencHue

P(£=0)=1-17, P(£=1)=1",

a BEeJIMYMHA 77 WMEET MPOU3BOAIIYIO (DYHKIIUIO, PABHYIO 1—/1(1+ A )7“. Takas

MHTEPIPETAIUS] IPOSCHSET CMBICI PE3YJIbTaTa, MOJTYYEHHOTO B TEOpeMe 4.
JIeNCTBUTENIBHO, €CIIM PACCMAaTPUBAEMbIN BETBSIIMICS MPOLIECC HE BBIPOIMIICA
B MomeHTe [nf] ( Z, >(), oH 100 BBIPOKAACTCA B n—MOMeHTe (Z =0), 100
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npopospkaercs (Z, >0). Ilpenen pacnpenenenus Ciy4aiHOro cooeitusa Z =0 1pu

1
ycaoBuu Z, . >0 paBeH uuciy 1—7¢.

(]
Tenepb nyCcrb n — CﬂyqaﬁHaH BCIIMYMHA, IIpUHUMAOMIAA I1I0JIOKHUTCIILHBLIC

3HaYCHUsT W HE 3aBUCANIAs OT TIOCJIENOBATEIBbHOCTH CIyYallHbIX —BEIMYUH
{5} i,] eN}.‘lepe3 h(s) 00603HAYMM TIPOM3BOAILYIO (DYHKIIHIO] 77 .
Ilycte W, keN-  KpuTHYeCKMid BeTBsIIMecs mnporecc [amprona-Barcona

HAYMHAIONIMECS B HAYAIBHBIA MOMEHT CO CIY4alHOrO 77 4HCIA YAaCTHII,
OMPEEIIIEMOE PEKYPPEHTHBIM COOTHOIIICHUEM

W, =n, W/n:zgmj, neN.
j=1

B stom maparpade mnpezacraBieH aHaior TeopeMm 1—3 ans ciydaiiHBIX HPOLIECCOB
W, k € N, KOraa BBIIOJIHEHO yCJIOBUE E7j <o,

Bo Bropom naparpadye BTopoii rJ1aBbl U3y4eHa aCHMITOTUKA KOHEYHOMEPHBIX
pacIpesie/ieHuii  COOTBETCTBYIOIMM ~ O0pa3oM  HOPMHPOBAHHOTO — KPHTUYECKOTO
BETBALLErocs clydaifHoro mpouecca 'anbrona-Barcona Z,., e [0,1] B cnyuae,

KOI'Jla HAYMHAOIICHUCS C HECKOJIBKUX YAaCTUIl M TIPH OTCYTCTBUM KOHYHOM JAUCTIEPCUU
YHciia MOKOJIEHUM OJTHOW YaCTHUIIEL.
Teopema 6. IIpexmonoxim, uro mycts f'(1)=1 u BemonHseTC ycioBue (A),

B 3TOM CITy4ae I npon3BoibHOTO kK e N m 0<¢, <z, <..<r, <1, . >0,i=12,....k
npeoOpa3oBanue Jlammaca BekTopa

(1- £, (O))(Z[ml]’Z[mz]v--’z[mk] )
IIPH 71 —> 00 CXOMHUTCA K MpeoOpasopanuro Jlamaca

fo(Gtnt A A ), k=2,

OyHkun [ (X1 eensly, A A ), k=2,.. YIOBIETBOPSIOT  CIIEAYIOLIUM
COOTHOILIECHUSIM:
1
fk(x,tl,...,tk,/ll,...,ﬂ,k):fk_l(x,tl,...,tk_l,/11,...,/1k_1 + 4 (1+/1,f‘(tk _tk—l)) )
k=23,..
XA
1 X

(1+t/1“ )5 B etlﬁ

rae f, (x,t,/l) =e

W3 3101 TEOpEMBI BBITEKAET CIIEAYIOIICE CIICICTBHUE.
CaencrBue. IlpeanonoxuMm, 4to ycnoBUs TeopeMbl 6 BBINOIHEHBL. B 3ToM

cmywae  ans mobbix  k=23,.. u t,e[01], i=Lk, 0<f<t<..<t<I
npeoOpasoBanue Jlamaca pacrnpeneleHus BEKTOpa (1— fn(O))(Z[ml],... Z ) pu

