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KHWPUII (pancada noxkropu (PhD) nuccepranmsici aHHOTAIUSICH)

Juccepranust MAaB3yCHHHUHT 10J13ap0JiMru Ba 3apypusaTu. 2KaxoHn Mukécuaa
o6 OopmnaérraH Kymiad WIMHA Ba aMaJMid TAIKUKOTIIAp aKCapUAT XoJuiapa
HOACCOIMAaTHB anredpanap Ba anredpauk cuctemanap HazapuscuaaH ¢oiinaganud
0ap3u anreOpalapHM TAgKWK KWIMINTa KeNTUpwiaaun. MareMaTukiap Ba
TeHEeTUKIIap Oup maiTiiap HoaccoUMaTUB anreOpanapHu MeHJen TeHEeTUKACUHU
Vyprauumga Kysuiamrad. Mengen OupuHun 0Ynu0 Y3MHUHT TeHETHK KOHYHJIapUHH
udonanam ydyH anreOpawik IKUXaTJaH »JKyJda MoC OyinraH OeirwiapjaH
dolinananran. Yinap KeWMHUaIUK OWp KaHua Oomka Mmyauddiap TOMOHUAAH
«Mennen anredpanapuy HOMUHH OJITu. MeH 1e] FTeHETUKAacu OpKaJld MaTeMaThKara
SHTM CcOXaJap YMyMUH TEHETUK anreOpaisap Ba SBOJIOLMOH airedpanap
TylryH4asiapu kupud kenau. by anreOpamap ymymuil Xxoijga KOMMYTaTHB aMMO
accolMaThB dMac, OyHJIaH TalKapyu yiap oupopta sixim ypranwirad Jlu, XKopaan
€KkM anTepHaTuB anreOpanap Kabu HOACCOLMATUB airedpanap CUH(Ura TEruiIn
aMac.

XO03Upru BakTJa 3aMOHABHI anreOpaHMHI MyXUM HYHaJIMIUIApUIaH Oupu
OynraH SBOJIOLMOH ajreOpanap Ha3apUsACHHHM TAAKUK KUJIUII MyXHM axaMusaTra
sra. By coxama kymna® maTreMaTukiIap TOMOHUJAH WIMHN H3JIaHULLIAp OJIMO
OOpUIIIY Ba SHTY UYHAIUIILIAP OYMIIAU. DBOJIOIMOH anredpanap MaTeMaTUKAHUHT
Kymiad coxajiapu OwiaH ajiokaiapra sra. by anreOpanap Oup KaHua MaTeMaTHK
MyaMMOJIapHU STHTMYa XaJl KWJIUIT UMKOHUHU Oepaau. DBOJIONHS KOHYHJIAPUHH
MaTE€MaTUK YPraHWll OpKaju MOMYJSUUSHUHT OUpop OuUp TYPUHUHT EKU YHUHT
XYCYCUSTHHUHT PHUBOXJIAHUIIUTA €KU OYTyHIall MHYKOJMO KETUIIUTra acociu
Oarmopat 6epuIIuMu3 MyMKHH. X03UPTy KyH/1a KepaKkiIu XycycusaTiapra sra 0yiran
TYpHU KYMaUTHPUIN Ba YHUHT (GONAAIN XyCYCHUATIAPUHU PUBOKIAHTUPHII XaM
WIMHH, XaM UKTUCOJIMA MYyXHM Myammodiapaan oupuanp. by 6opana: sBosromon
anreOpajiap XoccajlapyHu YpraHull Ba YJAPHUHT 3aHXKUPJIAPUHU TacHH (AL
0J13ap0 WIMHI TaAKUKOTIIApJaH XUCOOIaHAIH.

Mamnakatumuszga cyHITH wmapaa ¢GysaameHTan (aHJapHUHUT WIMHA Ba
aManuii TarOuKura sra OyiraH mareMaruka, (u3vKa, TreoJorus Ba OHOJIOTHS
dannapura >bpTHOOpP KydauTupuwiaau. KymianaH, TOMYyJSITUOH OWOJIOTHS Ba
reHeTHKaZa ydpajuran acocuil oObeKTiapAaH Oupu OYyiraHn 5>BOJIOIMOH
anreOpajiap Ha3apUACHUHM PUBOXKJIAHTUPHUILNTA alOXuaa 3bTUOOp KapaTHIIIu.
OBOJIIONMOH ~ anredpajiap Ba YJIApHUHT 3aHKUAPJIApUHU YpraHum Oopacuia
CAIMOKJIM HATIKajapra OJSpuimwiad. «Anredpa Ba (DyHKIIMOHAN —aHAIN3»
(daHIapUHUHT yCTYBOp HyHanunuiapu Oyirda Xankapo CTaHAapTiap Japa)kacuia
WIMUHN TaJAKUKOTIap 00 OOpHI MaTemaThka (haHMHUHT acocHil Baszudasiapu Ba
aomuar #ynamuuuiapuy 5tu6 Oenrmnanmul. Kapop MXpOCHMHM TabMHUHIIAIILA
HBOJTIOIIMOH aJireOparnap Ha3apusICHHU PUBOKIAHTHUPUII MyXUM axXaMHUSATTa 3ra.

