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KIRISH (doktorlik dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. So‘nggi vyillarda
ko‘pgina hayotiy jarayonlarning matematik modelini tuzib, uni matematik usullar
bilan yechish matematiklar ichida keng targaldi. Bu jarayonlar meditsina va
texnikalar rivojlanishi bilan uzviy bog‘ligdir. Kasr tartibli integral va hosilalarning
fizika, biologiya, meditsina va texnika sohalariga tadbiqgi juda ko‘p bo‘lib, u bu
sohalarning rivojlanishida muhim ahamiyatga ega. Shu sababli so‘nggi yillarda
matematiklar orasida kasr tartibli hosila gatnashgan differensial va xususiy hosilali
differensial tenglamalarni o‘rganishga bo‘lgan qizigish ortib bormoqgda. Kasr
tartibli tenglamalar bir vaqtda diffuziya va to‘lgin tarqgalish jarayonlarini
ifodalaydi. Bunday jarayonlar tabiatda juda ko‘p uchraydi. Shuning uchun ham
kasr tartibli tenglamalarni o‘rganish juda muhim ahamiyatga egadir. Bunga misol
sifatida virus targalish jarayonlarini olish mumkin. 2020 vyil Differensial
tenglamalar va uning tadbiglari laboratoriyasi va New Haven universiteti (USA)
professorlari tomonidan virus targalish tezligini aniglash, tashqgi va ichki ta‘sir
manbasini va chegaraviy ta‘sir kuchini aniglash modellari ishlab chigildi. Shu
bilan birga olingan natijalarni Jon Xopkins universiteti bilan birgalikda COVID-19
targalish jarayonlarini tahlil gilishga tadbiq gilishdi.

Xususiy hosilali kasr tartibli tenglamalarni yechishni o‘rganish bilan bir
gatorda tenglamaning koeffitsiyentlarini, uning o‘ng tomonini, chegaraviy
funksiyani va kasr tartibli hosilaning tartibini aniglashga oid teskari masalalarni
yechishni o‘rganish juda muhim ahamiyatga ega. Teskari masalalarni o‘rganish
bizga kasr tartibli tenglama bilan berilgan jarayonlarni o‘rganish, tahlil gilish va
boshgarish imkoniyatlarini beradi. Masalan, issiglik targalish jarayonlarini olsak,
chegaraviy funksiyani bilishimiz bizga issiglik targalishini chegaradan boshgarish
imkoniyatini beradi. Bunga o‘xshash ko‘plab misollar keltirish mumkin. Biz agar
vaqt bo‘yicha kasr tartibli tenglamani garasak, agar kasr tartibli hosilaning tartibi 1
va 2 oralig‘ida bo‘lsa, bir vaqgtda diffuziya va to°lgin targalish jarayonlarini aks
ettiradi, agar 0 va 1 oralig‘ida bo‘lsa, sekin sodir bo‘luvchi diffuziya jarayonlarini
ifodalaydi. Masalan, tabiatda juda ko‘plab uchraydigan virus targalish jarayonlarini
olish mumkin. Shuning uchun ham kasr tartibli tenglamalarni o‘rganish muhim
ahamiyatga egadir.

Mamlakatimizda fundamental fanlarning ilmiy va amaliy tadbigiga ega
bo‘lgan differensial tenglamalar va matematik fizikaning dolzarb yo‘nalishlariga
¢’tibor kuchaytirildi. Matematik fanlarning ustuvor yo‘nalishlari bo‘yicha, aynigsa,
«algebra va funksional analiz, differentsial tenglamalar va matematik fizika,
dinamik sistemalar nazariyasi» bo‘yicha xalgaro standartlar darajasida ilmiy
tadgiqotlar olib borish Fanlar Akademiyasi V.I. Romanovskiy nomidagi
Matematika instituti faoliyatining asosiy vazifasi va yo‘nalishi etib belgilangan®.
Qaror ijrosini tapminlashda matematik fizikaning Yyangi yo‘nalishlarini
rivojlantirish muhim ahamiyatga ega. O‘zR Prezidentining 2018 yil 27 apreldagi

1 O‘zbekiston Respublikasi Vazirlar Maxkamasining 2017 yil 18 maydagi “O‘zbekiston Respublikasi Fanlar
Akademiyasining yangidan tashkil etilgan ilmiy tadqiqot muassasalari faoliyatini tashkil etish to‘g‘risida”gi 292-
sonli garori.
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Ne PQ-3682 “Innovatsion g‘oyalar, texnologiyalar va loyihalarni amaliyotga joriy
gilish tizimini yanada takomillashtirish chora-tadbirlari to‘g‘risida” gi va 2019 yil
9 iyuldagi Ne PQ-4387 “Matematika ta‘limi va fanlarini yanada rivojlantirishni
davlat tomonidan go‘llab-quvvatlash, shuningdek O‘zR FA V.I.Romanovskiy
nomidagi matematika institute faoliyatini tubdan takomillashtirish chora-tadbirlari
to‘g‘risida” gi qarorlari hamda mazkur faoliyatga tegishli boshga normativ-
huquqiy hujjatlarda belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya
tadgiqoti muayyan darajada xizmat giladi.

Tadgiqotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi. Mazkur tadgiqot ishi O‘zbekiston Respublikasida fan va
texnikani rivojlantirishning ustuvor yo‘nalishiga muvofiq amalga oshirildi V.
“Matematika, mexanika va informatika”.

Dissertatsiya mavzusi bo‘yicha xorijiy ilmiy tadgiqotlar sharhi. Kasr
tartibli hosilali differensial va xususiy hosilali differensial tenglamalar uchun
to‘g‘ri va teskari masalalar bilan dunyoning deyarli barcha universitetlarida, ilmiy
tekshirish institutlarida va ilmiy markazlarida izlanishlar olib borilmogda. Bunga
misol sifatida ba’zilarini sanab o‘tamiz. Yuqorida aytganimizdek, Jon Xopkins
universiteti (AQSh), Tokyo universiteti (Yaponiya), Berlin amaliy ilmlar texnika
universiteti (Germaniya), New Haven universiteti (AQSh), Berlin universiteti
(Germaniya), Belorussiya davlat universiteti (Belorussiya), Xokkaydo universiteti
(Yaponiya), La Rochelle universitetida (Fransiya), Amaliy matematika va
avtomatlashtirish instituti (Rossiya), Yagin Sharq universiteti (Turkiya), Xalgaro
gozog-turk universiteti (Qozog‘iston) va boshgalar.

Kasr tartibli hosilaning tartibini aniglash bo‘yicha teskari masalalar Tokyo
universiteti professori M. Yamamoto (Yaponiya) va boshgalar tomonidan
o‘rganilgan. Ular tomonidan ishlab chigilgan usul teskari masalaning yechimi
yagonaligini ta‘minlab berdi xolos. Amerika go‘shma shtatlari New Haven
universiteti professori S. Umarov va O°‘zbekiston Respublikasi FA qoshidagi
Matematika instituti professori R. Ashurovlar tomonidan tenglama mos spectral
masalaning birinchi xos soni nolga teng, birinchi xos funksiyasi o‘zgarmas son
bo‘lsa, kasr tartibli hosilaning tartibini aniglash bo‘yicha teskari masalaning
yechimini bir gqiymatli aniglashning yangi shartlari olingan.

Kasr tartibli differensial va xususiy hosilali differensial tenglamalar uchun
turli chegaraviy masalalar ko‘pgina olimlar tomonidan o‘rganib kelinmoqda.
Diffuziya tenglamalari uchun boshlang‘ich vaqt wva tayinlangan vaqtdagi
giymatlarini bog‘lovchi nolokal shart bilan A. Ashyaraliyev (Turkiya) va
boshqgalarning ishlarida o‘rganilgan. Elliptik tenglamalar uchun chegaraviy shart
kasr tartibli hosilalar bilan berilgan masalalar B. Turmetov (Qozog‘iston) va
boshgalar tomonidan o‘rganilgan.

Muammoning o‘rganilganlik darajasi. Hozirgi kunda kasr tartibli xususiy
hosilali differensial tenglamalarni va unga bog‘lig teskari masalalarni yechish bilan
juda ko‘plab matematiklar shug‘ullanishmoqda. Bu yo‘nalishda olingan natijalarga
misol qilib Sh.O.Alimov, R.R.Ashurov, S.R.Umarov, M.Yamomota, Z.LI,
A.Ashyaraliyev, B.Turmetov, Y.Zhang, H.T.Nguyn, A.V.Pskhu, A.S.Malik,
E.Karimov va hokazolarning ishlarini aytish mumkin. 2019 yil Z. Li va boshqalar
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tomonidan chop etilgan maqolada “Ochig muammolar” bo‘limida quyidagicha
ta’kidlangan edi: “Kasr tartiblarini tiklashning teskari muammolari bo‘yicha
tadgigotlar gonigarli emas, chunki barcha maqolalar muammoni t vaqgtning
gandaydir oraligga tegishli bo‘lgan holi uchun o‘rganilgan. Teskari masalani
kuzatish ma‘lumotlari sifatida belgilangan tayin vaqtda yechimning gqiymati
bo‘yicha o‘rganish qgizigarli bo‘lar edi”. Shu sababli o‘rganilgan barcha ishlarda,
J.Jannoning ishidan tashqari, fagat yechimning vyagonaligi ko‘rsatilgan.
J.Jannoning ishida esa, yechimning mavjudligi ham ko‘rsatilgan, lekin u
go‘shimcha shart sifatida boshga shartdan foydalangan. R.R.Ashurov va
S.R.Umarovlar agar birinchi xos son nolga teng bo‘lsa, unga mos xos element
o°‘zgarmas son bo‘lsa, yechimning mavjud va yagonaligini ta‘minlash uchun yangi
shart ishlab chigishdi. Ushbu dissertatsiya ishida ushbu shartdan foydalanib turli
hollar uchun kasr tartibli hosilaning tartibini aniglash masalalari o‘rganildi, shu
bilan birga agar birinchi xos soni nolga teng bo‘lmasa ham unga mos xo0s
funksiyaga proyeksiyasi biror tayinlangan vaqtda gandaydir songa teng bo‘lish
shartidan foydalanish mumkin ekanligi ko‘rsatilgan.

Ushbu dissertatsiya ishida elliptik gismi o‘z-o‘ziga qo‘shma, musbat,
chegaralanmagan, ixtiyoriy A operatordan iborat kasr tartibli subdiffuziya
dru(t)+Au(t)=f(t) ko‘rinishdagi kasr tartibli tenglamalarning vaqt bo‘yicha
u(®)=au(0)+¢p (a o‘zgarmas son, ¢ fiksirlangan nugta va 0<¢<T) nolokal
chegaraviy shartni ganoatlantiruvchi yechimini topish masalasini o‘rganamiz, bu
yerda tenglamaning chap tomonidagi d” operator orgali Kaputo ma’nosidagi yoki
Riman-Liuvill ma’nosidagi kasr tartibli hosila ifodalangan. Eslatib o‘tamiz, kasr
tartibli tenglamalar uchun bunday u(¢)=au(0)+¢ nolokal shart ilk bor ushbu ishda
o‘rganilgan va qaralayotgan masalaning yechimi mavjud va yagonaligi shartlari
keltirib  chigarilgan, qo‘shimcha ravishda o parametrning qaralayotgan
masalalarning yechimining mavjudligi va yagonaligiga ta‘siri ham o‘rganiladi.
Agar a=0 (va ¢=T) bo‘lsa, bu muammoga orgaga gaytish masalasi deb ataladi.
Kaputo ma’nosida kasr tartibli hosila gatnashgan tenglamalar uchun orgaga gaytish
masalasi, masalan, Y. Liu, M. Yamamoto, K. Sakamoto, G. Floridia, Z. Li,
ishlarida batafsil o‘rganilgan. Riman-Luivill ma’nosida kasr tartibli hosilali
tenglamalar uchun orgaga gaytish masalasi, Sh. Alimov, R. Ashurov ishida
o‘rganilgan. Klassik tenglamalar uchun orgaga qaytish masalalari bilan S.
Kabanikhinning kitobida tanishish mumkin. Shuning uchun, biz fagat nolokal
shartda a nolga teng bo‘lgan holni o‘rganib chigamiz. Diffuziya tenglamalari
uchun a=1 bo‘lgan holda A.O. Ashyralyev va boshgalarning ishlarida o‘rganilgan.
Bundan tashqari koersitiv (coercive, xkospuutuB) tipidagi tengsizliklar olingan.
Tenglamaning o‘ng tomonini topish bo‘yicha ko‘plab izlanishlar olib borilgan.
Bizga ma’lumbo‘lishicha, ¢ funksiyani topish bo‘yicha teskari masala fagat T.
Yuldashev, B. Kadirkulov maqolasida yoritilgan. Mualliflar bu muammoni elliptik
gismi o‘zgarmas koeffitsiyentli bir o‘zgaruvchili differensial ifodadan iborat Hilfer
ma’nosida kasr tartibli tenglamalar uchun o‘rganib chigganlar. Elliptik gismi ko‘p
o‘zgaruvchili yugori tartibli bo‘lgan butun va kasr hosilali tenglamalar uchun
Koshi masalasi ilk bor R.R. Ashurov va A.T. Muhiddinovalarning ishida
o‘rganilgan. Nolokal - chegaraviy shart bilan berilgan Riman - Liuvill ma’nosida
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kasr tartibli subdiffuziya tenglamalari uchun to‘g‘ri va teskari masalalar esa ilk bor
ushbu ishda o‘rganilgan. Elliptik tenglamalar uchun chegaraviy shart kasr tartibli
hosila bilan berilgan masalalar S. Umarov, B. Turmetov va boshgalarning ishlarida
o‘rganilgan. Ushbu ishlarda kasr tartibli hosilaning tartibi 0 va Y% oralig‘ida bo‘lsa,
chegaraviy funksiyadan hech ganday go‘shimcha shart talab gilinmasligi va 42 va 1
oralig‘ida bo‘lsa, qo‘shimcha shartlar talab gilinishi ko‘rsatilgan. R. Gorenflo, Yu.
Luchko, S. Umarovlarning ishida elliptik psevdodifferensial operatorli tenglamalar
uchun chegaraviy shart kasr tartibli hosila bilan berilgan hol uchun yechim mavjud
bo‘lishligi uchun chegaraviy funksiyaga qo‘shimcha shartlar olingan. Barenblatt-
Jeltov-Kochina tenglamasi bir jinsli suyugliklarni filtrlashning asosiy tenglamalari
hisoblanadi. Bu hagida ilk bora G. I. Barenblatt, Yu. P. Jeltov va I. N. Kochina
ishida e‘lon gilingan. Keyinchalik boshga ishlarida ham o‘rganilgan. Barenblatt-
Jeltov-Kochina tipidagi kasr tartibli tenglamalar ushbu ishda birinchi marta
o‘rganilgan.

Optimal boshgaruv masalalari yo‘nalishida ko‘pgina matematiklar izlanishlar
olib borishgan. Bunga misol sifatida N.Yu. Satimov, Sh.O. Alimov, V.A. II’in,
A. A‘zamov, E.I. Moiseev, A.G. Butkovskiy, F.R. Vasilev, J. Lions, R. Varga, A.L
Yegorov, F.Y. Chernousko, S.A. Avdonin, S.V. lvanov, H.G. Guseynova,
V.V.Tixomirov, K.A. Lurelar, M. To‘xtasinov, G°*. Ibragimov, N.
Mamadaliyevning ishlarini aytish mumkin. Ilk bor xususiy hosilali differensial
tenglamalar bilan tasvirlangan jarayonlarning boshgaruv masalalari J.L. Lions
ishida batafsil bayon qilib berilgan. So‘nggi Yyillarda turli xil differensial
tenglamalar bilan tasvirlangan jarayonlarni boshqgarish masalalarini o‘rganishga
gizigish ortib bormoqda. V. A. IlI'in va E. I. Moiseev ishlarida to‘lgin targalishi
bilan bog‘liq bo‘lgan jarayonlar uchun chegaradan boshgarish masalalari
o‘rganilgan. Parabolik tipdagi tenglamalar bilan tavsiflangan jarayonlarni, xususan,
issiglik uzatish jarayonini boshgarish masalasi bilan bog‘lig muammolar V. Barbu,
A. Rascanu va H.O. Fattorini ishlarida gayd etilgan. Bir jinsli issiglik uzatish
tenglamalari bilan ifodalangan jarayonlarni boshgarish masalasi akademik Sh.O.
Alimov ishlarida uchratish mumkin. Kasr tartibli tenglamalar uchun manba
funksiyasi yordamida boshqarish masalalari ilk bor ushbu ishda o‘rganilgan.

Dissertatsiya tadgiqotining dissertatsiya bajarilgan oliy ta‘lim yoki ilmiy-
tadgigot muassasasining ilmiy-tadqgiqot ishlari rejalari bilan bog¢ligligi.
Dissertatsiya ishi F-FA-2021-424 Matematika institutining “Butun va kasr tartibli
xususiy hosilali differensial tenglamalar uchun chegaraviy masalalarning yechimi”
rejalashtirilgan tadgigot mavzusiga muvofiq amalga oshirildi. V.. Romanovskiy
nomidagi O‘zbekiston Respublikasi Fanlar akademiyasi va M. Ulug‘bek nomidagi
O‘zbekiston Milliy universitetining “Differensial tenglamalar va matematik fizika”
kafedrasida bajarildi.

Tadgiqot magsadi ixtiyoriy elliptik operatorli xususiy hosilali va kasr tartibli
xususiy hosilali tenglamalar uchun to‘g‘ri va teskari masalalarning yechimi
mavjud va yagonaligini ko‘rsatishdan iborat.

Tadgiqot vazifalari quyidagilardan iborat:

Yugori kasr tartibli tenglamaning yechimini qurish;



Kasr tartibli subdiffuziya tenglamalari uchun vaqt bo‘yicha nolokal shartli
chegaraviy masalalarni yechish;

Kasr tartibli subdiffuziya tenglamalari uchun nolokal-chegaraviy masalalarni
yechish;

Kasr tartibli xususiy hosilali differensial tenglamalarda hosilaning tartibi va
tenglamaning o‘ng tomonini topish bo‘yicha to‘g‘ri va teskari masalalarni yechish;

Chegaraviy shart kasr tartibli hosila bilan berilgan giperbolik va parabolik
tenglamalarni yechish;

Barenblatt-Jeltov-Kochina tipidagi kasr tartibli tenglamalar uchun to‘g‘ri va
teskari masalalarni yechish;

Chegaraviy shart kasr tartibli hosila bilan berilgan Barenblatt-Jeltov-Kochina
tipidagi tenglamalar uchun to‘g‘ri va teskari masalalarni yechish;

Kasr tartibli xususiy hosilali differensial tenglamalar uchun birinchi
chegaraviy masalaning yechimini qurish;

Kasr tartibli xususiy hosilali differensial tenglamalar uchun boshgaruv
masalalarini yechish;

Tadgigotning ob’ekti. Kaputo, Riman-Liuvill, Gryunvold-Letnikov, Wayl
kasr tartibli hosilalari, Mittag-Leffler funksiyalari, vagqt bo‘yicha kasr tartibli
tenglamalar.