> nt; ]

1n—>00 ¢1ab0 CXOOUTCS BEKTOPHOMY PACHPEAETICHUIO, COOTBETCTBYIOUIMM (DYHKIIMU
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£ (x,tl,...,tk JApseens Ay ) npeodpazoBanus Jlarmaca, onpesesieHHoH B TeopeMe 7.

B tperbem maparpade BTOpo# Ii1aBbl M3y4YeHbl ACUMIITOTHKA YCJIOBHOIO
pacripeneneHus (MpU HAIOKEHHOM YCIOBHM HAa MOMEHT BBIPOJKICHHUS MpOLIECCa)
KPUTUUYECKOI0 BETBALIErocs npouecca 'anprona-Barcona Z,, k>0 B city4yae, Koraa

YHCJIIO HCIIOCPCACTBCHHLIX ITOTOMKOB O,I[HOI>'I 9aCTHUIbI UMCCT KOHCYHYIO OHUCIICPCHULO,
ITPHU PA3JIMIHbIX YCIIOBHAX HA IMAPAMCTPBI 1 U k u JOKa3aHbI IIPCACIIbHBIC TCOPCMEL.

Bgomwmm cryuaiiryio Bemmuniy 7 =min(k: Z, =0), NpeacTaBISsIONIyIo cO00it
MOMEHT 3aBepllieHHsi BeTBsllerocs mnporecca lansroHa-Barcona. OueBuiHo, B
KPUTHYECKHM CITydyae

lim P(7 >n)=1lim P(Z, >0)=0 u, crenosarensho, P(T <o) =1.

n—0 n—0

Teopema 7. Ilycts f'(1)=1, o’ =f"(1)<o. Torma OGOro
¢duxcupoBanHoro me N u i Bcex j e N

w(0)=tmp(% == u(DN RO -] @

n—>00
e

2.2

=P, (1)), jeN,

(%)

U(s)=tim > p( 576 0)-G(0), O

n—»0

rme G(s)zi,u(j)sj.

J=1

Teopema 8. Ilycrs f'(1)=1, o’ =f"(1)<oo. Torma mm moGoro
¢uxcupoBanHoro me N u 1y Bcex j €N

: Z =j | N
6 =mP(% ) e = )A200) ©)

O ip(Z =] 1
U(s)zhst P( n %<Tgn+m):ZG(sfm(0)).

n—>0

Teopema 9. ITycts f'(1)=1, o” = f"(1) <. Torna mus moboro A >0

~A(1=£,(0))Zq) 1
limE| € -
e [ Am] >07Zn=0j 1+ Ar(1-1)

B tpersent rmaBe muccepraumu «lIlpeaeabHble TeopeMbl A KPUTHYECKHX
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BeTBALIMXCS mpoueccoB I'anbToHa-BaTconay) 10Ka3aHbl IPEIEIIbHBIE TEOPEMBI IS
pacripeneNieHuii KpUTUYEeCKOro BeTBsierocs mnpouecca ['ansrona-Barcona Z,, k>0

IIPY OTCYTCTBUM KOHEYHOM IMCIEPCHUM YHMCIIA HEOCPEICTBEHHBIX ITOTOMKOB OJIHOM
YaCcTULBI IPH PA3IMYHBIX YCIOBUAX HA MOMEHT BBIPOXKACHUS NPOLIECCA.

B nepBom maparpade Tperbeil IIaBbl NPUBEICHA AaHAIOr TeopeM /7,8 U
Teopembl 12 u3 Tperbero maparpada BTOpOl I1aBbl, KOr/a MPOU3BOIAIIAS (QYHKIHS
YHCila HENOCPEICTBEHHBIX IOTOMKOB OZJHOM YaCTHLIBI, yIOBJIETBOPSET YCIOBUIO A.