V36ekucron Pecny6iukacu IIpesupentunuur 2017 #un 7 ¢espangary

! V36ekucron Pecry6nukacu Bazupnap maxkamacu 2017 i 18 maiinaru «Y36ekucton PecryOnukacu
dannap akaleMUSICHHUHT SHTUAAH TAIIKWI STHITaH WIMHI TaIKUKOT Myaccacaiapy (aoNrsTHHU TAIIKAT

STHII TYFpUCHAANTH 292-COHIIH KapOpH.
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[IdD-4947-con «V30exucTon Pecrny6auKacHHU sHAJA PHBOMKIAHTHPHIN Oyifrda
XapakaTinap crtpareruscu Tyrpucuganru @apmonu, 2017 imn 17 deBpangaru
IIK-2789-con «®annap akaaeMuscH (HAOIUATH, WIMUK-TaJIKUKOT HIILUIAPUHHA
TaIKUJI 3TUI, OOIIKAPHUIII Ba MOJIMSUTAIITUPUIIIHY SIHA/1a TAKOMWLIAIITUPUII YOpa-
tanoupaapu tyrpucugantu, 2019 #iun 9 uronmmarn I1K-4387-con «MaremaTrka
TabJIUMHU Ba (DaHIApUHU SHAJA PUBOKJIAHTUPHIIHM JIaBJIaT TOMOHHJAH KyJial-
KyBBaTJIAlll, IIyHUHT/EK, Y36eknucTon PecryGmukacn ®anmap AkaJeMHACHHIHT
B.1.PomaHOBCKuii HOMHUJaru MaTeMaTuka HWHCTUTYTH (aoJHMsATHHU TyO/aH
TaKOMUJUTAIITUPHUII Yopa-Taaoupiapu Tyrpucuaa»tu Ba 2020 vinn 7 maiigaru T1K-
4708-con «MaTeMaTthKka coxacujiard TabiuM CUGATUHU OIIMPHUIN Ba HIMHI-
TaJKUKOTIAPHU PHUBOXIAHTUPHUIL HYOpa-TaAOUpiIapyu TYFPUCUAA»TH Kapopiapu
xamaa Maskyp (aonusaTra TEruiuIM OOIlKa HOPMAaTUB—XYKYKHH XyXoKatiapa
OenruiaHrad BasudallapHu aMalra OIIUPHUIIAA YOy JuccepTanus TaIKUKOTH
MyaisiH 1apaxkajia Xu3MaT KUJIaJIu.

TagKUKOTHUHT pecny0juKa (paH Ba TEXHOJOTHSJIAPU PHUBOMKJIAHUIIA
YCTYBOP HyHAJIMULIAPUTa OOFJIUKIMIUA. Ma3kyp TaAKUKOT pecnyOnuka ¢aH Ba
TEXHOJOTUsIap  puBoxiaHummHUHr V.  «Marematuka, MeXaHuWKa Ba
nH(pOpMaTHKa» YCTYBOP UYHAIIUIIN JOUpacuga OaxapuiraH.

MyaMMOHMHI YPraHWITaHJIUK Japaskacu. YMyMHIl T'eHETHUK anredpa Oy
OuoJsorusg Ba MaT€MaTUKaHUHT y3apo TabCUPH HaTwKacuaup. by HWyHamumimaru
kymad Hatwkanapau FO.M.JlroOuuHUHT acapiapujaH TOMUII MYMKHH. Y
TOMOHMJIaH OupuHun wMapTa 1992 imnga sBomonKoH anredpanap cuHbu
(evolutionary algebras womu Owmnan) Taknug kuamarad. 2006 iwnga XK.I1.Tuan
Y3UHUHT MOHOTpa(USICHIA IBOJIOIMOH alreOpaHuHT SHTY TYPUHU TaKIuM eTAH. Y
Y3UHUT WIMHNA unuiapuja Oy anrebpanap Ha3apUACHHUHT aCOCIIApUHU SPATIIU.
[ysgan cyHT HBOMIOIMOH anredpaiapra KH3UKHUII KECKMH OpTHO KEeTIu.
DOBOJIOLMOH anredpa TyulyHYacu aireOpanap Ba JUHAMUK CHCTEMalap opacujia
éragu. AnreOpavik JKUXaTAaH 3BOJIIOLMOH airedOpanap HoaccouuatuB baHax
anreOpanapu OyJiica, JIWHAMUK JKMXATIaH JHUCKPET JUHAMHUK CHUCTEMaHU
nudonananu.