Tadgiqotning  predmeti. Dissertatsiyaning tadgigot predmeti xususiy
hosilalali va kasr tartibli ixtiyoriy elliptik operatorli differensial tenglamalar uchun
to‘g‘ri va teskari masalalardan iborat.

Tadqgigotning usullari. Dissertatsiya ishida matematik analiz, funksional
analiz, differensial tenglamalar va matematik fizika usullaridan foydalanilgan.
Matematik fizika usullaridan o‘zgaruvchilarni ajratish usuli go‘llaniladi hamda
Hilbert fazosida xos funksiyalar sistemasini to‘la ekanligi tadbiq gilinadi.

Tadgiqotning ilmiy yangiligi quyidagilardan iborat:

kasr tartibli subdiffuziya tenglamalarining nolokal shartni ganoatlantiruvchi
yechimi, tenglamaning o‘ng tomoni va chegaraviy funksiyani topish bo‘yicha
teskari masalalarning yechimi mavjud va yagonaligi isbotlangan;

kasr tartibli xususiy hosilali differensial tenglamalarda hosilaning tartibi va
tenglamaning o‘ng tomonini bir vaqtda topish bo‘yicha to‘g‘ri va teskari
masalalarning yechimi mavjud va yagonaligi isbotlangan;

chegaraviy shart kasr tartibli hosila bilan berilgan giperbolik va parabolik
tenglamalarning yechimi mavjud va yagonaligi isbotlangan;

Barenblatt-Jeltov-Kochina tipidagi kasr tartibli tenglamalar va chegaraviy
shart kasr tartibli hosila bilan berilgan Barenblatt-Jeltov-Kochina tipidagi
differensial tenglamalar uchun to‘g‘ri va teskari masalalarning yechimi mavjud va
yagona bo‘lishligi isbotlangan;

kasr tartibli xususiy hosilali differensial tenglamalar uchun birinchi
chegaraviy masalaning yechimi qurilgan va vaqtga bog‘liq holda to‘g‘ri
to‘rtburchakli sohada jarayon oldindan berilgan funksiya kabi bo‘lishligi uchun
manba funksiyasini ganday tanlash shartlari topilgan.

Tadgiqgotning amaliy natijalari. Tadqgiqot ishida kasr tartibli differensial va
xususiy hosilali differensial tenglamalarni yechish usullari taklif etiladi va ixtiyoriy
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elliptik operatorli kasr tartibli tenglamalarni yechish usullari tagdim etiladi. Shu
bilan birga tenglamaning o‘ng tomonini topish va kasr hosilaning tartibini aniglash
bo‘yicha teskari masalalarni yechish usuli bayon gilinadi.

Tadgiqot natijalarining ishonchliligi matematik tahlil, differensial
tenglamalar va matematik fizika, fundamental yechimlarni qurish uchun maxsus
funksiyalar nazariyasi, chegaraviy muammolarning aniq yechimlarini topish va
elliptik tenglamalarni yechish nazariya masalalarini o‘rganish usullaridan qat’iy
foydalanish bilan tasdiglanadi.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati. Tadgiqot natijalarining
ilmiy ahamiyati kasr tartibli differensial va xususiy hosilali differensial
tenglamalarni yechishda foydalanish mumkinligi bilan izohlanadi.

Tadgiqot natijalarning amaliy ahamiyati ularning kasr tartibli tenglamalar
bilan berilgan jarayonlarni o‘rganishda, nazorat qilishda va boshqgarishda
go‘llanilishi bilan belgilanadi.

Tadgigot natijalarining joriy qilinishi. Eliptik gismi yugori tartibli bo‘lgan
kasr tartibli xususiy hosilali differensial tenglamalar uchun to‘g‘ri va teskari
masalalar bo‘yicha olingan natijalar asosida:

chegaraviy shart kasr tartibli hosila bilan berilgan giperbolik va parabolik
tenglamalarning yechimi mavjud va yagona bo‘lishlik shartlaridan OT-®-4-28
raqamli “Giperbolik sistemalar uchun adekvat hisoblash modellarini qurish”
mavzusidagi  fundamental loyihada sistemalarning modellarini  qurishda
foydalanilgan (O‘zbekiston Milliy universitetining 2022 yil 30 sentyabrdagi
Ne04/11-5960-sonli ma‘lumotnomasi). Ilmiy natijaning qo‘llanilishi giperbolik
tipidagi differensial tenglamalar sistemalarning hisoblash modellarini qurish
imkonini bergan;

kasr tartibli xususiy hosilali differensial tenglamalar uchun birinchi
chegaraviy masalaning yechimidan va manba funsiyasi yordamida boshgarishdan
MJI-758.2022.1.1 ragamli “Rossiya Prezidentining rossiyalik yosh olimlarni
qullab-quvvatlash” mavzusidagi xorijiy grant loyihasida atmosferadagi radonlarini
tagsimlanishini tekshirishda foydalanilgan (Kamchatka davlat universitetining
2022 yil 27 sentyabrdagi Ne 39-12-sonli ma‘lumotnomasi, Rossiya federatsiyasi).
lImiy natijalarning go‘llanilishi atmosfera grunt sistemasidagi radonlarni gayta
tagsimlash imkonini bergan;

Barenblatt-Jeltov-Kochina tipidagi kasr tartibli tenglamalar va chegaraviy
shart kasr tartibli hosila bilan berilgan Barenblatt-Jeltov-Kochina tipidagi
differensial tenglamalar uchun to‘g‘ri va teskari masalalarning yechimlaridan
MRU-OT-30/2017 ragamli “Zamonaviy superkompyuterlardan foydalanib,
gazodinamika, filtratsiya va transport ogimi dinamikasi masalalarini yechish uchun
yugori aniglikdagi hisoblash algoritmlari” mavzusidagi fundamental loyihada
chegaraviy = masalalarni  yechishda foydalanilgan  (O°zbekiston  Milliy
universitetining 2022 yil 4 oktyabrdagi Ne04/11-6042-sonli ma‘lumotnomasi).
IImiy natijalarining qo’llanishi chegaraviy masalalarni, filtratsiya va boshgaruv
masalalarini hisoblash modellarini qurish imkonini bergan.
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Tadgiqot natijalarining aprobatsiyasi. Ushbu tadgigot ishining natijalari
28 ta ilmiy-amaliy konferensiyalarda shulardan 13 tasi xalgaro, 15 tasi Respublika
miqgyosidagi ilmiy konferensiyalarda muhokama gilingan.

Tadgiqot natijalarining e‘lon gilinganligi. Dissertatsiya mavzusi bo‘yicha
jami 42 ta ilmiy ish chop etilgan, shulardan O‘zbekiston Respublikasi Oliy
attestatsiyasi komissiyasining fan doktorlik dissertatsiyalari asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nasrlarda 13 ta maqola, jumladan 9
tasi xorijiy va 4 tasi mahalliy jurnallarda, hamda 1 ta maqola xorijiy jurnalda va 28
ta tezis nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish, 5 ta bob, xulosa
va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiya 222 betdan
iborat.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zaturati asoslangan,
tadgigotning respublika fan va texnologiyalarining ustuvor yo‘nalishlariga mosligi
ko‘rsatilgan, mavzu bo‘yicha xorijiy ilmiy-tadgiqotlar sharhi, muammoning
o‘rganilganlik darajasi keltirilgan, tadgiqot maqgsadi, vazifalari, obyekti va
predmeti tavsiflangan, tadgigotning ilmiy yangiligi va amaliy natijalari bayon
gilingan, olingan natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadgigot
natijalarining joriy qilinishi, nashr etilgan ishlar va dissertatsiya tuzilishi bo‘yicha
ma‘lumotlar berilgan.

Dissertatsiya birinchi bobining asosiy magsadi kasr tartibli tenglamalar uchun
vagqt bo‘yicha nolokal chegaraviy masalalarni  o‘rganishdan iborat.
Dissertatsiyaning birinchi paragrafida dissertatsiya natijalarini bayon gilishda zarur
bo‘ladigan yordamchi ma‘lumotlar keltirilgan. Ikkinchi paragrafida yuqori kasr
tartibli  differensial tenglamalarning yechimini qurish masalasi o‘rganilgan.
Yechimni qurishda R. Ashurov, A. Kabada va B. Turmetovlarning tomonidan
Kaputo ma’nosidagi kasr tartibli hosilali chizigli differensial tenglamalarining
yechimini qurish usulidan foydalanilgan. Uchinchi paragrafida esa, Kaputo va
Riman-Liuvill ma’nosida kasr tartibli tenglamalar uchun vaqt bo‘yicha nolokal
chegaraviy shartli masalalar o‘rganilgan.

Aytaylik, H separabl Hilbert fazosi bo‘Isin. Unda skalyar ko‘paytma va norma
aniglangan bo‘lib, ularni mos ravishda (,,-) va ||-|| kabi belgilaylik. A:H —H
perator H Hilbert fazosida aniglangan, o‘z-o‘ziga Qgo‘shma, musbat,
chegaralanmagan ixtiyoriy operator bo‘lsin. Faraz gilaylik, A operator H fazoda
to‘la ortonormal {v, } xos funksiyalar sistemasiga va {4} musbat xos giymatlar
to‘plamiga ega bo‘lsin. Xos giymatlarni gayta nomerlash yordamida ularni
kamaymaydigan qilib nomerlab olamiz, ya’ni 0< A4 <A4,---—+oo kabi yozib
olamiz.

Kuchli integral va kuchli hosila ta’riflaridan foydalanib, h:R, — H vektor
giymatli funksiyalar (yoki oddiygina funksiyalar) uchun integral va hosilalarning
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kasr analoglari aniglanishi mumkin, aniglangan ta’riflar bir o‘zgaruvchi bo‘lgan
holdagi formulalar va xossalarni saglanib goladi.
Aytaylik, h(t) funksiya [0,.0) da aniglangan bo‘lsin. Agar
o )
IZh(t) = o) (j) —— d&, t>0 1)
tenglikning o‘ng tomonidagi integral chekli bo‘lsa, u holda ushbu integralga h(t)
funksiyaning o kasr tartibli Riman-Liuvill integrali deyiladi, bunda TI'(o)
Eylerning gamma funksiyasi. Eslatib o‘tamiz, J°:h(t) =h(t) deb gabul gilingan.
Ushbu ta’rifdan foydalanib, 0 < p <1 bo‘lsa, Riman-Liuvill ma’nosida p - kasr
tartibli hosilaning ta’rifini quyidagicha aniglash mumekin:

dPh(t) :%J&‘Ph(t).

Agar bu ta’rifda biz differensial va kasr tartibli integralning o‘rinlarini
almashtiradigan bo‘lsak, unda biz Kaputo ma’nosida kasr tartibli hosilasining
ta’rifini olamiz:

D{’h(t)z.]t_p%h(t).
Aytaylik, p € (0,1) bo‘lsin. C((a,b);H) orgali H dagi giymatlari t<(a,b)

oraligda uzluksiz u(t) funksiyalar to‘plamini belgilaylik.
Ushbu paragrafda biz quyidagi masalalarni garaymiz:

{Dtpu(t)JrAu(t): f(t), O<t<T: 2
u(&) = au(0) + ¢, 0<E&LT
va

ofu(t) + Au(t) = g(t), 0<t<T;

ITPU) hes= amJtl‘pu(t) +¢, 0<ELT, 3)

bu yerda f(t),g(t)eC((0,T];H), @, ¢cHva a - o‘zgarmas son, ¢&-
go‘zg‘almas nugta. Bu muammolarga to ‘g ri masala deb ataladi .

1-ta’rif. Agar u(t)eC([0,T];H) funksiya D{u(t),Au(t)eC((0,T);H)
xossalarga ega bolib, (2) ning barcha shartlarini ganoatlantirsa, u holda bu
funksiyaga (2) nolokal masalaning yechimi deb ataladi .

(3) nolokal masala yechimining ta’rifi ham xuddi shunga o‘xshash tarzda
Kiritiladi.

Agar =0 (va £=T) bo‘lsa, bu muammoga orgaga gaytish masalasi deb
ataladi. (2) holidagi orgaga gaytish masalasi, masalan, M. Yamamoto va
boshqalarning ishlarida batafsil o‘rganilgan. (3) holidagi orgaga gaytish masalasi,
Sh. Alimov va R. Ashurov ishida o‘rganilgan. Shuning uchun, biz fagat nolokal
shartda o #0 bo‘lgan holni o‘rganib chigamiz.

p=1 bo‘lgan holda, bu muammolar vaqgtga bog‘liq teskari issiglik
o‘tkazuvchanlik masalasi (retrospektiv teskari masala) deyiladi. Shuni ham
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ta’kidlash kerakki, bu holda u(T) funksiyaning silligligi ham yechimning

bargarorligini kafolatlamaydi.
p=1, a=1bo‘lgan holda, A operator Banax fazosida aniglangan hol uchun
A.O. Ashyralyev va boshqglarning ishlarida o‘rganilgan.

Kasr tartibli tenglamalar uchun  u(§)=au(0)+¢ (I u(t) |=s=

alimJi “u(t)+¢) nolokal shart bilan berilgan masalalar ushbu ishda ilk bor
t—0

o‘rganilmoqda.

Ushbu paragrafda biz (2), (3) masalalarning yechimi mavjud va yagonaligi
hagidagi teoremalarini isbotlaymiz. Shu bilan birga yechim mavjudligining «
parametr giymatiga bog‘ligligini o‘rganamiz. Biz, shuningdek, orgaga qaytish
masalalaridan fargli ravishda, (2), (3) masalaning yechimi tenglamaning o‘ng
tomoniga va ¢ funksiyaga bog‘ligligini isbotlaymiz. Bundan tashgari koersativ
tipidagi tengsizliklar olinadi va bu tengsizliklar kasr hosilalarining ko‘rib
chigilayotgan turiga garab farglanishi ko‘rsatilgan. Tenglamaning o‘ng tomonini
va nolokal shartdagi ¢ funksiyani aniglash bo‘yicha teskari masalalar o‘rganiladi.

(2) masalani yechish uchun biz uni quyidagi ikkita yordamchi masalaga
keltirib olamiz:

{Dtpa)(t)+Aa)(t)= f(t), O0<t<T: "
@(0) =0,
va
{Dtpw(t) +AW(E) =0, 0<t<T; -
w(&) = aw(0) + v, 0<&LT,

bu yerda w € H berilgan funksiya.

Agar v =@ —w(&) va o(t)va w(t) mos ravishda (4) va (5) masalalarning
yechimlari bo‘lsa, u(t) = @(t) + w(t) funksiya (2) masalaning yechimi ekanligini
tekshirish giyin emas. Shuning uchun (2) masalani yechish uchun (4) va (5)
yordamchi masalalarni yechish kifoya giladi.

Faraz gilaylik, 4, >0 soni E,(—4,&”) = o tenglikni ganoatlantirsin, bu yerda
E,(t) Mittag-Leffler funksiyasi. 4, =4, bo‘lib, bu xos son p, karrali bo‘Isin. Biz
bunday k nomerlarni Ky ={ky,ky +1, ...,k + py —1 deb belgilab olamiz.

T ixtiyoriy hagigiy son bo‘lsin. Biz H da A operatorning darajasini
quyidagicha kiritamiz:

A'h =3 Achv,
k=1

bu yerda h, =(h,v,) lar heH elementning Furye koeffitsiyentlari. Shubhasiz,
ushbu operatorning aniglanish sohasi quyidagi ko‘rinishga ega bo‘ladi:

D(A)={heH: izﬁ |h [°< o0}
k=1
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(4) masalani yechish uchun biz quyidagi teoremani isbotlaymiz.
1-teorema. Aytaylik, gandaydir £€(0,1) sonlar uchun

f (t) eC([0,T];D(A®)) boIsin. U holda (4) masalaning yagona yechimi mavjud
va u yechim quyidagi ko ‘rinishga ega

o0 t
ot)= Y| [177E, ,(~A4n") f (t—m)dn |v. (6)
k=1| o
Bundan tashgari quyidagi koersitiv turdagi tengsizlik o ‘rinli bo ‘ladi:
IDPe(t) | +||w(t)||fscgtrr[ng¥]|| fI, 0<t<T, (7)

bu yerda C, >0 o zgarmas son.

Agar f eH funksiya t ga bog‘liq bo‘lImasa ham, 1 - teoremaning tasdig"i
to‘g‘ri bo‘ladi.

1-natija. Aytaylik, f € H bo ‘Isin. U holda (4) masala yagona yechimga ega
va bu yechim quyidagi ko ‘rinishda bo ‘ladi

0= X HE, AL W ©
=1

Bundan tashgari, shunday C musbat son topiladiki, quyidagi koersitiv turdagi
tengsizlik o‘rinli bo‘ladi:
IDEo(t) IF +[ o®) [F<C f|°, 0<t<T. (9)
(5) masalani yechish uchun esa quyidagi teoremani isbotlaymiz.
2-teorema. Aytaylik, w e H bo‘lsin. Agar a ¢(0,1) yoki a(0,1) bolib,
lekin barcha k >1 lar uchun A, = 4, bo ‘lsa, (5) masala yagona yechimga ega va
bu yechim quyidagi ko ‘rinishga ega
— < Yk P
w(t) =" E, (~ At )V (10)
1 E,(-A4LP)—a 7
Agar o €(0,1) va 4, = 4y, (keKy)bolsa,
vie =W vi) =0, keKy; Ko ={ko, kg +1,..... Ky + pp —1}, (11)
ortogonallik shartlari bajarilgan deb faraz gilamiz. U holda (5) masalaning
yechimi by, keK, ixtiyoriy koeffitsiyentlar bilan quyidagi ko ‘rinishga ega
bo ‘ladi

YOED Vi E, (A" Ny + X BE, (AL (12)

keKy Ep(-A4&7) —a keKyq
Bundan tashgari quyidagi koersitiv turdagi tengsizlik o ‘rinli bo ‘ladi:
IDPWE) P+l W) [F< Cot ™ |y I, 0<t<T, (13)

bu yerda C_, >0 o ‘zgarmas son.

(2) masalaning yechimi quyidagi teoremada aks etgan.
3-teorema. Aytaylik, @eH va bazi ee€(0,1)lar uchun

f(t) e C([0,T];D(A?)) boIsin. Agar « ¢ (0,1)yoki « €(0,1) bo lib, lekin barcha
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k>1 lar uchun A, # 4, bolsa, u holda (2) masala yagona yechimga ega va bu
yechim quyidagi ko ‘rinishga ega

ut A OC) B a0y ) v, 14

()= kzlL(Mp) E, (~At?) +a 1) Vi (14)
Agar a €(0,1) va k e K, lar uchun 4, = 4, mavjud bo ‘Isa, hamda

(2. Vi) = (@(8) W), keKo; Ko ={ko Ko +1,.....Ko + P —1}. (15)

ortogonallik shartlari bajarilgan bo‘Isa, u holda (2) masala yechimi b, , k e K,
ixtiyoriy koeffitsiyentlar bilan quyidagi ko ‘rinishga ega

uy= Y | % _”kp@) E,(-At”) + @) [V + X BE,(~A4t7)V,.  (16)
keky| Ep(A4s”) —a keK,
Bundan tashqgari, C, >0 va C, >0 sonlar mavjud bo ‘lib, quyidagi koersitiv
turdagi tengsizlik o ‘rinli bo ‘ladi:

IDAU® I +]lu®) [E< C .t [l 0| +C, e max 115, O<t<T. (17)

Teskari masalalarni yechishda bizga go‘shimcha shart kerak bo‘ladi. Biz ikKki

hol uchun ham go‘shimcha shart sifatida quyidagi shartdan foydalanamiz:
uz) =Y, 0<z<T, =& (18)

Teskari masalalarni o‘rganishda biz f e H fnksiyani t ga bog‘liq emas deb
garaymiz. E’tibor bering, agar 7 =& bo‘lsa, (2) dagi nolokal shart Koshi shartiga
to‘gri keladi u(0)=¢, (a=0). Bunday teskari masalalar oldingi ishlarda
o‘rganilgan.