Teopema 10. IIpeanonoxum, 4to cripaBeqJIuBO yciaoBue (A) U mycth f '(1) =1.

Torma ans mro6oro dukcupoBanHoro k € N u it Bcex jeN mpu n—>oco Oyner
CIIPABETUBO COOTHOIIICHUE

A% Jf k) 4R )= 12,0

I'7I€ BEJIUYNHBI ,u( j), Jj =1 ompenenstorcs U3 COOTHOLICHHUS

imZ (1- £,(0))(an)" P.(i, j)=iu( )

n—o
2

31€Ch Pn(i,j) :P(Z" :%O =ij'

Caencrsue. [Ipeamnonoxnm, 4to crpaseminBo ycnosue (A) u mycts f'(1)=1.

Torma nmnst moboro ¢ukcupoBanHoro k€N mpu  n—>oo OyIeT CIpaBeIUBO
COOTHOILICHHE

(I)k,n(s)=ésfp(zn =%:n+kjﬁu(sfk (0))-U(sf;.,(0)), 051,

rae ¢ynkiua U (s) SBJSIETCSl TIPOU3BOJIAIICH (PYHKIIMEH Mephl ,u( j ), j>1 wu3
TeopeMsl 10:

U(s):i;:,u(j)sj .

Teopema 11. TIpeamnonoxum, 4to crpaBeIuBo ycnosre (A) u mycts f'(1)=1.

Torma mis Bcex j e N u moboro ¢ukcupoBanHoro yncina me N npu n—» oo Oyner
CIIPaBEJIMBO COOTHOIIICHUE

5™ et <wim) > () S00)

/i€ BEJIMYMHBI y( Jj ), Jj =1 onpenenensl B Teopeme 10.
Caencrsue. [Ipeamnonoxnm, 4to crpaseminso ycnosue (A) u mycts f'(1)=1.

Torma mst moGoro ¢ukcupoBanHoro unciaa meN Tpu n—»oo OyIeT CIIPaBEUTUBO
COOTHOIIICHUE
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R =i 1
ZSJP(Z,Z %<T§n+m)_);l](sfm(0))’OSS<1’
j=1

rae ¢yHkmms U (s) SIBJISICTCS TIPOM3BOJMAIICH (DYHKIIUEH Mephl ,u( Jj ), j=1 w3

TeopeMsl 10 .
Teopema 12. TIpeamnonoxum, 4To crpaBeIuBo ycnosre (A) u mycts f'(1)=1.

B atom ciryuae s mro6oro A >0

, —ﬂ(l—fn(O))Z[m/ ] 1 . 1
limE| € _al=w ()= =l =Are| 1+ —— |x
e ( Zi1> 0.2, =0 (2) g A(1=1)=
1
A(1-1)7

X[ 1+tA%] 1+

Bropoii maparpad Tperbeidl IVIaBbl  COIEPKUT  BCIIOMOTAaTEIbHYIO
nH(popMaIUIo, HEOOXOAUMYIO JIJIsl JoKa3aTteabcTBa TeopeM 10-12, a Tpetuit maparpad
MOCBSIIEH JI0Ka3aTeIbCTBY OCHOBHBIX PE3yJIbTaTOB TPETHEM IJ1aBbI.

B yerBeprom maparpade TpeTbel IiaBbl JOKa3bIBAECTCS TEOPEMA O CXOIUMOCTH
MOYTH  KPUTHMYECKOrO  BETBALIErOCS  Ipolecca € UMMUTpanued K

JIETEPMUHUPOBAHHOMY TIPOIIECCY.
[lycte mpu moboM neN, {5(’;) i jeN} 17§ {g‘f”),ieN} -JIB¢ HE3aBUCUMBbIC

1

CEMEHCTBA HE3aBHUCUMBIX OIWMHAKOBO PpacCIpCaACIICHHBIX CJ'Iy‘-IaI\/JIHI)IX BCJIMYHH,
IMPUHHUMArOIX HCOTPpHULATCIILHBIC OcJIbIC 3HA4YCHUM. HOCHGI[OB&TGJILHOCTL