2010 #iunga XK.M.Kacac, M.Jlagpa Ba ¥Y.A.Po3ukoBnap TOMOHHIAH WIK OOp
ABOJIIOIIMOH  AJIT€OpPAIADHUHT 3aHXKUPHU TYIIYHYACH KUPUTWIOU Ba OyHual
3aHXKUPJAPHUHT KEHTr CUH(QU Kypwiau. by 3amwxkup Xxap Oup Oepuiran BakT
MOMEHTHJIa DBOJIONMOH anreOpaHu XOCWI KWJIAIUTaH JUHAMHUK CHUCTEMAIHp.
bynnait 3amxupnap b.A.Omupos, K.M.Tynen6aes, M.Jlagpa, 1I.H.Myponos,
M.B.Benacko, A.H.MimomMmKyioBIap TOMOHUAH XaM KypwWiraH Ba yJIapHUHT 0ab3u
xoccanapu ypranwirad. [lyuunrnek, 2016 iiunga M.JIaapa Ba Y.A.Po3ukoBnap
TOMOHH/IaH YBOJIIOIMOH alNTeOpaIapHUHT 3aHXKUPHU TYIITYHUYACHHUHT yMYyMJIaIlIMacH
cudaTuia YeKIM YiayamiM anredpanap OKMMHU TYIIYHYACH KUPUTWIAU. Y IOy
coxaJard HaTwXkanap Xakuga yMyMUHd MabiaymoTiapHu Y.A.PO3MKOBHUHT
«lTonmynsiust AMHAMUKACH) HOMJIM KUTOOWIaH TOTMIIMMU3 MYMKHH.

E.K.Kacano, M.C.Monuna Ba M.B.Benackonap TOMOHMIAH Y4 VIUaMmiik
HBOJIIOIMOH  anredparnap TacHU(IIaHTaH. Yaap XapakTepUCTHUKACH MKKUJAH (apk

KUJIyBYM Ba UXTUEPUU X"-k,n=2,3,7Ba keK KYPUHUIIJIATY KYIIXaJ WIIA3ra
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sra OVnaauran K MaiiioH ycTuaa aHukjaHraH E »BomronmoH —anrebGpanapHu
ypranran Ba OyHpaal anreOpanap wu3oMopdu3M aHMKIWTHAA XKamMu 116 Ta
skaHiurua ~ ucootmnamrad.  [ILH.MyponoBHUHr  ummapuga  3BOJIOLHUOH
anreOpalapHUHT UKKH YIT9aMJITd 3alKupiapAaru tTacHudiapu ypra"nwirad. AMMO
Oy kabu TacHu} yd4 VyIuaMid SBOJIONHMOH airedpanap 3aHKupiapuaa Xailu
KapanMmarad 3au. Yeknu ymdamum anreOpaiapHy dBOJIIOIMOH aireOpanap OwiaH
skuHnamTupui Mmacanacu A.H.MMomkyiioB TomoHuaan ypranwirad. [IlyHuHr ek,
y TOMOHHUJAH KBAJPAaTUHUHT yiI4aMyd OuUpra TeHr OYiraH y4 ymdamud XaKuKdAn
ABOJIIOIMOH anredpasnap TacHU(pU Tonuirad Ba xkydT-KydTu Ouiian y3apo uzomopd
GyIMaraH YH HKKHTa anre6pa MaBKy UIMIY KypcaTUIraH. Y pUH aIMaIITHPHIIIIAPTa
MOC DJBOJIIOIMOH anrebpanapHu Yypranum foscu wik O6op A.C.Kymaaunnaes
ToMOHM1aH wirapu cypuwiau. [llynnan keiiun Oy iyHanuimra anokaaop Oup Heurta
WIMHI  Makoniamap domn JTwigud. by wmakonamapga Qakat Outra  YpuH
aIMalITUpUIIUIapra MOC JBOJIIOLMOH aireOpanap Ba YJIAPHUHT 3aHXHUPJIApU
YPraHWIraH.