2-ta’rif. Agar u(t)eC([0, T];H) va feH funksiyalar
Dfu(t), Au(t) eC((0,T];H) xossalarga ega bolib, (2), (18) shartlarni
ganoatlantirsa, u holda {u(t), f} funksiyalar juftiga (2), (18) teskari masalaning
yechimi deyiladi .

Tenglamaning o‘ng tomonini topish bo‘yicha teskari masalani a>1 va
0<a <1 hollar uchun alohida-alohida o‘rganamiz. « 21 bo‘lgan hol uchun
olingan natijani keltiramiz.

4-teorema. Aytaylik, ¢, ¥ € D(A) va a =1 bo ‘Isin. U holda (2), (18) teskari
masalaning {u(t), f} yagona yechimi mavjud va bu yechim quyidagi ko ‘rinishga
ega bo ‘ladi

i a—E, (-4&7) .
2| E, (AP )EPE, i (“AED) +T7E (At ) —E,(~4&P)] e
E,(~447”) " (19)

e pCATPVEPE, i (CAEP) + 7P, (AP )a—E (- ﬂkép)]
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ut)=2. E (AZ)-a o — (7B, AL+ RPE, o (CALY) V. (20)

k=1

Endi yuqorida aytganimizdek, 0 < a <1 bo‘lgan hol uchun olingan natijalarni
alohida keltiramz. Bu holda teskari masalaning yechimi mavjud va yagonaligi & va

7 nugtalarning joylashishiga ham bog‘lig bo‘ladi.
5-teorema. Aytaylik, O0<a <1, @, ¥ € D(A) va (15) ortogonallik shartlari

bajarilsin. Agar 0<7 <¢ bo‘lsa, u holda (2), (18) teskari masalaning {u(t), f}
yagona yechimi mavjud va bu yechim quyidagi ko ‘rinishga ega bo ‘ladi

. Z{ a—E,(4s")
(ol Ep(ATIEE ot (AL )+ 7By pua(Aia” o= E (4]
E,(-4c”) ] -
T (AR IEE, A B (A e~ E, AN

%
t) = P
10 kgzKiE,,(—Mp)—a

w{ E AL

k+

[ — Tk&”E pua (AL + fktpEp,pﬂ(_;{ktp)ile'

o3 BCANY,
keKO Ep(_ﬁkfp)
(2) masalada u(t) va u(¢)=au(0)+¢ nolokal shartdagi ¢ funksiya ham

noma’lum deb faraz gilamiz. Ushbu teskari masalaga chegaraviy funksiyani topish
bo‘yicha teskari masala deb ataladi. Ushbu teskari masalani hal gilish uchun bizga
go‘shimcha shart kerak bo‘ladi. Shuning uchun biz go‘shimcha shart sifatida yana
oldingi (18) shartdan foydalanamiz.

3-ta’rif. Agar u(t)eC([0,T];H) funksiya Dfu(t), Au(t)eC((0,T);H)
xossalarga ega bo‘lib, u(t) va ¢@eH funksiyalar (2), (18) shartlarni
ganoatlantiruvchi bo‘lsa, u holda {u(t), ¢} juftlik (2), (18) teskari masalaning

yechimi deb ataladi .
Yuqorida ta’kidlanganidek, o parametrga gqo‘shimcha shart go‘yish orgali
yechimning yagonaligini isbotlashni soddalashtirish mumkin, shuning uchun bu

masalani ikki hol E (-4&”)=a va E,(-1,¢”)=a bo‘lgan hollar uchun
o‘rganib chigamiz.

6-teorema. Aytaylik, Y eD(A), gandaydir &£<(0,1) Ilar uchun
f eC([0,T];D(A®)) bolsin. Agar a & (0,1) yoki a €(0,1) bo lib, lekin barcha
k>1 lar uchun A, # 4, bo‘lsa, u holda (2), (18) teskari masalaning {u(t), ¢}
yagona yechimi mavjud va u quyidagi ko ‘rinishga ega

E,(-4¢&°)—a
kZl E () [V — o (@)]+ o (E) |V (23)

V, . (22)
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— S (Dk_wk(f) 1 1p
WO 2l ey et A 24)

t
bu yerda o (t) = [177E,, ,(=An”) f (t=m)dn.
0

Endi « €(0,1) bo‘lgan hol uchun quyidagi teoremani keltiramiz.

7-teorema. Aytaylik, « €(0,1), ¥ e D(A), gandaydir ¢ <(0,1) lar uchun
f eC([0,T];D(A?)) boIsin, hamda (15) ortogonallik shartlari bajarilsa, u holda
(2), (18) teskari masalaning {u(t),o} yagona yechimi mavjud va bu yechim
quyidagi ko ‘rinishga ega

o [Ecag)-a
4 kgzKi E,(~Ar”)

- gok—a)k@) 24P Ep(_ﬂktp)q]k
u(t)-k;iEp(_Mp)_aEp( At )+a)k(t)}vk+k§<:o E CAr) Ve, (26)

t
buyerda @ (t) = [n”'E, ,(=A4n") f (t—n)dn.
0

Yugorida Kaputo ma’nosidagi kasr tartibli hosilali subdiffuziya tenglamalari
uchun olingan barcha natijalar Riman-Liuvill ma’nosida kasr tartibli hosilali
tenglamalar uchun ham o‘rinli bo‘ladi, albatta natijalar ozgina o‘zgaradi. Shuning
uchun biz Riman-Liuvill ma’nosida kasr hosilali bir jinsli subdiffuziya tenglamasi
uchun yuqoridagi natijalarni keltirish bilan kifoyalanamiz.

Quyidagi masalani garaylik:

ofu(t) + Au(t) =0, 0<t<T;:
N alinthl_pu(t) +¢,  0<E<T,
t—

[y — o (7)]+ o (5)}% (25)

(27)

bu yerda ¢ € H va « ixtiyoriy soni.

Yugorida aytib o‘tilganidek (oldingi bo‘limga garang) biz fagat barcha k >1
lar uchun E ,(—4&”) # « bo‘lgan holni ko‘rib chigamiz.

8-teorema. Aytaylik, ¢eH va barcha k=1 lar uchun E, (-4&7)=a

bo ‘Isin. U holda (27) masalaning yagona yechimi mavjud va bu yechim quyidagi
ko ‘rinishga ega

_~ A 1
ut)=> tPE, (AL )V,. (28)
GE (A& -a ‘
Shu bilan birga shunday o‘zgarmas C: >0 son mavjud bo lib, quyidagi
koersitiv tengsizlik o ‘rinli bo ‘ladi:
loPu® I +Iu®B<CA> || 4I?, O<t<T. (29)
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Birinchi bobning to‘rtinchi paragrafda nolokal-chegaraviy masala o‘rganilgan
bo‘lib, Riman-Liuvill ma’nosida kasr hosilali tenglamalar uchun klassik yechimni
topish, tenglamaning o‘ng tomoni va nolokal shartdagi ¢ funksiyani topish
masalalari o‘rganilgan.

Aytaylik, Q yetarli darajada silliq 0Q. chegaraga ega bo‘lgan, ixtiyoriy N
o‘lchovli soha bo‘Isin. Quyidagi nolokal-chegaraviy masalani garaymiz:

ofu(xt)—Au(x,t) = f(x,t), xeQ, 0<t<T; (30)

u(x,t) |sa=0; (31)

JTPUY) o= alimd U ) +(x), 0<E<T, xeQ, (32)
t—0

bu yerda f(x,t), ¢(x) berilgan funksiyalar, « o‘zgarmas son, & -
tayinlangan nugta va A — Laplas operatori. (30) — (32) masalaga to ‘g ‘ri masala
deb ataladi.

4-ta’rif. Quyidagi xossalarga ega u(x,t) funksiya

1. t7Pu(x,t) e C(Qx[0,T]),

2. 6Pu(x,t),Au(x,t) e C(Qx(0,T]),

(30) - (32) to‘g‘ri masalaning klassik yechimi deyiladi .

Krasnoselskiy va boshgalarning quyidagi lemmasi ushbu paragrafda muhim
rol o‘ynaydi.

1-lemma. Aytaylik, r>m+2l bo ‘Isin. U holda barcha |« |<m lar uchun
m m

D“(A+1)"" operator L,(Q) ni C(Q) ga uzluksiz (to ‘laligicha) akslantiradi va
quyidagi baholash o ‘rinli bo ‘ladi:
ID“(A+1)7 g lc@=Cllg ||L2(Q) :
To‘g‘ri va teskari masalalarning yechimlari mavjudligini isbotlashda

o0 . N
AN, > (33)
k=1

ko‘rinishdagi gatorlarning yaginlashuvchi ekanligini o‘rganish kerak bo‘ladi,

bunda h, lar h(x) funksiyaning Furye koeffitsiyentlari. z sonining butun
giymatlarida (33) gatorning yaginlashishi uchun h(x)funksiyaning gaysi Wzk (Q)
klassik Sobolev fazolariga tegishligi bo‘lishlik shartlari V.A. Il'inning fundamental
ishida ko‘rsatilgan. Ushbu shartlarni keltirish uchun biz Wzl(Q) sinfni kiritamiz.
Q sohada uzluksiz differensiallanuvchi va 0€2 chegaraning atrofida nolga teng
barcha funksiyalar to‘plamini Wzl(Q) ning normasi bo‘yicha yopilmasini

belgilaymiz.
Demak, agar h(x) funksiya quyidagi
Ny By :
h(x)eW, 2" (Q) va h(x), Ah(x), ---, A 4 h(x) eW;(Q), (34)
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shartlarni ganoatlantirsa, u holda (33) gator yaginlashuvchi bo‘ladi (agar N
juft bo‘lsa, = :%+1, agar N toq 7 = % deb olish mumkin).

Xuddi shunday, agar (33) da 7 ni 7+2 ga almashtirsak, yaginlashish
shartlari quyidagi ko‘rinishga ega bo‘ladi:
(Nyi3 (N1 -
h(x)eW,2 (), va h(x), Ah(x), -, A4 h(x) e W, (). (35)
To‘rtinchi paragrafning asosiy natijasini keltiramiz:
o-teorema. Aytaylik, o(x) va t"Pf(xt) (barcha te[0,T] uchun)
funksiyalar (34) shartlarni ganoatlantirsin. Agar « ¢[0,1) yoki « <(0,1), lekin
barcha k lar uchun A, # 4, bo‘lsa, u holda (30) - (32) masalaning yagona

yechimi mavjud va bu yechim quyidagi

u(x.t) = z{ - (S) 1Ep,p(—xktp)+a«(t>}vk<x), (36)

=1 BE,(-A4&P) —a
ko ‘rinishda bo ‘ladi, bu yerda e, (t) = jnp‘lEp,p(—ﬂknp) f (t—n)dn.
0

Agar a<(0,1) va A4 =1,,keK, bolsa, (15) ortogonallik shartlari
bajarilgan deb faraz gilamiz. U holda (30) — (32) masala yechimi ixtiyoriy b, ,
k e K, koeffitsiyentlar bilan quyidagi ko ‘rinishga ega bo ‘ladi:

1) = ¢k_a)k(§) tp—lE _AtP t
u(x) kgzKiEp(_Mp)_a o AL+ 0 0) [ () +

+ Z bktp_lEp,p(_ﬂktp)Vk (X) (37)
keKO

Ushbu paragrafda biz tenglamaning o‘ng tomonini va chegaraviy funksiyani
topish bo‘yicha teskari masalalarni ham o‘rganamiz. Teskari masalani o‘rganish
uchun bizga qo‘shimcha shart kerak bo‘ladi. Qo*‘shimcha shart sifatida

u(x,0) =¥(x), 0<O<T, =& xeQ, (38)
shartni olamiz. Bu yerda manba funksiyasini ifodalovchi f (x) noma’lum funksiya
t ga bog‘lig emas va W (x) berilgan funksiya.

10-teorema. Aytaylik, ¢(x), W (x)funksiyalar (35) shartlarni ganoatlantirsin.
U holda (30) - (32), (38) teskari masalaning {u(x,t), f (x)} yagona yechimi mavjud
va bu yechim quyidagi ko ‘rinishga ega bo ‘ladi

f(x) =
i a—E (-4&°) .\
& T, (A0, () +O°E, A aE A

-1

0", CAL) o . 39)

ef"lEp,,( ~AO")VEPE, L a(-AEP)+0°E, (-4 0")a—E (- ST
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u(x,t) =
pp(_ﬂk ") tP-L
E,(-4&") -«

-> [0~ BB p alCAE N+ TE7E (A7) [ ()

(40)

Faraz qgilaylik, (30) - (32) masalada nafagat u(x,t) funksiya, balki nolokal
shartdagi ¢(x) funksiya ham noma’lum bo‘lsin. {u(x,t),(x)} funksiyalar juftini
topish masalasiga ¢ funksiyani aniglashning teskari masalasi deb ataladi. Ushbu

teskari masalani yechish uchun qgo‘shimcha shart sifatida biz yana (38) shartni
olamiz.

11-teorema. Aytaylik, t©2f(x,t) ifoda X ning funksiyasi sifatida barcha
te[0,T] larda (34) shartlarni ganoatlantirsin va ¥(x) funksiya (38) shartlarni
ganoatlantirsin. U holda (30) - (32), (38) teskari masala {u(x,t),e(x)} yagona
yechimga ega va bu yechim quyidagi ko ‘rinishda bo ‘ladi

CAEP) -a
P(x)= kzl{ Hp_lEp’p(_wp)[‘Pk—a&(e)]mk(é)}vk(x), (41)

o —(SE) o
u(x,t) = kzlL CAZ)—a t” lEp,p(—ﬂkt”)mk(t)}vk(X), (42)

buyerda @ (t) = Iﬂ” E, ,(~A4n”) fi (t—m)dn.
0

Dissertatsiyaning ikkinchi bobi vaqt bo‘yicha hosilaning tartibi va
tenglamaning o‘ng tomonini topish bo‘yicha teskari masalalarni yechishga
bag‘ishlangan.

Hosilaning tartibini aniglash bo‘yicha ko‘plab olimlar izlanishlar olib
borishgan. Shuni ta’kidlash kerakki, ushbu ishlarning barchasida quyidagi
munosabat go‘shimcha shart sifatida gabul gilingan

u(xg,t) =h(t), 0<t<T,
bu yerda x, € Q Kuzatuv nuqtasi. Mutaxassislar, asosan, kasr hosilasining tartibini

aniglashning teskari masalasida yechimning yagonaligini o‘rgandilar.

Fagat estoniyalik matematik Jaan Jannoning magolasi mavjudlik va yagonalik
masalasiga bag‘ishlangan. J. Janno o°zining magolasida Kaputo hosilali bir
o‘zgaruvchili vaqt bo‘yicha subdiffuziya tenglamasini ko‘rib chiqdi. Muallif
go‘shimcha chegaraviy shart sifatida Bu(-,t) =h(t), 0<t<T ni oldi, bunda B
biror operator, u tenglamada hosila tartibini va integral operator yadrosining
aniglash uchun mavjudlik teoremasini isbotlashga muvaffaq bo‘ldi.

2019 yil Z. Li va boshqgalar tomonidan chop etilgan maqolada “Ochiq
muammolar” bo‘limida to‘g‘ri ta’kidlangan edi: “Kasr hosilaning tartiblarini
tiklashning teskari muammolari bo‘yicha tadgigotlar gonigarli emas, chunki barcha
maqgolalar ... muammoni t e (0,00) da o‘rganishgan. Teskari masalani kuzatish
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ma‘lumotlari sifatida belgilangan tayin vaqtda yechimning giymati bo‘yicha
o‘rganish qgizigarli bo‘lar edi”.

Ushbu bobda yugorida ta’kidlangan muammo gisman hal gilingan bo‘lib, biz
kasr tartibli xususiy hosilali differensial tenglamalarda tenglamaning tartibini
aniglash bo‘yicha teskari masalaning yechimi mavjud va yagonaligini isbotlaymiz.
Buning uchun qo‘shimcha shart sifatida “Ochiq muammolar” bo‘limida
ta’kidlanganidek, kuzatuv nuqtasi sifatida yechimning tayin vaqgtdagi giymatini
olamiz. Buning uchun biz t, tayinlangan vaqtda berilgan quyidagi go‘shimcha
shartdan foydalanamiz:

U(pito)= Ju(xto)dx=do, t>Tp, (43)
TN
bu yerda T, o‘zgarmas son.

Ikkinchi bobning birinchi paragrafida N - o‘lchovli torda o‘zgarmas
koeffitsiyentli ixtiyoriy elliptik differensial operatorli, bir jinsli bo‘lmagan
subdiffuziya tenglamasida vaqt bo‘yicha kasr tartibli hosilaning tartibini aniglash
uchun teskari masala ko‘rib chigilgan. Klassik Furye usulidan foydalanib,
tayinlangan vagtdagi yechimning giymati hagidagi ma‘lumotlarga tayangan holda
kasr hosilaning tartibini gayta tiklash masalasi o‘rganilgan. Shu bilan birga
ixtiyoriy N o‘lchovli sohaga va o‘zgaruvchan koeffitsiyentli elliptik operatorlar
holi uchun umumlashtirish masalasi ham garab chigilgan.

Faraz qilaylik, A(D)= D a,D” o‘zgarmas koeffitsiyentli, bir jinsli,

lor[=m
simmetrik elliptik differensial operator bo‘lsin, ya’ni barcha &0 lar uchun
A(S)>0  bo‘lsin, bu vyerda a=(x,a,...ay)- multi-indeks va

D =(D;,D,,...,Dy), Dj:axi' Biz Cm(TN) orgali, har bir X; o‘zgaruvchi
j
bo‘yicha 27 davrli Cm(RN) dan olinganv(x) funksiyalar sinfini belgilaymiz.
Aytaylik, A operator C™(TV) da aniglangan Av(x)= A(D)v(x) ko‘rinishdagi
standart operator bo‘lsin. Faraz gilaylik, o €(0,1) bo‘lsin.
Quyidagi boshlang‘ich-chegaraviy masalani garaylik

oru(x,t)+ Au(x,t) = f(x,t), xeTVN, 0<t<T, (44)
limdi u(x ) =o(x), xeT". (45)
t—0
Quyidagi
fo=const, ¢f+ & =0, (46)

shartlar bajarilganda kasr tartibli hosilaning tartibini topish uchun klassik Furye
usuliga asoslangan usuldan foydalanamiz. Agar (46) shartlar bajarilmasa bu usul
murakkab bo‘lib goladi. (43) dagi T, parametrni quyidagicha aniglaymiz
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2, @ Ty 20,

T, =
0 max{5,4%}, @, fo <O.
0

Endi ushbu paragrafning asosiy natijasini keltiramiz.