BETBSIIMXCS MPOLIECCOB {X IE”), k> O}, neN ¢ wummurpanuen onpeaesieM
CIIEAYIOIMMU PEKYPPEHTHBIMHA COOTHOIICHUSIMHU:

(n)

X
X" =0, X" =Y &+, kneN. (9)

j=l
ITycte 7' >0- Hekoropoe (uxcuposannoe uucno. Yepes D, p, 0003Ha4HMM
MIPOCTPAHCTBO  JICWCTBUTEIBHO3HAYHBIX (DYHKIMIA HENpPEphIBHBIX CIIpaBa 0e3

PasphIBOB BTOPOro THna, ompenaeneHHbix B muTeppane [0,7] , ¢ J - Tononoruei

Cxopoxona.
Cryyaiinblii iporiece X, (1), ¢ >0 ONpPeaeNnseM CIIeIyroImUM 00pasom

X,(t)=x, te[0,T] (10)

rae [a] oOo3Havaer 1enmyro 4acTh unciia a. OYeBHIHO, YTO TPACKTOPHHU IPOIIECCOB

{X N (t), te [O,T]} , ne N npuHageKar npoctpactBy D, .. IIpeanonoxum, mycrtsb

m, =E§1("f) <o, neN. Ecm m, —>1 mpu n—>1, To TO NOCIEIOBATEILHOCTD
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MIPOLIECCOB {Xn (t), t e[O,T]}, n €N Ha3bIBaeTCAd MOYTH KPUTHUYECKUM BETBSIIUMCS
mporieccoM ¢ mMMUTparueii. B manHom maparpade HaiieHbl TOCTAaTOYHBIC YCIIOBHS
CXOJIMMOCTH COOTBETCTBYIOIIIMM 00pa3oM HOPMHUPOBAHHBIX IOCIIEI0BATEILHOCTH
TIPOIIECCOB {X ; (t), te[O,T]}, neN K JeTepMUHUPOBAHHOMY (HE CIIy4ailHOMY)

nporieccy.

3akJIloYeHue

JucceprauronHas paboTa MOCBALIEHA HCCIEJOBAHUIO ACUMITOTHUYECKOIO
NOBEJCHUS YCJIOBHBIX pPAaCIpPENEICHU KPUTHUYECKUX BETBSIIMXCA IIPOLECCOB
I'anpTOHAa-BarcoHa ¢ KOHEUHOM Aucnepcuel U 0e3 KOHEUHOW JucCIepcuer duciia
HEIOCPEICTBEHHBIX IOTOMKOB OJHOW YacCTUIBI M JI0KA3aTEIbCTBY IPEACIbHBIX
TEOPEM JIJIsl 3TUX IIPOLIECCOB.

OcHOBHBIE pe3yJbTaThl UCCAEAOBAHUS 3AKIIOUAOTCS B CIAEAYIOIIEM:

1. Ompenenena acUMITOTHKA PACHpPEACIICHUS KPUTHYECKOTO BETBAIIEIOCS
nponecca ['anproHa-BaTcoHa npu yClnOBUM HE BBIPOKICHHS B MOMEHTE 1+ M TIPH
OTCYTCTBUHM KOHEYHOM AUCIEPCHHM YMCJIa HENOCPEIACTBEHHBIX IOTOMKOB OJHOMU
YaCTHULBI TPY HAIOKEHUU PA3IMYHBIX YCIOBHI HA IMapaMeTpsl 1 u M .