N
12-teorema. Aytaylik (46) shartlar bajarilsin, 7 > o va

(@) p € D(A");
(b) f(xt)eD(A") barcha t€[0,T] da;
(c) F(t) = A" f (x,t) barcha t [0,T] lar uchun L,(T") fazoning normasida
uzluksiz bo ‘Isin.
U holda (43) — (45) teskari masala, {u(x,t), o} yagona yechimga ega bo ‘ladi,
fagat va fagat quyidagi go ‘sh tengsizlik o ‘rinli bo ‘Isa
min{fo, @ +1to fo} < do < max{fy, @y +1, fol-
2-lemma. Aytaylik, (46) shartlar bajarilsin va t,>T, bo‘lsin. U holda
U (p;ty) funksiya, p € (0,1) funksiyasi sifatida gat iy monoton va
limU (oite) = fo, ULite) =g+t (47)
p—0
tengliklar bajariladi.

N
13-teorema. Aytaylik, T>ﬂ va 12-teoremadagi (a) — (c) shartlar

bajarilgan bo‘lsin. U holda (43) - (45) boshlang ‘ich-chegaraviy masalaning
yagona yechimi mavjud va u quyidagi ko ‘rinishga ega
t .
u(xt) = ZN [ot”E, ,(AME?) + [T, (t—=E)EE, ,(-AM)EF)dEe™, (48)
nez 0
har bir te(0,T] da xeTN bo ‘yicha absolyut va tekis yaginlashadi.

Ikkinchi bobning ikkinchi paragrafida biz vaqt bo‘yicha kasr tartibli to‘lgin
tenglamalarida kasr tartibli hosilaning tartibini aniglash masalasi bilan tanishamiz.

Bu paragrafda Gerasimov-Kaputo ma’nosida kasr hosilasining tartibini
aniglash bo‘yicha teskari masalasi o‘rganilgan. O‘rganilayotgan masalada
tenglamaning elliptik gismi musbat, o‘z-o‘ziga go‘shma, chegaralanmagan A
diskret spektrga ega bo‘lgan ixtiyoriy operatoridan iborat. Klassik Furye usulidan
foydalanib, tayinlangan vaqtda yechimning biror xos funksiyaga proyeksiyasining
giymati hosilaning tartibini aniglab beradi. A operatorga misol sifatida jumladan,
kasr tartibli differensial tenglamalarning chizigli sistemasi, Shturm-Liuvill kasr
operatorlari va boshqgalar ko‘rib chigiladi.

Aytaylik, g e(1,2) berilgan son bo‘lsin. C((a,b);H) orqali te(a,b) larda
H dagi giymati uzluksiz u(t) funksiyalar to‘plamini belgilaymiz.

Quyidagi Koshi masalasini garaylik:

D/u(t) + Au(t)=f, 0<t<T, (49)
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u@=¢, U=y, (50)
bu yerda f, ¢ va w vektorlar H da berilgan.
5-ta’rif. Quyidagi xossalarga ega
1. u(t), u'(t)eC([0, T];H),
2.D/u(t), Au(t)e C((0,T];H)
va (49), (50) shartlatni ganoatlantiruvchi u(t) funksiya (49), (50) Koshi

masalasining yechimi deb ataladi.

Ikkinchi paragrafning asosiy natijasi quyidagi teoremalardan iborat.
1

14-teorema. Aytaylik, v, f e H va g€ D(AE) bo ‘Isin. U holda (49), (50)
Koshi masalasi yagona yechimga ega va u quyidagi ko ‘rinishda bo ‘ladi:

U0 = Y10, Ens AL + Wt (AL + RVE, AN, (6D)

bu yerda gator barcha t >0 larda H da yaginlashuvchidir.
Endi teskari masalani keltiramiz. Faraz qilaylik, fe<(1,2) noma’lum

parametr bo‘lsin. Ushbu paragrafning asosiy maqsadi ushbu parametrni
aniglashning teskari masalasini o‘rganishdir. Tabiiyki, g parametri aniglash

uchun go‘shimcha shart kerak bo‘ladi. Biz go‘shimcha shart sifatida quyidagi
shartni olamiz:

U(ﬂ;tO)E(U(tO),VkO)ZdO, t, =T, (52)

bu yerda d, berilgan son, T, quyida aniglangan musbat son va k,>1

ixtiyoriy butun son bo‘lib, shundayki sz +gok20 +1//k20 =0 (anigki, bunday son
mavjud, chunki f, ¢ va y bir vaqgtda nolga teng emas), V,, X08 funksiya.

(49) - (50) masalaning (52) go‘shimcha shartni ganoatlantiruvchi yechimini
topishga teskari masala deb ataladi.

6-ta’rif.  Agar u(t) funksiya (49) - (50) masalaning (52) shartni
ganoatlantiradigan yechimi bo ‘Isa, {u(x,t), 8}, S <lf,, 5,1 juftligi teskari masala

yechimi deb ataladi.
3-lemma. Aytaylik,

1
w,f eH; goeD(Aﬂl), (53)
lwll+llo— A™f |20 (54)
bo ‘Isin. U holda shunday T, =T,(k,) son mavjudki, barcha t, >T, lar uchun
U (8;t,) funksiya [, B,] oraligda gqat’ty monoton bo ‘ladi.

Bu lemma, shubhasiz, ushbu magolaning quyidagi asosiy natijasini nazarda
tutadi.

15-teorema. Aytaylik, (53) va (54) shartlar bajarilgan boIsin. U holda
barcha t, > T, lar uchun teskari masalaning yechimi mavjud va yagonadir.
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Eslatma. Agar teoremaning (54) sharti bajarilmasa, ya'ni w=0 va

@=A"f bolsa, u holda barcha k lar uchun w, =0 va ¢, = f_ /4, boladi. Bu
holda Koshi masalasining yagona yechimi quyidagi shaklga ega

0

i) = Z%vk,

k=1
ya'ni ifoda g ga bog‘lig emas. Shuning uchun, U(g;t,) funksiya ham g ga
bog ‘lig emas. Shunday qilib, bu holda, o ‘rganilayotgan teskari masala ma 'noga
ega emas.

Ikkinchi bobning uchinchi paragrafida, kasr tartibli hosilasining tartibini va
tenglamaning o‘ng tomoni bir vagtning o‘zida aniglash bo‘yicha teskari masalani
o‘rganamiz.

Aytaylik, Q yetarlicha sillig 0Q chegaraga ega bo‘lgan ixtiyoriy N -
o‘lchovli soha bo‘lsin. Faraz gilaylik, 0€2 chegaraning berilgan koordinatalar
sistemasidagi  tenglamasini  aniglaydigan funksiya ikki marta uzluksiz
differensiallanuvchi funksiyadan iborat.

Quyidagi boshlang‘ich-chegaraviy masalani qaraylik:

ofu(x,t) —Au(x,t) = f(x),xeQ, 0<t<T;
ou(x,t) _

Bu(x,t) = 0, xeoQ, 0<t<T, (55)

limdi Pu(x,t) = p(x), xeQ,
Lt—0

bu yerda A — Laplas operatori, ¢(x) oldindan berilgan funksiya va n vektor 0Q

ning tashgi normali.
Ushbu ishda, shuningdek, kasr tartibli hosilaning tartibini aniglash uchun
go‘shimcha shart sifatida quyidagi

1
U(p.ty) = ——7 [u(x.tp)dx = d (56)
Q77§

tenglikdan foydalanamiz, bu yerda t, tayinlangan vaqt.
Manba funksiyasini aniglash uchun, yugorida sanab o‘tilgan ishlarda bo‘lgani
kabi, biz
ux,T)=w(x), xeQ, (57)
go‘shimcha ma‘lumotdan foydalanamiz. Shubhasiz, agar (56) shartda t, =T ¢eb
olsak, u hech ganday yangi ma‘lumot bermaydi va shuning uchun biz t, <T deb

olamiz. Ushbu ishning asosiy natijasi shuni ko‘rsatadiki, (56) va (57) go‘shimcha
shartlar (55) masala uchun bir vaqgtning o‘zida kasr hosilaning tartibi va manba
funksiyasining mavjudli va yagonaligi kafolatlaydi.

7 - ta’rif . Agar u(x,t), f(x) funksiyalar va p parametr quyidagi

1. pe(0,1),

2. f(x)eC(Q),
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3. 8Pu(x,t), Au(x,t)eC(Qx(0,T)),

4. JFPu(x,t) e C(Qx[0,T]),
shartlarni va (55), (56) va (57) masalaning barcha shartlarini ganoatlantirsa, u
holda bu {u(xt), f(x),p} uchlikka (55) - (57) teskari masalaning klassik
ma nodagi yechimi deyiladi. Yuqoridagi xossalarga ega bo ‘lgan u(x,t) funksiya
to ‘g ‘ri masalaning yechimi deb ataladi.

Agar biz Furye usulidan foydalansak, quyidagi spektral masalaga kelamiz:
—AV(X) = Av(X), Xe;

A g yesn.

Bu(x,t) =

Chegara 0Q ikki marta differensiallanadigan bo‘lganligi sababli, bu masala
L, () da to‘la ortonormal {v, (x)}, k=1 xos funksiyalar sistemasiga va manfiy

bo‘lmagan {4,} xos qiymatlar to‘plamiga ega bo‘ladi. Shu narsani ta’kidlab
o‘tamizki, bu yerda 4, =0 va V;(X) :|Q|‘1/2 bo‘ladi.
Faraz qilaylik, berilgan ¢(x) va w(x) funksiyalar quyidagi shartlarni

ganoatlantirsin:
N

) p(<C 2(Q), DN <L), lal=[H1+1;

N

b) Bp(X)=B(Ap(X))=..=B(A 2°p(x))=0, XedQ:

N
Q) p(eC? (Q), DU Ly, lal[31+2;
(Y41
d) By (X)=B(Aw(x))=..=B(A 2" w(x)=0, xedQ.

Shuni ta’kidlash kerakki, (a) va (b) shartlarning bajarilishi to‘g‘ri masalaning
yechimi mavjud va yagonaligini ta‘minlaydi, (57) go‘shimcha shartdagi y(x)
funksiya (c) va (d) shartlarni ganoatlantirsa, u holda, manba funksiya f(x)
mavjud va yagonadir.

Aytaylik, quyidagi shart bajarilgan bo‘lsin

o +yi =0, (58)

(56) go‘shimcha shartdagi t, parametrni quyidagi tarzda tanlaymiz. Agar

@, -y, <0 bo‘lsa, u holda t; € (1,T) va boshqga hollarda

1+

(1,ﬂ-TJ agar A.T>1;
tbe@T)N V1 " (59)
QnT +)ZA.TT) agar &.7<1
L4 41

Bu paragrafning asosiy natijasi.
16-teorema. Aytaylik, (a) - (d) va (58) - (59) shartlar bajarilsin. Agar
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: ty| t ty| t
mln{y/l,gol{l_?o} o_?’1}<do<max{y/lgol[ 'IE)} 0?%}

shart bajarilsa, u holda (55) - (57) teskari masala {u(x,t), f (x), o} yagona
yechimga ega bo ‘ladi va bu yechimlar quyidagi ko ‘rinishga ega

U0 = I E, (A7) + K7E, a4 M), (60)
k=1
(AT )
F(x) = Vi PEpp X), 61
kle e, AT kleEp,,ﬂ( ey D
bu yerda gatorlar tekis va absolyut yaginlashadi.
U

Uchinchi bobda biz ay__( D¥A(x,D)u, (k=1,2) tenglamalar uchun

chegaraviy shart kasr tartibli hosila bilan berilgan chegaraviy masalalar bilan
shug‘ullanamiz, bu yerda A(x,D) manfiy bo‘Imagan elliptik differensial operator

va chegaraviy shart musbat haqiqiy p kasr tartibli hosila bilan aniglangan B§’

operator yordamida berilgan. Xususan, B! chegaraviy operator Marchaud,
y

Grunwald-Letnikov yoki Liuvill-Weyl kasr tartibli hosilalar orgali berilishi
mumkin.
Quyidagi chegaraviy masalani garaylik:

Uy, (X, ¥) = A(x,D)u(x,y), xeQ, y>0, (62)
Bju(x,y)= 2 b, ;()D“U(x,y)=0, 0<m;<m-1, j=12,.,I; xedQ, (63)
|a|<m.
j
Byu(x,+0)=o(x), p>0,xeQ, (64)
lu(x,y)| >0, y—>wo, XxeQ, (65)
bu yerda ¢(x) va b, ;(x) koeffitsiyentlar berilgan funksiyalar.
7-ta’rif. Agar u(x,y) funksiya quyidagi Uy (X, Y),

A(x,D)u(x,y) e C(Q2x (0,)), u(x,y), Bfu(x,y) e C(Qx[0,0)) xossalariga ega

bo lib, (62) - (65) masalaning barcha shartlarini ganoatlantirsa bu funksiya (62) -
(65) chegaraviy masalaning (klassik) yechimi deyiladi.

Agar (62) - (65) masalani yechish uchun Furye usulini go‘llasak, biz

quyidagi spektral masalaga kalamiz:

A(x,D)v(x) = Av(X) xe; (66)

Biv(x)=0, j=12..I; xedQ. (67)

S. Agmon ishida teskari operatorning kompaktligini, ya’ni Q sohaningo(Q2

chegarasi hamda A va B; operatorlarning koeffitsiyentlari uchun (66) - (67)

spektral masala L,(Q2) da {v.(x)}, k=1 xos funksiyalar ortonormal to‘la

sistemasi va manfiy bo‘lmagan /4 xos qiymatlar to‘plamiga ega bo‘lishini
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kafolatlovchi zaruriy shartlarni topdi. Bundan keyin biz ushbu shartlar bajarilgan
deb faraz gilamiz. Aytaylik, 4 =0 xos giymat k, karrali ildiz bo‘lsin, ya’ni
A =0, k=1,2,..,k,. Faraz qilaylik, ¢@(x)chegaraviy funksiya quyidagi
ortogonallik shartlarini ganoatlantirsin
o = fgo(x)vk(x)dx =0,k =1,2,....k. (68)
Q

~ N
17-teorema. Ayatylik, ¢(x) e D(A"), 7> om va (68) shartlar bajarilsin . U
holda (62) - (65) to ‘g ri masala quyidagi ko ‘rinishda yagona yechimga ega
o0 1 _ y
uxy)= 3 povx)e V¥ (69)
k=k0+l

(JA)”
bu yerda gator barcha ye[0,0) lar uchun xeQ da absolyut va tekis
yaqginlashadi.
Uchinchi bobning ikkinchi paragrafida quyidagicha masala garalgan.
u (X, t) + A(x,D)u(x,t) =0, xeQ, t>0, (70)

Bu(x,t)= > b, (x)Du(x,t)=0, 0<m,<m-1,j=12..1; xeoQ, (71)

lol<m;

B u(x,+0)=p(x), p>0, xeQ, (72)
bu yerda ¢(x) va koeffitsiyentlar b, ;(x) funksiyalar berilgan.

18-teorema. Aytaylik, (68) va ¢(x) e D(AY), r>2l shartlar bajarilsin. U
m
holda (70) - (72) to ‘g ri masala quyidagi ko ‘rinishda yagona yechimga ega

00

ux = Y g (e, 73)

k=kq+1
bu yerda gator barcha te[0,) lar uchun xeQ da absolyut va tekis
yaqginlashadi.

To’rtinchi bob Barenblatt-Jeltov-Kochina tipidagi butun va kasr tartibli
tenglamalar uchun to‘g‘ri va teskari masalalarni o‘rganishga bag‘ishlangan.
To‘rtinchi bobning birinchi paragrafida Barenblatt-Jeltov-Kochina tipidagi kasr
tartibli tenglamalar uchun Koshi masalasining yechimi mavjud va yagonaligi
ko‘rsatilgan. Shu bilan birga tenglamaning o‘ng tomonini topish bo‘yicha teskari
masalaning yechimi mavjud va yagonaligi ham isbotlangan.

To‘rtinchi bobning ikkinchi paragrafida esa, chegaraviy shart kasr tartibli
hosila bilan berilgan Barenblatt-Jeltov-Kochina tenglamasi uchun to‘g‘ri va teskari
masalalarning yechimi mavjud va yagonaligi isbotlangan.

Quyidagi Koshi masalasini garaymiz:

{Dtpu(t)+A(Dtpu(t))+Au(t):f, 0<t<T;

u(+0) = o, (74)

buyerda ¢, f eH.
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8-ta’rif. Agar u(t)eC((0,TI;H) funksiya  D/u(t), A(D/u(t)),
Au(t) eC((0,T);H) xossalarga ega bo‘lib, (74) masalaning barcha shartlarini
ganoatlantirsa, u holda u(t) funksiyaga (74) Koshi masalasining yechimi deyiladi.

19-teorema. Aytaylik, ¢ D(A), feH bolsin. U holda (74) Koshi
masalasining yagona yechimi mavjud va u quyidagicha ko ‘rinishga ega

% f
u(t) = Z{%Ep,l(_ﬂktp)"_ X tpEp,p+1(_luktp):|Vk : (75)
k=1 1+ A
bu yerda f lar Furye koeffitsiyentlari, :L.
y k1 Px y y Hy 1+ﬂ¢k

Teskari masalani o‘rganish uchun bizga go‘shimcha shart kerak bo‘ladi. Biz

go‘shimcha shart sifatida quyidagi shartdan foydalanamiz:
u(zr) =¥, 0<z<T, (76)

bu yerda 7 fiksirlangan nuqgta.

(74), (76) masalada u(t) va f funksiyalarning {u(t), f} juftligini topish
masalasiga tenglamaning o‘ng tomonini topish bo‘yicha teskari masala deyiladi.

Endi ushbu punktning asosiy natijasini keltiramiz.

20-teorema. Aytaylik, @, ¥ € D(A) bo‘lsin. U holda (74), (76) teskari

masalaning {u(t), f} yagona yechimi mavjud va u quyidagi ko ‘rinishga ega

- f
u(t) = kZ {%Ep,l(_:uktp) + 1+kﬂk tpEp.p+l(_”ktp)}Vk ’ (77)
=1
® E (—uzt”
va f=3% fv, buyerda f =|— Vi —— f“ pa AT 3 (1+4) -
k=1 T Ep,p+1(_lukz- ) T Ep|p+l(_lleT )

To‘rtinchi bobning ikkinchi paragrafida chegaraviy shart kasr tartibli hosila
bilan berilgan Barenblatt-Jeltov-Kochina tipidagi tenglamalar uchun to‘g‘ri va
teskari masalalar o‘rganiladi.

Quyidagi masalani garaylik:

u, (t) + A(u, (t)) + Au(t) =0, 0<t<T,;
{B{’u(+0) = @,
bu yerda chegaraviy shart musbat haqigiy p kasr tartibli hosila bilan aniglangan
BY operator yordamida berilgan. Xususan, B# chegaraviy operator Marchaud,
Grunwald-Letnikov, Liuvill-Weyl kasr tartibli hosilalar orgali berilishi mumkin.
21-teorema. Aytaylik, ¢ € D(A) bolsin. U holda (79) masala yagona
yechimga ega va u quyidagicha ko ‘rinishda bo ‘ladi

u(t) = > ey, (80)
k=1 M
bu yerda ¢, =(p,v,) lar ¢ funksiyaning Furye koeffitsiyentlari.

Bu paragrafda bundan tashqari chegaraviy funksiyani topish bo‘yicha teskari
masala ham o‘rganilgan. Buning uchun qo‘shimcha shart sifatida quyidagi
shartdan
28
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foydalanamiz:
u(z)=Y¥, 0<z<T, (81)
bu yerda 7 fiksirlangan nuqta.
22-teorema.  Aytaylik, W eD(A) bolsin. U holda (79), (81) teskari

masalaning {u(t), ¢} yagona yechimi mavjud va u quyidagi ko ‘rinishda ega

u(t) = z D gty (82)
k= 1ﬂk

va ©=) 9V, buyerda g =¥ ule"" .

k=1
Be bobda to‘g‘ri to‘rtburchakli sohada kasr tartibli tenglamalar bilan berilgan
jarayonlarni manba funksiyasi yordamida boshgarish masalalari o‘rganilgan.
Quyidagi Kaputo ma’nosida kasr tartibli

Dfu=uy +uy + F(xy,t), 0<x<l, O<y<l,, 0<t<T (83)
tenglamaning

u(0,y,t) =0,u(l,, y,t) =0, u(x,0,t) = u(t), u(x,l,,t) =0, £(0) =0, 0<t<T (84)
chegaraviy va

u(x,y,0)=oe(x,y), 0<x<l,0<y<l,, (85)

boshlang‘ich shartni ganoatlantiruvchi yechimini topish masalasini qgaraylik, bu

yerda ¢(Xx,y) oldindan berilgan funksiya, u(t) chegaralangan, monoton funksiya,

dt)<M,, pu0)=0 va T>0 — fiksirlangan son. Q=(0,l,)x(0,l,) deb

belgilash Kiritaylik.

23-teorema. Aytaylik, f(xy,t)eCe/(AX[GT]. o(xy)eCii(Q)

bo Isin. Agar f(x,y,t) va @(x,y) funksiyalar ularning x,y bo ‘yicha ikkinchi

tartibli hosilalari va t ga nisbatan birinchi tartibli hosilasi Q sohaning

chegarasida nolga teng va f_, f_ lar chegaralangan funksiyalar

xyy! Py Pryy
bo'lib, £, o . 1.

XXy !
wy TUnksiyalar Q da integrallanuvchi bo ‘Isa, u holda (83) -
(85) masalaning Q2 sohada yechimi mavjud va u quyidagi ko ‘rinishga ega

WY ZUOYD) + 23] T 000, E, o221 Jsinex-sing,y, - (86)

n=lm=1
bu yerda
L, -y 2 2
t), agar O<x<l;
U (X1 y,t) = |2 ILI( ) g ' ! /,inm - \/[T_nJ +(7zl-_mj ’
0, agar x=0va x=1,. ! 2

fm(0) = Iij‘”{f(f n7)+ 12 I 1l D“y(t)}sma &Esin B,n x

2

X(t - T)a 1Ea,a (_;an (t - 7’-) )dﬂdfdﬁ
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417 § . Tmn zn zm
Prm ”go(cf n)sin == sin dndé, a,="—, B, =-—.

1 200 1 I2
Boshgaruv masalalarini yechishda f funksiya t ga bog‘lig emas va u(t) =0
deb faraz gilamiz. Aytaylik, W (x,y) funksiya berilgan bo‘lsin. Shunday f(Xx,y)
manba funksiyasini topish kerakki, natijada (83) - (85) masalaning yechimi
quyidagi shartni ganoatlantirsin:
1-masala. t = @ dagigada quyidagi tenglikni ganoatlantirsin
u(x,y,0) =¥(xy). (87)
Boshgacha qilib aytganda, biz manba funksiyasi f(x,y) ni shunday
tanlashimiz kerakki, natijada t=¢ vaqgtda Q muhitdagi harorat W (x,y) kabi

tagsimlangan bo‘lishi kerak.
2-masala. [0,T] vaqt oralig‘idagi quyidagi tenglikni ganoatlantirsin

].u(x, y,t)dt = ¥ (x,y). (88)

3-masala. t, va t, dagigadagi giymatlari yig‘indisi quyidagi tenglikni
ganoatlantirsin
u(x,y,t) +u(x,y,t,) ="¥(xy). (89)
Aytaylik, @(x,y) va W(x,y) funksiyalar quyidagi shartlarni ganoatlantirsin.

a) @(x,y)eC3(Q) funksiya va uning ikkinchi tartibli hosilalari Q sohaning

chegarasida nolga teng va goxxy, (oxyy funksiyalar chegaralangan bo‘lib, gofx‘;y

funksiya Q sohada integrallanuvchi bo‘lIsin.

b) W(x,y)eCgy(Q)) funksiya va 0<i+j<7 bo‘lib, agar i+ ] juft bo‘lsa,
i+]

ox oy’

bo‘lsa,

W(x,y) hosilalar Q sohaning chegarasida nolga teng va agar i+ j toq

i+]

X3y W(X,y) hosilalar Q sohaning chegarasida chekli bo‘lsin, hamda

88
™ 8y ‘{’(x y) funksiya Q sohada integrallanuvchi bo*Isin.
24-teorama. Aytaylik, @ va ¥ funksiyalar mos ravishda a) va b) shartlarini

ganoatlantirsin. U holda (83) - (85) masalaning yechimi (87) shartni
ganoatlantirishi uchun f(x, y) funksiya quyidagi formula bilan aniglanishi yetarli

Prm Ea 1 (_)anm 0” ) . .
f(x, - : Sina, X - Sin , (90
)= Z;mZ; 9“EM+1( 12 0%)  O°E, 4y (—Am6%) “ Fu » (0)

bu yerda ¢, va ¥ . lar Furye koeffitsiyentlari.

25-teorema. Aytaylik, ¢ va ¥ funksiyalar mos ravishda a) va b) shartlarini

ganoatlantirsin. U holda (83) - (85) masalaning yechimi (88) shartni
ganoatlantirishi uchun f (x,y) funksiya quyidagi formula bilan aniglanishi yetarli
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X ks Dom E 2 (_anmT a) : :
f(x,y)= o — = sina,x-sing.y. (91)
( y) ;;J:TaﬂEa,oHZ(_ﬂhzmTa) TaEa,a+2(_/’l‘r\2mTa) ﬂ y

26-teorema.  Aytaylik, ¢ va Y funksiyalar mos ravishda a) va b)

shartlarini ganoatlantirsin. U holda (83) - (85) masalaning yechimi (89) shartni
ganoatlantirishi uchun f (x,y) funksiya quyidagi formula bilan aniglanishi yetarli

f)=33 Fon

n=1 m:1|: tg Ea o+l (_/’antha ) + til.a Ea,a+l (_ﬂhzmtla )

P | Eua(Ait) + Eg s (At |
tg Ea,a+l (_;{’nztha) + tia Ea,a+1 (_ﬁ“nzmtla)

]sinanx-sinﬂmy : (92)
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XULOSA

Dissertatsiya ishi kasr tartibli differensial va xususiy hosilali differensial
tenglamalar uchun turli to‘g‘ri va teskari masalalarni yechishga va kasr tartibli
tenglamalar uchun boshgaruv masalalarni yechishga bag‘ishlangan. Tadgigot
ishlarining natijalari xususida quyidagi xulosalarni gilish mumkin.

Oldin o‘rganilgan ishlardan asosiy fargi bu ishda garalayotgan vaqgt bo‘yicha
nolokal shartlar boshga ishlarda o‘rganilmagan, ya’ni kasr hosilalari bilan berilgan
xususiy hosilali differensial tenglamalar uchun bunday nolokal shartlarga ega
masalalar oldin o‘rganilmagan. Ushbu masalalarni o‘rganishda nolokal shartda
gatnashgan « parametrning o‘rganilayotgan masalalarning yechimi yagonaligiga
ta‘siri aniglangan. To‘g‘ri masalani o‘rganishda biz « parametrning ba’zi
giymatlarida yechimning yagona emasligi va yechimning mavjudligini ta‘minlash
uchun berilgan @ va f funksiyalar uchun ortogonallik shartlarini talab qilish
kerak bo‘lishi ko‘rsatilgan.

Kasr hosilaning tartibini aniglashda oldin foydalanilgan shartlardan boshga
shart ya’ni biror xos funksiyaga proyeksiyalashdan foydalanilgan. Oldingi ishlarda
foydalanilgan shartdan izlanuvchilar fagat yechimning yagonaligini ko‘rsatishda
foydalanishgan. Bu yerda foydalanilgan shart nafagat yechimning yagonaligini,
balki uning mavjudligini ham ta‘minlashga kifoya giladi.

Tenglamaning o‘ng tomoni va chegaraviy funksiyani topish bo‘yicha teskari
masalani topish shartlari keltirib chigarilgan.

Elliptik qismi yuqori tartibli va ko‘p o‘zgaruvchili kasr tartibli
tenglamalarning klassik yechimni olish uchun Krasnoselskiy lemmasidan
foydalanish usuli ishlab chigilgan.

Chegaraviy shart kasr tartibli hosila bilan berilgan tenglamalarning yechimi
mavjud va yagona bo‘lishligi uchun chegaraviy funksiya uchun ortogonallik
shartlari kelib chigishi tushuntirilgan.

Barenblatt-Jeltov-Kochina va boshga tipidagi kasr tartibli tenglamalar uchun
to‘g‘ri va teskari masalalarni yechish usullari ishlab chigilgan.

Kasr tarttibli xususiy hosilali differensial tenglamalar uchun ushbu kasr
tartibli tenglama bilan berilgan turli jarayonlarni manba funksiyasi yordamida
boshgarish usullari ko‘rsatilgan.
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INTRODUCTION (Abstract of DSc thesis)

Actuality and necessity of the theme of the thesis. In recent years, creating
a mathematical model of many life processes and solving it with mathematical
methods has become widespread among mathematicians. These processes are
inextricably linked with the development of medicine and techniques. Fractional
integrals and derivatives have many applications in the fields of physics, biology,
medicine and technology, and it is important in the development of these
specialities. For this reason, in recent years, mathematicians are increasingly
interested in studying differential equations with fractional derivatives and partial
differential equations. Fractional equations represent diffusion and wave
propagation processes simultaneously. Such processes are very common in nature;
Therefore it is very important to study fractional equations. Take an example the
process of virus spread. In 2020, Professors of “the Laboratory of Differential
Equations and Its Applications” and ‘“the University of New Haven” developed
models for determining the rate of virus spread, the source of enternal and internal
influence and the boundary influence. At the same time, the obtained results were
applied to the analysis of the spread of COVID-19 in association with Johns
Hopkins University.

In addition to learning how to solve partial differential equations, it is very
important to learn how to solve inverse problems related to determining the
coefficients of the equation, its right side, the boundary function, and the order of
the fractional derivative. Studying inverse problems gives us the opportunity to
study, analyze and control the processes given by the fractional equation. For
example, if we take heat diffusion processes, our knowledge of the boundary
function allows us to control the heat diffusion from the boundary. There are many
similar examples. If we consider the fractional equation if the order of the
fractional derivative 1<p<2, it represents simultaneous diffusion and wave
propagation processes, if 0<p<1, it indicates slow diffusion processes. For
example, one can take the processes of virus propagation. There are many such
processes in our life. That is why it is important to study fractional equations.

In our country, attention has been paid to the current directions of differential
equations and mathematical physics, which have scientific and practical
application of fundamental research®. Conducting scientific research at the level of
international standards in priority areas of mathematical sciences, especially
“algebra and functional analysis, differential equations and mathematical physics,
theory of dynamic systems” is defined as the main task and direction of the activity
of the V.I. Romanovsky Institute of Mathematics named after Academy of
Sciences. It is important to develop new directions of mathematical physics in
ensuring the implementation of the decision. Decree and Resolutions of the
President of the Republic of Uzbekistan No. PQ-3682 of April 27, 2018 “On

! Decree of the Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May , "On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan" No. 292
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measures to further improve the system of implementation of innovative ideas,
technologies and projects” and No. PQ-4387 of July 9, 2019 “Mathematics
education and state support for the further development of sciences, as well as on
measures to fundamentally improve the activity of the Mathematical Institute
named after VV.I. Romanovsky of the AS of UzR, as well as in the implementation
of the tasks specified in other regulatory legal documents related to this activity
dissertation research serves a certain level.

Connection of research to priority directions of development of science
and technologies of the Republic. This research work was carried out in
accordance with the priority direction of development of science and technology in
the Republic of Uzbekistan IV. “Mathematics, mechanics and informatics”.

Review of foreign scientific researches on the topic the dissertation.
Almost all universities, research institutes and scientific centers of the world are
conducting researches on direct and inverse problems for fractional differential and
partial differential equations. We will list some of them as an example. As we said
above, they are Johns Hopkins University (USA), Tokyo University (Japan),
Berlin University of Applied Sciences (Germany), New Haven University (USA),
Berlin University (Germany), Belorussian State University (Belarus), Hokkaido
University (Japan), at La Rochelle University (France), Institute of Applied
Mathematics and Automation (Russia), Middle East University (Turkey),
International Kazakh-Turkish University (Kazakhstan) and others.

Inverse problems on determining the order of the fractional derivative were
studied by Professor M. Yamamoto of Tokyo University (Japan) and others. Their
method ensured the uniqueness of the solution of the inverse problem only.
Professor S. Umarov of the New Haven University of the United States of America
and Professor R. Ashurov of the Mathematical Institute of the FA of the Republic
of Uzbekistan obtained new conditions for single-valued determination of the
solution of the inverse problem for determining the order of the fractional
derivative, if the first eigenvalue of the spectral problem corresponding to the
equation is zero and the first eigenfunction is a constant number.

Various boundary problems for fractional differential and partial differential
equations are studied by many scientists. The nonlocal condition connecting the
values of the initial time and the assigned time for the diffusion equations was
studied in the works of A. Ashyaraliyev (Turkey) and others. Boundary conditions
for elliptic equations, which given with fractional derivatives were studied by
B.Turmetov (Kazakhstan) and others.

The degree of scrutiny of the problem. Nowadays, many mathematicians
are engaged in solving fractional partial differential equations and related inverse
problems. As an example of the results obtained in this direction, we can choose
following: Sh.O. Alimov, R.R. Ashurov, S.R. Umarov, M. Yamamota, Z. LI,
A.Ashyaraliyev, B. Turmetov, Y. Zhang, H.T. Nguyen, A.V. We can mention the
works of Pskhu, A.S. Malik, E. Karimov and etc. An article, which was published
by Z. Li and others, in 2019, was stated in “Open Problems” section: “The
research on the inverse problem of restoring fractional orders is not satisfactory,
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because all articles were studied the problem in t € (0,00). It would be interesting

to study the value of the fixed-time solution as observation data for the inverse
problem”. Therefore, in all studied works, except for the work of J. Janno, only the
uniqueness of the solution is indicated. In the work of J. Janno, the existence of the
solution is also shown, but he used another condition as an additional condition.
R.R. Ashurov and S.R. Umarov developed a new condition to ensure the existence
and uniqueness of the solution, if the first eigenvalue is equal to zero, and the
corresponding eigenfunction is a constant number. In this dissertation work, using
this condition, the problems of determining the order of the derivative with
fractional order for different cases were studied. Additionally, even if the first
eigenvalue is not equal to zero, the condition that its projection to the
corresponding eigenfunction is equal to some number at a given time and one can
use this case

In this dissertation work, the elliptic part consists of a self-adjoint, positive,
unbounded, arbitrary operator A of fractional equations of the form
dru(t)+Au(t)=f(t) in time u(&)=ou(0)+ep ( a is a constant number, & is a fixed
point) we study the problem of finding a satisfying solution of the nonlocal
boundary condition, where the fractional derivative in the Caputo sense or in the
Riemann-Liouville sense is represented by the operator d, on the left side of the

equation. We remind you that such u(¢)=au(0)+¢ nonlocal condition for fractional
equations was studied for the first time in this work, and the conditions for the
parametr a existence and uniqueness of the solution of the problem under
consideration were derived. If a =0 (and £ =T ), this is called a backward problem.
Backward problem for equations involving fractional derivatives in the Caputo
sense, e.g. Y. Liu, K. Sakamoto, M. Yamamoto, G. Floridia, Z. Li, studied in
detail in his work. Backward problem for fractional derivative equations in the
Riemann-Louisville sense was studied in the work of Sh. Alimov, R. Ashurov.
You can be familiarized with the regression problems for classical equations in the
book of S. Kabanikhin. Therefore, we will only study the case of a#0 in the
nonlocal condition. For diffusion equations, where o =1, it was studied in the
works of A.O. Ashyralyev and others. In addition, coercive type inequalities are
obtained. Many researches has been done to find the function f on the right side of
the equation. As far as we know, the inverse problem of finding the ¢ function is
covered only in the article by T. Yuldashev, B. Kadirkulov. The authors studied
this problem for fractional equations in the sense of Hilfer, consisting of a one-
variable differential expression with constant coefficients in the elliptic part. The
Cauchy problem for integral and fractional derivative equations with an elliptic
part of high order with multiple variables was studied for the first time in R.R.
Ashurov, A.T. Mukhiddinova. The direct and inverse problems for the
subdiffusion equations of fractional order in the Riemann-Liouville sense given by
the nonlocal boundary condition were studied for the first time in this work. The
boundary conditions for elliptic equations are given by the fractional derivative,
studied by S. Umarov, B. Turmetov and other works. In these works p is shown

37



that if the order of the fractional derivative is 0<p<1/2, then non additional
conditions are required for the boundary function, and if it is 1/2<p<1, additional
conditions are required. R. Gorenflo, Yu. In the work of Luchko, S.Umarov,
additional conditions were obtained for the boundary function for the existence of
a solution for the case where the boundary condition for equations with elliptic
pseudo-differential operators is given by a fractional derivative. The Barenblatt-
Zheltov-Kochina equation is the basic equation for the filtration of homogeneous
fluids. Published in the work of G. I. Barenblatt, Yu. P. Zheltov and I. N. Kochina.
Later it was studied in other works. Fractional equations of the Barenblatt-Zheltov-
Kochina type were studied for the first time in this work.