2. Jloka3zaHbl NpEIEIbHBIE TEOPEMBl I PACHPEICICHUN KPUTHYECKUX
BETBSIIMXCA MPOLECCOB C KOHEYHOW JMCIEpPCHUEN 4Yucia HENOCPEACTBEHHBIX
MOTOMKOB OJIHOM YaCTHUILIBI TP OMPEAEIIEHHBIX YCIOBUSIX HA €€ TPACKTOPHUH ;

3. JlokazaHa Teopema OO0 aCHMIITOTMKE KOHEUYHOMEPHBIX PACIPEICICHUM
KPUTHUYECKUX BETBSLIMXCSA NpoueccoB l'amproHa-BarcoHa, HauMHAKOMMXCS C
OO0JIBILIOTO YHCIIa YACTHUI] B CIIy4ae, KOTJa 4YHUCJIO HEMOCPEICTBEHHBIX MOTOMKOB
OJIHOM YaCTHIIBI UMEET OECKOHEUHYIO TUCIIEPCHIO.

4. Jloka3aHbl MpeAeNbHBIE TEOPEMBI I PACHpPENEICHUN KPUTUYECKOTO
BETBALIETOCS TMpolecca ¢ OECKOHEUHOM IUCIEepCHel 4uclia HeNmoCpeICTBEHHBIX
MOTOMKOB OJTHOM YaCTHUILIBI IPH PA3JIMYHBIX YCIOBUAX K MOMEHTY BBIPOXKICHHUS.

5. JlokazaHa Teopema, COAEpPKAIIAS JOCTATOYHBIE YCIIOBHS, IPU KOTOPBIX
NOYTH KPUTUYECKUN BETBSIIMICS MPOIECC C UMMHIPALMOCH TepseT ClydailHyo
0COOEHHOCTh U CTAOMIIU3UPYETCH.
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INTRODUCTION (abstract of the PhD thesis)

The aim of the research work is to prove the limit theorems about
convergence in distribution of conditional distributions of critical branching
processes.

The objects of the research work are Critical Galton-Watson branching
processes, immigration branching processes.

Scientific novelty of the research work consists of the following:

the asymptotic behavior of the critical Galton-Watson branching process in
which there is no finite dispersion of the number of generations of particles and the
generating function is required to have a special form, under the condition of non-
extinction at the n+m moment, when different conditions are imposed on the
parameters n and m is found;

the asymptotic behavior of finite-dimensional distributions for critical Galton-
Watson branching processes starting from a large number of particles with infinite
dispersion of the number of generations of one particle are determined is found;

limit theorems for the conditional distributions of critical Galton-Watson
branching processes with the extinction time occurring in a certain time interval
without finite dispersion of the number of generations of one particle have been
proved;

the limit theorem on the approximation of the almost critical branching
process with immigration to the deterministic process is proved.

Implementation of the research results. The results obtained for critical
branching random processes:

the limit theorems obtained for conditional distributions of branching
processes with infinite dispersion were used to check the asymptotic character of
integrals obtained from rapidly oscillating functions in the fundamental scientific
project “Harmonic analysis, graded geometry and its applications to mathematical
physics problems” numbered OT-F4-69 (Samarkand State University Reference
No. 10-2896 of June 3, 2023). The application of the scientific result made it
possible to estimate the singular integrals smoothly;

the asymptotic relations obtained when additional conditions were imposed
on the distributions of critical Galton-Watson branching processes were used in the
fundamental project No. OT-F4-40 entitled “Investigation of asymptotic properties
of indexed integral empirical processes in the class of dimensional functions”
(National University of Uzbekistan dated July 27, No. 04/11-4514 reference
number). The application of scientific results in the process of researching the
asymptotic properties of indexed integral empirical processes in the class of
dimensional functions used the asymptotics of branching processes.

Approbation of the research results. The main results of the dissertation
were discussed at 5 international and 5 republican scientific and practical
conferences.

Publications of the research results. Publication of research results. 16
scientific papers have been published on the topic of the dissertation, of which 5
are included in the list of scientific publications recommended by the Higher

35



Attestation Commission of the Republic of Uzbekistan for defending dissertations
for the degree of Doctor of Philosophy, including 1 of them published in foreign
journals and 5 in republican scientific publications.

The structure and volume of the thesis. The thesis consists of the
introduction, three chapters, conclusion and bibliography. The volume of the thesis
1s 99 pages.
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