Many mathematicians have conducted researches in the direction of optimal
control issues. As an example N.Yu. Satimov, Sh.O. Alimov, V.A. Il'in,
A.Azamov, E.l. Moiseev, A.G. Butkovsky, F.R. Vasiliev, J. Lyons, R. Varga,
A.l.Yegorov, F.Y. Chernousko, S.A. Avdonin, S.V. lvanov, H.G. Guseynova,
V.V.Tikhomirov, K.A. Lurelar, M. Tokhtasinov, G*. Ibragimov, N. Mamadaliyev's
works can be mentioned. For the first time, the control issues of the processes
described by differential equations are described in detail in book of J.L. Lions. In
recent years, there has been an increasing interest in the study of process control
problems described by various differential equations. In the works of V. A. Il'in
and E.l. Moiseev, boundary control issues for processes related to wave
propagation were studied. The problems related to the management of the
processes described by parabolic type equations, in particular, the heat transfer
process, were noted in works Barbu V., Rascanu A., Tessitore G. and Fattorini
H.O. The problem of control of processes represented by homogeneous heat
transfer equations was discussed by academic Sh.A. Alimov. It can be found in the
works of Sh. A. Alimov. For the first time in this work, control issues using the
source function for fractional equations were studied.

The connection of the theme of the thesis with the research plans of the
higher education institute, where the research on the thesis is carried out. The
dissertation work was carried out in accordance with the planned research topic F-
FA-2021-424 of the Institute of Mathematics “Solution of boundary value
problems for partial differential equations of integer and fractional order”. It was
carried out at the Department of “Differential Equations and Mathematical
Physics” of the Academy of Sciences of the Republic of Uzbekistan named after
V.l. Romanovsky and the National University of Uzbekistan named after M.
Ulugbek.

The aim of the research work is to indicate that there is a unique solution to
the direct and inverse problems for partial differential and fractional partial
differential equations with an arbitrary elliptic operator.

Research problems:

Construction of the solution of the equation of higher fractional order;

Solving nonlocal conditional boundary value problems in time for
subdiffusion equations of fractional order;

38



Solving nonlocal boundary-value problems for subdiffusion equations of
fractional order;

Solving direct and inverse problems on finding the order of the derivative and
the right side of the equation in fractional partial differential equations;

Solving hyperbolic and parabolic equations given by the boundary condition
fractional derivative;

Solving direct and inverse problems for fractional equations of the Barenblatt-
Zheltov-Kochina type;

Solving direct and inverse problems for equations of the Barenblatt-Jeltov-
Kochina type, where the boundary condition is given by a fractional derivative;

Construction of the solution of the first boundary value problem for fractional
partial differential equations;

Solving control problems for fractional partial differential equations;

The research object. Caputo, Riemann-Liuville, Griinvold-Letnikov, Weyl
fractional derivatives, Mittag-Leffler functions, fractional time equations.

The research subject. The research subject of the dissertation consists of
direct and inverse problems for differential equations with arbitrary elliptic
operators with partial derivatives and fractional derivatives.

Research methods. Mathematical analysis, functional analysis, differential
equations and mathematical physics methods were used in the thesis work. The
method of separation of variables from the methods of mathematical physics is
used, and the completeness of the system of eigenfunctions in the Hilbert space is
applied.

The scientific novelty of the research work consists of the following:

the solution of fractional subdiffusion equations satisfying the nonlocal
condition, the solution of inverse problems on finding the right side of the equation
and the boundary function exists and it is proven to be unique;

in fractional partial differential equations, there is a solution to the correct and
inverse problems of finding the order of the derivative and the right side of the
equation at the same time, and it has been proven that it is unique;

it is proved that the solution of hyperbolic and parabolic equations, given by
the boundary condition with the fractional derivative, is exist and unique;

it has been proven that the solution of the direct and inverse problems for
fractional equations of the Barenblatt-Zheltov-Kochina type exists and it is unique.
Additionally, it has indicated the existence and uniqueness of the solution of the
direct and inverse problems for differential equations of Barenblatt-Zheltov-
Kochina type, which boundary condition is given by a fractional derivative;

the solution of the first boundary value problem for fractional partial
differential equations was constructed, it was found selection conditions of the
source function, what is for the temperature, depends on time, in a rectangular area
Is distributed as a predefined function.

Practical results of the research. In the research paper, methods for solving
fractional differential and partial differential equations are proposed, and methods
for solving fractional equations with an arbitrary elliptic operator are presented. At
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the same time, the method of solving inverse problems on finding the right side of
the equation and determining the order of the fractional derivative is described.

The reliability of the results of the study. The results have been obtained by
using the methods of modern methods of mathematical physics, mathematical
analysis, differential equations, the theory of special functions for the construction
of fundamental solutions, finding exact solutions of boundary value problems and
solving the theoretical problems of elliptic equations.

Scientific and practical significance of the research results. The scientific
significance of the research results is that the scientific results obtained in the work
can be used in the theory of fractional differential and partial differential equations.

The practical importance of the results obtained in the dissertation work is
determined by their application in the study, control and management of processes
given by fractional equations.

Implementation of the research results. Based on the results obtained for
the direct and inverse problems for fractional partial differential equations with a
high-order elliptic part:

the uniqueness and existence conditions of the solution of hyperbolic and
parabolic equations, whose boundary condition given by the fractional derivative,
were used to build the models of the systems in the fundamental project on the
topic “Building adequate computational models for hyperbolic systems” numbered
OT-F-4-28 (reference of the National University of Uzbekistan, dated September
30, 2022, under the number 04/11-5960). The application of the scientific results
of hyperbolic type differential equations made it possible to build computational
models of systems;

controlling with the help of the source function of the processes given by
fractional derivative equations was used in the transfer of radon in the atmospheric
soil system in the project “Support of the Russian President of Young Scientists”
No. MD-758.2022.1.1 (reference of Vitus Bering Kamchatka State University
dated September 27, 2022, under the number 39-12). The application of the
scientific results of hyperbolic type differential equations made it possible to build
computational models of systems;

from the solutions of the Barenblatt-Zheltov-Kochina differential equations,
which are the basic equation of process control and filtration given by various
equations, number MRU-OT-30/2017 on the topic “High-precision computational
algorithms for solving problems of gas dynamics, filtration and transport flow
dynamics using modern supercomputers” used to solve boundary issues in a
scientific project (reference of the National University of Uzbekistan, dated
October 4, 2022, under the number 04/11-6042). Equations of Barenblatt-Zeltov-
Kochina type are the basic equations for filtering homogeneous fluids. The usage
of the results of scientific work made it possible to build calculation models of
boundary problems, filtration and control problems.

Approbation of the research results. The results of this research were
discussed at 28 scientific-practical conferences, 13 of them international and 15
national scientific conferences.
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Publications of the research results. On the topic of the dissertation, 42
scientific papers were published, 13 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of thesis of the DSc, including 9 of them published in
international foreign journals and 4 in national scientific journals, 1 in a foreign
journal and 28 abstracts.

The structure and volume of the thesis. The dissertation consists of an
introduction, 5 chapters, a conclusion and a list of used literature. The dissertation
consists of 222 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the introduction, the relevance and necessity of the dissertation topic is
based, the compatibility of the research with the priority directions of the republic's
science and technology is shown, the review of foreign scientific researches on the
topic, the level of research of the problem is presented, the purpose, tasks, object
and subject of the research are described. The scientific novelty and practical
results of the research are described, the theoretical and practical significance of
the obtained results is disclosed, information is given on the implementation of the
research results, published works and the structure of the dissertation.

The main goal of the first chapter of the dissertation is to study nonlocal
boundary value problems in time for fractional equations. The first paragraph of
the dissertation contains auxiliary information,it is necessary for the presentation
of the results of the dissertation. In the second paragraph, the problem of
constructing the solution of differential equations of higher fractional order is
studied. R. Ashurov, A. Cabada and B. Turmetov used the method of constructing
the solution of fractional derivative linear differential equations in the sense of
Caputo. In the third paragraph, nonlocal boundary condition problems in time for
fractional equations in the sense of Caputo and Riemann-Liouville are studied.

Let H be a separable Hilbert space with the scalar product (,-) and the norm

|I-]l and A:H — H be an arbitrary unbounded positive selfadjoint operator in H .
Suppose that Ahas a complete in H system of orthonormal eigenfunctions {v, }and
a countable set of positive eigenvalues{4, }. It is convenient to assume that the
eigenvalues do not decrease as their number increases, i.e.,0< 4, <4, -+ — 0.

Using the definitions of a strong integral and a strong derivative, fractional
analogues of integrals and derivatives can be determined for vector-valued
functions (or simply functions) h:R, — H, while the well-known formulae and
properties are preserved.

Recall that the fractional integration of order o of the function h(t) defined

on [0,) da has the form

o 1 L h(©) 1
J h(t)—r(a)g(t_é)l_ddf, t>0 1)
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provided the right-hand side exists. Here I'(o) is Euler’s gamma function. Using
this definition one can define the Riemann-Liouville fractional derivative of order

p,0<p<l as
oPh(t) = %Jtl_ph(t) .

If in this definition we interchange differentiation and fractional integration, then
we obtain the definition of the regularized derivative, that is, the definition of the
fractional derivative in the sense of Caputo:

DEN(t) = Jf”%h(t).

Let pe<(0,1) be a fixed number and let C((a,b);H) stand for a set of
continuous functions u(t) of t e (a,b) with valuesin H .

The subject of this work is the following two nonlocal boundary value
problems:

{D{’u(t)JrAu(t) = f(t), O0<t<T: .
u(&) = au(0) + ¢, 0<E&LT
and
ofu(t) + Au(t) = g(t), 0<t<T;
3)

Iy U() h=g = alinthl‘pu(t) +¢, 0<EXT,
t—

where f(t),9(t)eC((0,T];H), ¢,¢cHand « —is a constant, £— fixed point.
These problems are also called the forward problems.

Definition 1. A function u()eC([0,T];H) with the properties
Dfu(t), Au(t) e C((0,T); H)and satisfying conditions (2) is called the solution of
the nonlocal problem (2).

The definition of the solution to the nonlocal problem (3) is introduced in a
similar way.

If =0 (and &=T), then these problems are called the backward problems.
The backward problems in case (2) were studied in detail, for example, it was
studied in detail in the works of M. Yamamoto and others. (3) the issue of going
back in the case of Sh. Alimov and R. Ashurov. Therefore, in what follows we
only consider the case

a#0.

In the case p=1 these problems are also called the inverse heat
conduction problem with inverse time (retrospective inverse problem). It should
also be noted that, in this case, even the smoothness of the function u(T) does not
guarantee the stability of the solution.

In the case p=1, a =1, the operator A is for the case defined in the Banach
space. It was studied in the works of A.O. Ashyralyev and others.
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The problems given by the nonlocal condition for fractional equations
u(g) = au(0) + @ (I u(t) k== alimdi “u(t) +¢) are studied for the first time in
t—0

this work.

In the present paper we prove the existence and uniqueness theorems for
solutions of problems (2) and (3). Next, we will study the dependence of the
existence of a solution on the value of the parameter «. We will also prove, in
contrast to the backward problems, that the solutions of problems (2) and (3)
continuously depend on the right-hand side of the equation and on the function ¢.
Inequalities of coercivity type are obtained and it is shown that these inequalities
differ depending on the considered type of fractional derivatives. The inverse
problems of determining the right-hand side of the equation and function ¢ in the
boundary conditions are investigated.

To solve problem (2), we divide it into two auxiliary problems:

{D{’a)(t) +Aw() = F(t), O0<t<T; @
@(0) =0,
and
{D{’W(t) +AW({M) =0, O0<t<T; -
w(¢&) = aw(0) +w, 0<E&LT,

where v € H is a given function.

If v =¢p—w(&) and w(t) and w(t) are the corresponding solutions, then it is
easy to verify that function u(t)=aw(t)+w(t) is a solution to problem (2).
Therefore, it is sufficient to solve the auxiliary problems.

Let 4y >0 such that E,(—1,¢”) =, where E (t) is Mittag-Leffler function.
Let 4 =4, and let this eigenvalue be a multiple of p,. We denote such k numbers
as Ko ={Kkgy,ky+1,....kg + po —1}.

Let 7 be an arbitrary real number. We introduce the power of operator A,
acting in H according to the rule:

A'h =3 Achv,
k=1

where h, =(h,v,) are the Fourier coefficients of a function heH.
Obviously, the domain of this operator has the form:

D(A") ={heH kzﬂf [y < oo},
=1

To solve problem (4), we prove the following theorem.
Theorem 1. Let f(t) eC([0,T];D(A?)) for some &< (0,1). Then problem
(4) has a unique solution and this solution has the representation
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o |t
w(t):kz 777 E, (=40 i (t=n)dn |v,. (6)
=1 o

Moreover, there is a constant C,. >0 such that the following coercive type
inequality holds:
1D (t) I +||w(t)||fscgtrrgg¥]|| fIB, 0<t<T, (7)

If f €H does not depend on t, then the statement of Theorem 1 is true.
Corollary 1. Let f e H. Then problem (4) has a unique solution and this
solution has the representation
a)(t) = Z fktpE,o,p+1(_ﬂ’ktp)Vk' (8)
k=1
Moreover, there is a positive constant C such that the following coercive type
inequality holds:
IDfo(t) I+l o®) [F<C f [P, 0<t<T. (9)
To solve problem (5), we prove the following theorem.
Theorem 2. Let w e H .
If «¢(0,1) or ¢ (0,1), but A4, =4, for all k=1, then problem (5) has a
unique solution and this solution has the form:
_< Wi
w(t) =Y. E, (~ At ). (10)
GE (A& —a 7
If ¢ €(0,1) and A4, = 4,, (keKj)
v =, V) =0, keKy;, Kg={ko, ko +1,.....Kg + pg —1}, (11)
then we assume that the orthogonality conditions are satisfied. The solution of
problem (5) with arbitrary coefficients b, , k € K, has the form

— Y Y 4P
w(t) keZK:O E(AE")—a E, (A7) +k€ZK:ObkEp( ALV (12)
Moreover, there is a constant C, >0 such that the following coercive type
inequality holds:
I DPWE) P+l w(t) [ < Ct ™™ [l [P, 0<t<T. (13)
The solution to problem (2) is reflected in the following theorem.
Theorem 3. Let peH and f(t) eC([0,T]; D(A?)) for some ¢ (0,1).
If ¢ (0,1) or ¢€(0,1), but 4 = A, for all k=1 then problem (2) has a
unique solution and this solution has the form

v a—a(S) .
WO 2| ey A T A (14)
If ¢ €(0,1) and , 4 = 4y, keK,
(V) = (@(&), v ), keKy;, Ky={kg, Ky +1,.....kg + pg —1}. (15)
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then we assume that the orthogonality conditions (15) are satisfied. The solution of
problem (2) with arbitrary coefficients b, , k € K, has the form

t) = A=ale) g g t bE (—At°)WV,. (16
u(t) ngK‘,O E (AL")-a » (A7) + o (1) Vk+kEZK:Ok o (At )V (16)

Moreover, there are constants C, >0 and C, >0 such that the following
coercive type inequality holds:
ID2U(t) [P +[lu(t) [F<C,t 72 [l ] +Co max | f 5, 0<t<T.  (17)

When solving inverse problems, we need an additional condition. We use

the following condition as an additional condition for both cases:
u(z) =Y, 0<z<T, 7=& (18)

In the study of inverse problems, we treat the function f € H not depend on
t. Note that if = ¢&, then the nonlocal condition in (2) coincides with the Cauchy
condition u(0) = ¢, (a=0). Such inverse problems have been studied in previous
works.

Definition 2. A pair {u(t), f} of functions u(t) eC([0,T];H) and f eH
with the properties Dfu(t), Au(t) e C((0,T];H) and satisfying conditions (2), (18)
Is called the solution of the inverse problem (2), (18).

We study the inverse problem of finding the right side of the equation
separately for the cases « >1 and O < « <1.

At first, we present the result obtained for the case of « >1.
Theorem 4. Let ¢, ¥ € D(A) and « >1. Then the inverse problem (2), (18)

has a unique solution {u(t), f} and this solution has the following form:

i{ a—E,(~/4&") -
S| E,(-AT")EPE, L (—AEP) + 7, L a(—At”a—E, (—4&7)]

E,(~47") } (19)
VB CATP)EPE,  (AEP)+ePE, (At Ma—E (AN

and

u(t) =
00 E _ tp
kzlL = (ﬂkj:p )3 r _kaPEp,pﬂ(—ﬂkgﬁp)]JrfktpEp,pﬂ(_,qktp)}Vk_ (20)

Now, as we said above, we present the results obtained for the case of
0 < a <1 separately. In this case, there is a solution to the inverse problem, and its
uniqueness also depends on the location of points & and 7 .

Theorem 5. Let O<a<l, ¢ ¥YeD(A) and we assume that the
orthogonality conditions (15) are satisfied. If 0<z <&, the inverse problem (2),
(18) has a unique solution {u(t), f} and this solution has the following form:
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.. Z{ a—E,(-A&") .
ik | Ep(ATP)EPE L L a(~AEP) +7°E,, o (~Aa” @ —E (-4 &EP)] e
E,(~47”) -
B CAT)EE, a(AlP) 4 TPE, (At —E (AL ¢
and
E,(—At”)
u(t) = ngKO[ : (’j ) fEPE, (AL + fktPEp,pﬂ(—ﬂktp)}vk-
4 Z B, ALY, V (22)

keKg E,(-47”) :
Consider the problem (2) and assume that, together with function uf(t),
function ¢ in the nonlocal condition u($) =au(0)+¢ is also unknown. To solve
this inverse problem, we need an additional condition, and as such we again take
the condition that was used in the previous inverse problem (18).
Definition 3. A pair {u(t),¢} of function u(t)eC([0,T];H) and ¢cH
with the properties D{u(t), Au(t) e C((0,T);H) and satisfying conditions (2),(18)
are called the solution of the inverse problem (2),(18).

As mentioned above, it is possible to simplify the proof of the uniqueness of
the solution by placing an additional condition on the « parameter, so we will

study this problem for two cases E ,(-4,&”) #a and E ,(-1,¢”) =a.

Theorem 6. Let ¥ € D(A), f eC([0,T];D(A?)) for some ¢<(0,1). If is
a¢(01) or ¢ €(0,1), but for all k=1 is A4, # 4y, then the inverse problem (2),
(18) has a unique solution and it has the following form

_ 2| E AN —a |
co—kZ:l[ £ (A) [ wk(r)]+wk(§)_vk, (23)
and i
A=) e a1 a 24
u(t) = l(ZlL(Mp)_ p (A )+wk()_vk, (24)
where

t
o (1) = [n°7'E,, ,(~A4n?) f (t—n)dn.
0

Now we present the following theorem for the case of a €(0,1).

Theorem 7. Let a<€(0,1), Y D(A), and f eC([0,T];D(A?)) are for
some ¢ <(0,1), and if the orthogonality conditions (15) are satisfied, then the
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inverse problem (2), (18) has a unique solution {u(t),»}, and this solution has the
following form

o [Ecagn-a
’ kgzKi E,(~4r”)

[V — o ()] + wk(é)}vk, (25)

and

_ ¢ — 3 (&) e E,(=A41")Y,
U(t)—%{Ep(_Mp)_aEp( At )+wk(t)}vk+k§g E (A7) Ve, (26)

where
t
ay (t) = In” ‘1Ep, »(=4n?) f (t=m)dn.
0

In the case of fractional Riemann-Liouville derivatives, we consider only the
forward problem for the homogeneous subdiffusion equation. The inhomogeneous
equations and inverse problems considered above are studied in exactly the same
way as in the case of the Caputo derivatives.

Consider the forward problem:

ofu(t) + Au(t) =0, 0<t<T;

B0 o= limd @) +4, 0<E<T @)
t—

where ¢ € H and the number « are given.
As mentioned above (see the previous section), we only consider the case
where all k >1 are E ,(-4&”) # a.

Theorem 8. Let g H and E, (-4<&”) =« for all k>1.. Then problem
(27) has a unique solution and this solution has the form

— < ¢k p-1 . Yol
u(t) kqup(_Mp)_at E, ,(~A4t” ). (28)

Moreover, there is a constant C, >0 such that the following coercive type
inequality holds:

[o2u® I +lu@®) [3<CA>" || g]|”, 0<t<T. (29)

In the fourth paragraph of Chapter I, the nonlocal-boundary value problem is

studied, the problems of finding the classical solution for fractional derivative

equations in the Riemann-Liouville sense, the right side of the equation and the
function ¢ in the nonlocal condition are studied.

Let QO be an arbitrary N — dimensional domain with sufficiently smooth Q.
boundary. We consider the following nonlocal boundary-value problem:

ofu(x,t)—Au(x,t) = f(xt), xeQ, 0<t<T; (30)

u(xtlx0=0; (31)

JTPUY) o= alimIf Pu(x ) +p(X), 0<E<T, xeQ, (32)
t—0

47



where f(x,t), ¢@(x) are given functions, « is a constant, & is a fixed point
N 2
and A= Z% Laplace operator. This problem is also called the forward
k=1 OX
problem.
Definition 4. A function u(x,t) with the properties
1. t7Pu(x,t) e C(Qx[0,T]),
2. 8Pu(x,t),Au(x,t) e C(Qx (0, T]),
and satisfying conditions (30) - (32) is called the solution to the forward
problem.
The following lemma of Krasnoselsky et al plays an important role in this
paragraph.
Lemma 1. Let r>m+2ﬁ . Then, for all |a|<m, the operator
m m
D*(A+1)"" maps L,(Q) to C(Q) continuously (completely), and the following

evaluation holds:
ID“(A+1)"g le@=Clg |||_2(Q) :
In proving the existence of solutions of forward and inverse problems

o0 . N
> A Ih F, >, (33)
k=1

it is necessary to learn whether the series in the form are convergent, where h, are
the Fourier coefficients of the h(x) function. For the convergence of the series at
integer values of the number 7 in (33), depends on belong to which classical
Sobolev spaces W2k () of the function h(x). It is shown in the fundamental work

of V.A. Il'in. To introduce these conditions, we introduce the class Wzl(Q). We

define the closure of the set of all functions continuously differentiable in the field

Q) and equal to zero around the boundary 62 according to the norm of Wzl(Q).
So if h(x) is the following function

N1 oy .
h(x)eW,2 (Q) vah(x), Ah(x), - A 4 h(x) eWL(Q), (34)

satisfies the conditions, then the series (33) is convergent (if N is even, r = % +1

,if N is odd, it can be taken as 7 = N+1

).

Similarly, if we replace 7 with 7+ 2 in (33), the approximation conditions

will have the following form:
N N

[N143 0y
h(x)eW,2" (Q) and h(x), Ah(X), - A

—1+1 .
4 h(x) eWA(Q). (35)
We present the main result of the fourth paragraph:
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Theorem 9. Let o(x) and t©7f(x,t) (for all te[0,T]) functions satisfy
conditions (34). If ¢ ¢[0,1) or & €(0,1), but 4, = A, forall k , then problem (30)
- (32) has a unique solution, and this solution is the form

| e ad)
u(x,t) kZ:le(_ﬂk ép)_at E, (At )+a4<(t)}vk(><), (36)

t
where @, (t) = [n”E, ,(-A4n") fi (t—n)dn.
0

If a<(0,1) and A =4,,keK,, we assume that the orthogonality

conditions (15) are fulfilled. Then the solution of problem (30) - (32) is with
arbitrary coefficients b, , k € K, has the form

u(x,t) = Z{ i 1) tp1Ep,p(—/1ktp)+a4<(t)}vk(x)+

keK), Ep(_/'lké:p)_a
+ Y Bt TE, (AL )V (X) (37)
keK

0

In this paragraph, we will also study inverse problems for finding the right-
hand side of the equation and the marginal function. To study the inverse problem,
we need an additional condition. As an additional condition

ux,0) =¥(x), 0<O<T, =& xeQ, (38)
we get the condition. Here f(x) representing the source function is an unknown
function independent of t and W (x) is a given function.

Theorem 10. Let the functions ¢(x), W(x) satisfy conditions (35). Then
there is a unique solution {u(x,t), f (x)} of the inverse problem (30)-(32), (38) and
this solution has the following form

f(x)=
- i 1 @~ B, (TACT) Yy +
k=1 0” Ep,p(_ﬂkgp)gp Ep,p+l(_ﬂ"k§p) +0” Ep,p+1(_ﬂ'kep)[a - Ep (_;tkép)]
p-1 _1 QP
e PYEP - E/f'p( ik@) p p q)k}vk(x),
0"k, ,(&O07)S"E, 1 (AET) +O7E, (407 a - E,(-4S7)]
(39)

u(x,t) =

o E — t’o
_ Z{E pp AL " Yo, - fEPE, (AL )+ fktpEp,p.;_l(_ﬂktp)lek(X)'

(40)
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Let us assume that in the problem (30) - (32) not only the function u(x,t),
but also the function @(x) in the nonlocal condition is unknown. The problem of
finding a pair of functions{u(x,t),o(x)} is called the inverse problem of finding a
function ¢. As an additional condition to solve this inverse problem, we again
obtain condition (38).

Theorem 11. Let the expression t©7 f (x,t) as a function of X satisfies the
conditions (34) on all t €[0,T] and the function W (x) satisfies the conditions (38).
Then the inverse problem (30) - (32), (38) has a unique solution {u(x,t),o(x)} and
this solution has the following form

_a] Ecag)-a
=3 { oy O wk@)}vk(x), (41)

— o ¢k_a)k(é:) p—1 2P
(1) kzzle(_Mp)_at E, (Al )w(t)}vk(x), (42)

t
where oy (t) = [n”E, ,(~4n") i (t—m)d7.
0

The second chapter of the dissertation is devoted to solving inverse problems
on finding the order of the time derivative and the right side of the equation.

Many scientists have conducted research on determining the order of the
product. It should be noted that in all these works the following relation is taken as
an additional condition

u(xg,t)=h(t), 0<t<T,
here is the tracking point x, € Q. Experts mainly studied the uniqueness of the

solution in the inverse problem of determining the order of the derivative of a
fraction.

Only Estonian mathematician Jaan Janno‘s article deals with existence and
uniqueness. In his paper, J. Janno considered the one-variable time subdiffusion
equation of the Caputo derivative. The author took Bu(-,t) =h(t), 0<t<T asan

additional boundary condition, where an operator, he was able to prove the order of
the derivative in Eq. and the existence theorem to determine the kernel of the
integral operator.

A 2019 paper by Z. Li et al correctly stated in the Open Problems section:
“Research on the inverse problem of fractional derivative order recovery is not
satisfactory because all the papers t e (0,00) the problem studied in. It would be

interesting to study the inverse problem on the value of the fixed-time solution as
observation data”,

In this chapter, the above-mentioned problem is partially solved, and we
prove that the solution of the inverse problem of determining the order of the
equation in fractional partial differential equations exists and is unique. For this, as
an additional condition, as noted in the “Open problems” section, we take the value
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of the solution at the given time as the observation point. To do this, we use the
following additional condition given at the time t;, is assigned:

U(pit) = [u(xto)dx=do, 42Ty, (43)
TN
here T, is a fixed number.

In the first paragraph of the second chapter, the inverse problem for
determining the order of the fractional time derivative in the inhomogeneous
subdiffusion equation with an arbitrary elliptic differential operator with constant
coefficients on an N - dimensional string is considered. Using the classical Fourier
method, the problem of restoring the order of the fractional derivative based on the
information about the value of the solution at the appointed time is studied. At the
same time, the problem of generalization to arbitrary N - dimensional domain and
elliptic operators with variable coefficients was considered.

Suppose that A(D)= ) a,D“ is a homogeneous, symmetric elliptic

|orf=m
differential operator with constant coefficients, that is, A(£)>0 for all £#0,
: . 0
where a = (g, ay,...,ay) is a multi-index and D = (Dy, D,,...,Dy), D;j :87 . By

J

Cc™(TV), we define a class of functions derived from X;j with period 27 and

Cm(RN) for each variable v(x). Suppose operator A is a standard operator of the
form Cm(RN) defined in Av(x) = A(D)v(x) . Let us assume that p € (0,1).
Consider the following initial boundary value problem

afu(x,t) + Au(x,t) = f(x,t), xeTV, 0<t<T, (44)
limd: Pu(x,t) = o(x), xeT". (45)
t—0
The following
fo =const, ¢+ ff #0, (46)

we use a method based on the classical Fourier method to find the order of the
fractional derivative when the conditions are met. If conditions (46) are not

fulfilled, this method becomes complicated. We define the parameter Ty in (43) as
follows
2, @ fg 20,

T, =
0 max{5,4%}, @ Ty <0.
0

Now we present the main result of this paragraph.
. - N
Theorem 12. Let conditions (46) are satisfied, 7> %and

(@) e D(A);
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(b) f(x,t)e D(A?) forany t e[0,T];
() F(t)=A"f(xt) be continuous in the norm of space LZ(TN) for all
t<[0,T].
Then the inverse problem (43) — (45) has unique solution {u(x,t), o} if and
only if
min{f,, ¢, +t,f,}<d, <max{f,, ¢ +t,f,}
Lemma 2. Let conditions (46) be satisfied and t;=T,. Then functions

U (p;ty) as a function of p€(0,1) is a strictly monotone and

limU(p;ty) =y, UMLity) =g+t T, (47)
p—0

N .
Theorem 13. Let r>% and conditions (a) — (c) o Theorem 12 be

satisfied. Then it exists there a unique solution of initial-boundary value problem
(43) - (45) and it has the form

t .
U(X,t) = Z [(Dntp_lEp,p(_A(n)tp) + Ifn (t - g)ézp_lEp,p(_A(n)gp)dg]emxa (48)
nezN 0
which absolutely and uniformly converges on X € TV and for each t (0,T].

In the second paragraph of the second chapter, we will get acquainted with the
issue of determining the order of the fractional derivative in time-fractional wave
equations.

In this paragraph, the inverse problem of determining the order of the
derivative of a fraction in the sense of Gerasimov-Caputo is studied. In the studied
problem, the elliptic part of the equation consists of an arbitrary operator with a
positive, self-adjoint, unbounded discrete spectrum A. Using the classical Fourier
method, the value of the projection of the solution to a characteristic function at a
given time determines the order of the derivative. Examples of the A operator
include linear systems of fractional differential equations, Sturm-Liouville
fractional operators, and others.

Let f<(1,2) is a given number. By C((a,b);H) we denote the set of u(t)

functions whose value in H is continuous in T € (a,b)s.
Consider the following Cauchy problem:
D/u(t)+ Au(t)=f, 0<t<T, (49)
u@=¢, U0O)=y, (50)
where f, @ and y vectors are given in H .
Definition 5. A function u(t) with the properties

1. u(t), u'(t) eC([0,T]; H),

2.D/u(t), Au(t) e C((0,T];H)
and satisfying conditions (49), (50) is called the solution to the Cauchy problem.
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The main result of the second paragraph consists of the following theorems.
1

Theorem 14. Let v, feH and ¢« D(Aﬁ). Then there exists a unique
solution of Cauchy problem (49), (50) and it has the form:

u(t) = i[¢k E,B,l(_//lktﬁ) + '//ktEﬂ,z (_ﬂktﬁ) + fktﬁEﬁ,ﬂﬂ(_ﬂktﬂ)]vk ’ (51)

where the series is convergentin H forall t>0.
We will consider inverse problem. Let £<(1,2) is unknown parametr. The

main purpose of this paragraph is to study the inverse problem of determining this
parameter. Naturally, an additional condition is needed to determine the g
parameter. We get the following condition as an additional condition:

U(Bit,) = (u(to)’vko) =d,, =T, (52)
where d, is given number, T, is a positive number defined below and K, >1 is an
arbitrary integer such that sz +(ka0 +¢//k20 =0 (obviously such a number exists

because f, ¢ and y are both non-zero), Vi, Is a eigenfunction.

(49) - (50) is called the inverse problem of finding the solution of the problem
(52) satisfying the additional condition.
Definition 6. If the function u(t) is a solution of the problem (52) satisfying

the condition (52), the pair {u(x,t), 5}, B <lf.,f,], is called the solution of the

inverse problem.

Lemma 3. Let
1

w,fcH: peD(AY), (53)
Iyl +llp— A7 |0 (54)
Then there exists a number T, =T,(K,) such that for all {,>T;, the function

U (B;t,) is strictly monotone on the interval S <[f,5,].

This lemma obviously implies the following main result of this paper.
Theorem 15. Let conditions (53) and (54) are satisfied.Then a unique

solution exists the inverse problem for all t,>T, .

Reamark. If condition (54) of theorem is not fulfilled, w =oand ¢ = A*f
then for all k there are ¥, =0 and ¢, = f, / 4. In this case, the only solution of
the Cauchy problem has the following form

u(t) = 3 ka
k=1
that is, the expression does not depend on . Therefore, the function U(5:t;)
does not depend on g either. Thus, in this case, the reverse issue under study does
not make sense.
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In the third paragraph of the second chapter, we study the order of the
fractional derivative and the inverse problem of determining the right side of the
equation at the same time.

Let 2 be an arbitrary N - dimensional domain with a sufficiently smooth

boundary 0Q, Suppose that the function that determines the equation of the limit

0Q in the given coordinate system consists of a twice continuously differentiable

function.
Consider the initial-boundary value problem pf the form:

ofu(x,t)—Au(xt) = f(x),xeQ, 0<t<T,;
ou(x,t)

Bu(x,t) = =0, xeodQ, 0<t<T; (55)

limdi Pu(xt) = p(x), xeQ,
t—0

where A — is the Laplace operator, N is the unit outward normal vector to 6Q
and (D(X) is a given function.

In this work we will consider the following additional information on the
solution at a time instant {j:

U(p.tp) =

To identify the source function as in the cases listed above the following
equality

o

o7 Ju(x,to)dx = dg (56)
Q

u(x,T)=w(x), xeQ, (57)

Is considered as an additional condition. Obviously, if we put {y =T in condition
(56), then it does not give any new information and,therefore,we assume that
ty <T. The main result of this work shows that with this choice, conditions (56)
and (57) guarantee in (55) both the existence and uniqueness of both the unknown
order of the derivative and the source function.

Definition 7. The triple {u(x,t), f(x), p} if the functions u(x,t), f(x) and the
parameter p with the properties

1. p€(0,1),

2. £(x)eC(Q),

3. 8Pu(x,t), Au(x,t)eC(Qx(0,T)),

4. I u(x,t) e C(Qx[0,T]),
Satisfying all the conditions of problem (55) and (56),(57) in the classical sense, is
called a solution of the inverse problem. The function u(x,t) with these properties

is called a solution of the forward problem.
In accordance with the Fourier method, one should consider the following
spectral problem:
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—AV(X) = Av(X), XxeQ;

axb) _ o yean.
n

Bu(x,t) =

Since the boundary o is twice differentiable, then this problem has a

complete in Ly(Q) set of orthonormal eigenfunctions {V(X)}, k>1, and a
countable set of nonnegative eigenvalues {4 }. Note, that 4, =0, v,(x) =] Q[ V2.

Futher, suppose, that given functions (D(X) and ¥ (x) satisfy the following

conditions:
N

]

) p()<C 2 (Q), D) L@, lal[2]+1;
N

b) Bp() = B(Ap(¥) =...= B(A 2 'p(x)) =0, xe;

N
[=]+1
c) w(x)eC 2 (Q), D% (x) e Ly (), |a|:[%]+2;

N
[—]+1
d) By(x)=B(Ap(x)=..=B(A 2 y(x)=0, xedQ.
It should be noted that conditions (a) and (b) ensure the existence and
uniqueness of the solution of the forward, and if the function y (x) from additional

condition (57) satisfies the conditions (c) and (d), then, as follows the source
function f (x)exists and is unique.

Let satisfied following condition
(plz + 1,//12 #0. (58)
we choose the parameter Iy in extra condition (56) in the following way. If
@ -1 <0then t; € (1, T) and otherwise

[1,ﬁ-Tj agar AT >1;
te@T)A 1 /1 (59)
einT +) A .7 1) agar &.T<1
41 V1

This is the main result of this paragraph.
Theorem 16. Let conditions (a) - (d) and (58) - (59) be satisfied. Then the
inverse problem has a unique solution {u(x,t), f (x), o} if and only if

. t tow- t tow
mindwy, o |1-2 |+ 22« do < maxdyy, | 1-2 |+ 271
{Wl¢l|: T} T} 0 £0% T T
The unique solutions the inverse problem (55) - (57) have the form
U(x,1) = Yot E, ,(~At?) + Fit E , (At (X), (60)
k=1
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> 2 9k, ,(“AT?)
(0= Yy () - L2y (), (61)
kle Ep,p-f—l(_ﬂkT ) k:lTEp,p-f—l(_ﬂ'kT )
where the series converge uniformly and absolutely.

In the third chapter, we deal with boundary value problems for the equations
oku

yz(—l)kA(x, D)u, (k =1,2) where the boundary condition is given by the

fractional derivative, where A(x,D) is a non-negative elliptic differential operator
and the boundary condition is given by the By operator defined by the positive
real p fractional derivative. In particular, the limit operator B{’ can be given by

Marchaud, Grunwald-Letnikov or Liouville-Weyl fractional derivatives.
Consider the following boundary problem:

Uy (X, ) = A(X,D)u(x,y), xeQ, y>0, (62)

BjU(X,Y)=| IZ b, j(X)DU(x,y)=0, 0<m;<m-1,j=1.2..,1; xeoQ (63)//
agmj

lu(x,y)|>0, y—->w, xeQ, (65)

where @(X) and ba,j(x) coefficient are given functions.
Definition 8. If the functions U(X, Y) with the following properties uyy(x, y),

A(x,D)u(x,y) eC(Q2x(0,)), u(x,y), BLu(x,y) e C(Qx[0,00)) and satisfies all

the conditions of the problem (62) - (65), this function is called a (classical)
solution of the boundary value problem (62) - (65).
If we use the Fourier method to solve the problem (62) - (65), we come to the
following spectral problem:
A(x,D)v(x) = Av(X) xeQ; (66)
ij(x):O, ]=1,2,...I; xeo.. (67)

In the work of S. Agmon, the compactness of the inverse operator, the 0Q)
limit of the domain € and the coefficients of the operators A and B; (66) - (67) is

shown in the spectral problem L,(Q), an orthonormal complete system of
eigenfunctions {v, (x)}, k=1 and a set of non-negative eigenvalues 4, found the

necessary conditions to guarantee its existence. In what follows, we assume that
these conditions are met. Let A =0 eigenvalue is a multiple root of k;,, 4, =0,

k=1,2,..,k,. Suppose that the boundary function ¢(x) satisfies the following
orthogonality conditions
o = [V ()dx =0,k =1,2,...,k,. (68)
Q
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A N
Theorem 17. Let the conditions ¢(x) e D(A"), 7> om and (68) be fulfilled.

Then the correct problem (62) - (65) has a unique solution in the following form
> 1
u(x,y)= 2,
kekg+1 (A

where the series converges absolutely and uniformly in xeQ for all y €[0,0).
The second paragraph of Chapter 111 deals with the following issue.
u (x,t) + A(x,D)u(x,t) =0, xeQ, t>0, (70)
Bu(x,t)= > b, (x)Du(x,t)=0, 0<m,<m-1,j=12..1; xeoQ, (71)

lol<m;

o (e . (69)

B u(x,+0)=p(x), p>0, xeQ, (72)
where ¢(x) and coefficients b, ;(x) are functions.

Theorem 18. Suppose that conditions (68) and ¢(x) € D(A?), 7 > 2£ Then
m

the correct problem (70) - (72) has a unique solution in the following form

0

ux 0= 3 g (9e ™ 73)

k=kq+1
where the series converges absolutely and uniformly in xeQ for all t €[0,).

Chapter 1V is dedicated to the study of exact and inverse problems for
integral and fractional equations of the Barenblatt-Jeltov-Kochina type. In the first
paragraph of the fourth chapter, the existence and uniqueness of the solution of the
Cauchy problem for fractional equations of the Barenblatt-Jeltov-Kochina type is
shown. At the same time, the solution of the inverse problem of finding the right
side of the equation exists and is also proven to be unique.

In the second paragraph of the fourth chapter, the solution of the correct and
inverse problems for the Barenblatt-Zheltov-Kochina equation, where the
boundary condition is given by a fractional derivative, is available and its
unigueness is proved.

Consider the following Cauchy problem:

Dfu(t) + A(D/u(t)) + Au(t) = f, 0<t<T; (74)
u(+0) = o,
where ¢, f e H..

Definition 9. If the function u(t) e C((0,T];H) with the following properties
D u(t), A(Dfu(t)), Au(t)eC((0,T);H) and satisfies all the conditions of the
problem (74), this function is called a solution of the Cauchy problem (74).

Theorem 19. Let pe D(A), f € H. Then there exists a unique solution of

the Cauchy problem(74) and has the form
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u(t) = é{%Ep,l(_ﬂktp) + 1_:kﬂk tpEp,p+1(_,Uktp)}Vk , (75)

A
1+ A4
To study the inverse problem, we need an additional condition. We use the
following condition as an additional condition:
u(r) =¥, 0<7<T, (76)

where f,, ¢ are Fourier coefficient, s =

where 7 is a fixed point.

In problem (74), (76), the problem of finding the pair {u(t), f} of the
functions u(t) and f is called the inverse problem of finding the right side of the
equation.

Now we present the main result of this point.

Theorem 20. Let ¢, ¥ eD(A). Then there exists a unigue solution

{u(t), t} of the inverse problem (74), (76) have the forms

u(t) = éigpkEp,l(_ﬂktp) + 1:24( tpEp,p+l(_ﬂktp)}Vk , (77)

and =5 , Wwhere f, = Vi _ 2EuCHT) 1+ 1) .
f=2 o : (rﬂEp,p+1(—ukrP) P, ) )
In the second paragraph of the fourth chapter, correct and inverse problems
for Barenblatt-Zheltov-Kochina type equations, where the boundary condition is
given by a fractional derivative, are studied.
Consider the following problem:

u, (t) + A(u, (t)) + Au(t) =0, 0<t<T,
{B{”u (+0) = o,

where the boundary condition is given using the B# operator defined by the

positive real p fractional derivative. In particular, the boundary operator B can

be given by Marchaud, Grunwald-Letnikov, Liouville-Weyl fractional derivatives.
Theorem 21. Let @ € D(A). Then the problem (79) has a unique solution

and the form

(79)

u(t) = i &pe_ﬂktvk, (80)
k=1 Hj
where ¢, =(@,v, ) are Fourir coefficient of the function ¢ .

In this paragraph, it is also inverse to find the marginal function the issue has
also been studied. For this, the following condition is an additional condition we
use:

u(z) =¥, 0<z<T, (81)
where 7 is fixed point.
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Theorem 22. Let ¥ € D(A). Then there is a unique solution {u(t), ¢} of the
inverse problem (79), (81) and it has the following form

ut)= Y Peemty, (82)
k 1,Uk

and ¢ = Z PNy, Where o =Y e
k=1

In chapter V, the problems of controlling processes given by fractional
equations in a rectangular area using the source function are studied.
In the following Caputo sense, the fraction is orderly

Dfu=uy +uy + F(xy,t), 0<x<l, O<y<l,, 0<t<T (83)
of the equation
u(0,y,t) =0,u(l,, y,t) =0,u(x,0,t) = x(t), u(x,l,,t) =0, (0) =0, 0<t<T (84)
boundary and
u(x,y,0) =e(x,y), 0<x<l,0<y<l,, (85)
initial condition consider the problem of finding a satisfactory solution, where
@(x,y) is a given function, a bounded, wx(t) monotone function, ./(t)<M,,

#(0)=0 and T >0 are a fixed number. Let enter the mark Q@ =(0,1,)x(0,1,).
Theorem 23. Let f(x,y,t)eCri(Qx[0,T]), o(x,y)eCri(Q). If the

functions f(x,y,t) and @(x,y) are their second-order derivatives with respect to

X,y and their first-order derivative with respect to t is equal to zero at the

boundary of the domain €, and fxxy, frys Poyr Pyy are bounded functions, and

the functions £, @&, . f,, are integrable at Q, then (83 ) - (85) has a solution

in the field Q and it has the following form

UOGY) ZU QG Y0+ D3] Fon (040, B (~A24°) Jsina X sing,y,  (86)

txy

n=lm=1
where
l, -y . 2 2
<2 ut), if O<x<l;:
U(x,y,t)= I2 “O ' v A = \/(T_nj +(7T_m) ’
0, if x=0and x=I,. 1 2

fon() = Iiﬂj{f(f n, r)+ I n-1 D“u(t)}sma Esin B n x

2

x(t—7)*E,  (~A2, (t—7)*)dnd&dr,

P ,iquo(fn)sm f sinTdnde, o, =7, g, =0
200

I I

1 2 1 2
When solving control problems, we assume that the function f does not
depend on t and x(t) =0. Suppose a function WY(x,y) is given. It is necessary to
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find the source function f(x,y) such that the solution of problem (83) - (85)

satisfies the following condition:
Problem 1. Let t = @ satisfy the following equality in a minute

u(x,y,0) =¥ (x,y). (87)
In other words, we should choose the source function f(x,y) in such a way

that the resulting temperature in 2 environment at time t = @ should be distributed
as Y(x,y).

Problem 2. Let [0,T] satisfy the following equality in the time interval
T
Jueey.Hydt=w(x,y). (88)

Problem 3. Let the sum of the values of t, and t, in minutes satisfy the

following equality
u(x, y,t) +u(x,y,t) = ¥(x,y). (89)

Suppose that the functions ¢(x,y) and YW(x,y) satisfy the following
conditions.

a) function @(x, y)eCfi(fz) and its second-order derivatives are equal to
zero at the boundary of the domain Q and go'x”xy, (oxyy the functions are bounded,
and the function ) is integrable in the domain Q.

b) W(x,y)eCyy(Q) is a function and 0<i+ j<7,if i+ ] is even, then the

I+J

@yl

if 1+ ] is odd, then the derivatives x

derivatives W(x,Yy) are equal to zero at the boundary of the domain Q, and

i+]

o) W(x,y) are finite at the boundary of the

o° . .
domain €, and the 8x4—8y4\{’(x’ y) function is integrable in the domain Q.

Theorem 24. Let functions ¢ and Y satisfy conditions a) and D),
respectively. Then, in order for the solution of the problem (83) - (85) to satisfy the
condition (87), it is sufficient that the function f(x,y) is determined by the
following form

Pom Ea 1 (_/»Lan 0” ) . .

f(x,y)= o E ~ p— — [sing, x-sing.y , (90)
Z;mZ; 0 ml(—ﬂz 6")  O°E, a(~4in”)

where ¢ and W __ are Fourier coefficients.

Theorem 25. Let functions ¢ and Y satisfy conditions a) and b),
respectively. Then the solution of problem (83) - (85) is condition (88) it is
sufficient that the function f(x,y) is defined by the following formula to satisfy
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(Dnm a2( 0!) - -
f(X y) ;mzl|:Ta+lEaa+2( ﬂhmT ) T Eaa+2( /’anT ):Ismanx'smﬂmy' (91)

Theorem 26. Let functions ¢ and Y satisfy conditions a) and D),
respectively. Then, in order for the solution of the problem (83) - (85) to satisfy the
condition (89), it is sufficient that the function f(x,y) is determined by the

following form
Y

f(X y) [04 [24 nma [24 o

Z‘;mz‘;|:t Ea oz+l(_2’2 t )+t1 Ea,a+l(_ﬂ“nzmt1 )

' Pun| Eaa(Amt) + Ea(Amt?) |

tha,aJrl( t )+t Eaa+l( ﬂ‘ tﬂ_)

}inanx-sinﬂmy : (92)
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CONCLUSION

The dissertation work is devoted to solving various direct and inverse
problems for fractional differential and partial differential equations and solving
control problems for fractional equations. The following conclusions can be made
about the results of the research.

The main difference from the previously studied works is that the nonlocal
conditions for the time under consideration in this work were not studied in other
works, that is, the problems with such nonlocal conditions for partial differential
equations given by fractional derivatives were not studied before. In the study of
these problems, the influence of the a parameter, which was involved in the
nonlocal condition, on the uniqueness of the solution of the studied problems was
determined. In studying the exact problem, we show that the solution is not unique
for some values of the parameter o and that orthogonality conditions for the given
functions ¢ and f should be required to ensure the existence of the solution.

In order to determine the order of the fractional derivative, a different
condition was used, that is, projection to a specific function. Researchers used the
condition used in previous works only to show the uniqueness of the solution. The
condition used here is sufficient to ensure not only the uniqueness of the solution,
but also its existence.

Conditions for finding the inverse problem for finding the right side of the
equation and the boundary function are derived.

A method of using Krasnoselsky's lemma has been developed to obtain the
classical solution of high-order and multivariable fractional equations with an
elliptic part.

The derivation of the orthogonality conditions for the boundary function is
explained so that the solution of the equations given by the derivative of the
fractional order of the boundary condition is unique and it exists

Barenblatt-Zheltov-Kochina and other types of fractional equations have
been developed for solving direct and inverse problems.

For differential equations with fractional order differential equations, the
methods of controlling various processes given by this fractional equation using
the source function are shown.
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BBE/IEHUE (aHHOTALMS AOKTOPCKOM JUCCEPTALMHI)

Heabo mccieqoBaHusi  ABJSIETCA  JOKA3aTEIbCTBO  CYLIECTBOBAHUS
€AMHCTBEHHOTO PEIICHUs MPSMbIX U 0OpaTHBIX 3ajad i AuddepeHuaiIbHbIX
ypaBHEHUH B YaCTHBIX MPOU3BOAHBIX U APOOHBIX AU epeHIInaTIbHbIX YpaBHEHUN
C IPOU3BOJIBHBIM AJUTUIITUYECKUM OIIEPATOPOM.

O0beKTOM MHCCIeIOBAHUS SIBISIOTCS JPOOHBIE MPOU3BOJHBIE B CMBICIE
Kanyro, Pumana-JImyBwuis, ['pronBonbpaa-JletHukoBa, Beins, ypaBHEHHS C
TPOOHBIMH MPOU3BOTHEIME TI0 BpeMeHu, GyHknnu Muttar-Jleddaepa.

Hay4Hasi HOBU3HA MCCJIIOBAHUSA 3aKJIFOYACTCS B CIIETYIOLIEM:

NIOKa3aHbl, CYIIECTBOBAHUE M E€IUHCTBEHHOCTh PEIICHHUE YAOBJIETBOPSECLIEE
yCIIOBUE HEJOKAJIBHOCTH ypaBHEHUM cyOmuddy3un npoOHOro mopsjaka, U IO
OTpENEICHUI0 TIPABOM YacTH YpaBHEHUS W TPAHUYHOM (YHKIMU pelieHui
oOpaTHBIX 3aJ1ay;

JI0OKa3aHO CYIECTBOBAHUE U €IMHCTBEHHOCTh PEIICHUS MPSMBIX U 0OpPaTHBIX
3a71a4  HAXOXKACHUA TMOpsAIKa NPOU3BOJHONM W TMPaBOM 4YacTU YpaBHEHHUS B
YPaBHEHUSX B YACTHBIX MPOU3BOAHBIX APOOHOTO MOPSIKA;

JIOKa3aHO CYIIECTBOBAHUE M €IUHCTBEHHOCThH PELICHUS THUIIEPOOIMUYECKUX U
napaboJIMYeCKUX YPaBHEHUM, KPA€BOE YCIOBHE KOTOPOE JIA€TCsl C MPOU3BOIHBIM
JTPOOHBIM MOPSIKOM;

JIOKa3aHO, CYIIECTBOBAHUE U €IMHCTBEHHOCTb PEIICHUMN MPSMBIX U 0OpaTHBIX
3a/1a4 Ji1 ypaBHeHUH qpoOHoro nopsjka tuna bapenonarra-XXentosa-KounHoii u
s auddepeHimanbHbix  ypaBHeHUM Tuna bapenbnarra-XKenrosa-KouuHoid,
IPaHUYHBIE YCIOBUS KOTOPBIX COAEPKAT APOOHBIC TPOU3BOIHBIC;

IIOCTPOEHO PELICHUE IIEPBOM KPACBOM 3aJayd Il YPAaBHEHHU B YaCTHBIX
IPOU3BOHBIX JPOOHOTO TOPSAKA U HaWJIEHBI yCIOBUS KaK BBIOPATh (DYHKIIHIO
UCTOYHUKA, YTOOBI 3apaHee MO 3aJaHHOW (YHKIMU B MPSMOYTOJBHOW 00JacTH
MPOLIECC 3aBUCETIO OT BPEMEHH.

BHeapenne pe3yJabTaToB MCCJIEIOBAHUST HA OCHOBAaHHMM IOJYYECHHBIX
pe3yabTaToOB [Jisi TPsSMOW U OOpaTHOM 3ajad Jis ypaBHEHHM B YaCTHBIX
MIPOU3BOJIHBIX APOOHOTO MOPSAIKA C IUTUNTUYESCKON YaCThIO BBICIIETO MOPSIAKA:

W3 YCIIOBHI CYIIIECTBOBAHUE U €UHCTBEHHOCTH PEIICHUS TUMEPOOTUIECKUX
1 TapaboJIMYeCKUX YpaBHEHUM, MPU KPACBBIX YCIOBUAX, 3aJlaHHBIX APOOHBIMU
MPOU3BOJIHBIMU  WCIOJB30BAIMCh JJII TOCTPOCHHS  MOJENIied CUCTeM B
dbyHIaMeHTAIbHOM TpoekTe Ha Temy «IlocTpoeHne afeKBaTHBIX BRIUUCIUTEIIBHBIX
MOJIeNIeH TUIepOOMYecKuX cucteM» mona Homepom OT-D-4-28 (cnpaBka
HanmonansHoro yHuBepcuteta Y30ekuctana ot 30 centsabps 2022 roma 3a
HomepoMm 04/11-5960). [Ipumenenne Hay9IHBIX Pe3yIbTATOB MO3BOJIUIIO TOCTPOUTH
pacyeTHble MOJeNH cucTeM Au(pdepeHIIMATBHBIX YpaBHEHUN THIEPOOINYECKOTO
TUIIA;

pelIeHue MEPBOM KPacBOU 3aJauu JJIsl YPAaBHEHUM B YaCTHBIX IMPOU3BOJIHBIX
IpOOHOTO TOpSAAKA W YMOPABJICHHE C TMOMOIIBI0 (YHKIUM HWCTOYHHKA OBLIH
HCIIOJIb30BaHbl B UCCIIEIOBAHUM TIPOIIECCa paclpeieICHUH pajoHa B aTMocdepe B
pamkax rpanrta lIpesunmenta Poccuiickon ®Depepaumu no teme «llognepxka
MOJIOABIX POCCHUMCKMX Yy4yeHbIX» moj HomepoM MJ[-758.2022.1.1 (cmpaBka
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KamuaTtckoro rocynapcTBeHHOTO yHuBepcuTera oT 27 ceHTsiopsa 2022 roma 3a
Homepom  39-12).  IlpuMeHeHue  Hay4YHBIX  PE3YyJbTATOB  IO3BOJIMIIO
nepepacipeesiuTh paJoOHbl B CUCTEME I'PYHT aTMocdepa,;

pelIeHusl NMPSMBIX U OOpaTHBIX 3a/ad ypaBHEHUH APOOHOTO MHOpsAKa TUIA
bapenbnarra-KentoBa-KounHoit u pemenust nuddepeHnuanbHbIX ypaBHEHUN
tuna bapenOnarra-XXenroBa-KounHo#l, 3agaHHblE NPOM3BOAHOM JPOOHOIO
HOpsAAKa MCIOJNb30BaHbl JJIsl PELICHHs KpaeBbIX 3a7ad B (PyHIAMEHTAJIbHOM
MPOEKTE «BBICOKOTOUHBIE BBIYUCIUTENIBHBIE AJITOPUTMBI ISl PEHICHUS 3aaad
ra3oBoyd JWHAMUKH, QUIBTpallMM M JUHAMHKA TPAHCIOPTHBIX TOTOKOB C
HCIIOJIb30BAaHUEM COBPEMEHHBIX CYINEPKOMIIBIOTEPOB» Moj HomepoM MPVY-OT-
30/2017 (cmpaBka HaumonanbHOrO yHHBepcuTeTa Y30ekucraHa oT 4 OKTIOps
2022 roma 3a HOMepoM 04/11-6042). Vcmonb3oBaHWE HAyYHBIX PE3yJIbTATOB
MO3BOJIUJIO TIOCTPOUTH MOJIENIU JIJIsl pacueTa KpaeBbIX 3a1ad, 3a7a4d (UIbTpalu U
yTIpaBJICHHUS.

O0beM u cTpyKTypa amccepraumu. Jluccepramus COCTOUT U3 BBEICHWS,
OSTH [JIaB, 3aKJIIOYEHHMs] W CIHCKA HCIHOJb30BaHHOW nureparypbl. OO0beM
JUCCEePTALMK COCTABIISET 222 CTpaHUII.
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