Juccepranmsi TAAKMKOTHHHUHI JUcCePTANUA 0A:KAPUWITAH OJIMI TAbJIUM
MyaccacaCHHMHT WIMHMH-TAAKMKOT UILIAPHU pexaaapu OnjiaH OOFJIUKJINTH.
Juccepranus TaAKUKOTU B..PomanoBCcKHNiA HOMUJAaru MaremaTtuka
uHetutyTuHUHT  OT-F4-82 + OT-F4-87 «Omepatopan Ba  HOACCOIMATHB
anreOpanap Jjokan auddepeHmamIanuiapy Ba aBTOMOpdU3MIIAPH, YU3UKIU
OynMaraH AUHAMUK cucTemManapia ¢a3aiu YTUIl Ba TapTUOCU3NUK» + « EBKIna Ba
nceBno-EBknua  (dazonmapumaru Jrpu UM3HWKIAp Ba YJIApHUHT MEXaHUKasa
Kymnaauaummy (2017-2019 #wnmnmap) MaB3ycujard WIMHANA TaJIKUKOT JIOMHUXAcH
noupacuaa Oaxxapuiras.

TagKUKOTHHHI MaKCaaM YpUH aJIMAIITHPUIILIAPTa MOC 3BOJIIOLHUOH
anre0pajlapHu KypHIIl Ba MabliyM OYITaH XaKUKWAN SBOJIONMOH airedopaiapHu y4
Y4amii 3aHKupiapaa TacHU(GUHA OepHIlJaH noopar.

TagkukoTHUHT Bazudaaapu Kyiugaruwiapjaad uoopar:

CTPYKTYpaBUl Yy3rapMaciiap MaTPUIIACHHUHT paHTd N-2 Ta TeHT OynraH N
Va4amiIi SBOJIIOIMOH alreOpaHUHT SroHa a0COJIIOT HWIBIOTEHT 3JIEMEHTTa Ara
OYIUIIMHUHT 3apypyil Ba €Tapiu MIAPTUHU TOTIMILL

YpUH anMamTUpUILIapra MOC HBOJIIOIHMOH aireOpajlapHUHT  aOCOJOT
HUJIBIIOTEHT Ba UAEMIIOTEHT AJIEMEHTIAPH TYTJIAMUHU TOTIHIII;

ABOJIFOIIMOH  alNreOpaIapuHUHT yd YI4amMiid 3amKupiapiard TacHUGUHU
oepwi;

n3oMophu3M aHMKIMTHAA Oapya MabliyM Oyiran aiareOpajapHu 3 w4aura
OJITAH 3aHXKUPHU TOMUIII.

TagKMKOTHUHT O00BEKTH: UYCKIIM YII4aMJIM SBOJIIOIMOH anreOpanap, YypuH
aJIMAIITUPHUIILIIAPTa MOC YBOJIOIUOH anredpaiap, YBOJIONHOH alreOparapuHUuHT y4
yI4aMIiy 3aHXUAPIIApU.

TagKMKOTHUHT NpeIMeTH: YEKIH YI4amiid SBOJIIOIMOH ajnreOpaiapUHUHT
a0CONIOT HWIBIOTEH JJIEMEHTIApH, YPHUH ajlMallTUpUIUIapra MOC 3BOJIIOLMOH
anreOpalapHUHT a0COJIIOT HUJIBIIOTEHT Ba UAEMIIOTEHT AJIEMEHTIIApH, SBOJIIOLIMOH
anreOpalapHUHT Y4 YI4aMIld 3aHKUpIapard TAaCHU(U.



TagkukoTHUHT  ycyjuiapu. Jluccepranusijga accoudatuB — OyimaraH
anreOpanap  Ha3zapusCH, HOYM3HMKIM JUHAMHUK CHCTEMajap  Ha3apHsCH,
CTPYKTypaBUW  y3rapmaciap  Xamja  KjaccuuKamusiam  yCyJUlapuaaH
dolinanaHuIraH.

TagKUKOTHUHT MJIMHUI SHTUJIMITH KyHugaruiapaad noopar:

CTPYKTYpaBUl Yy3rapmaciiap MaTPUIIACHHUHT paHTd N-2 Ta TeHT OynraH N
Ya4amiIM SBOJIIOIMOH alreOpaHUHT AroHa aOCOJIOT HWIIBIIOTEHT 3JEMEHTra 3ra
OYIUIIMHUHT 3apypHil Ba €Tapiu MIApTH TOMHIITaH;

OWTTa Ba MKKUTA YPUH aJIMAIITUPUIILIAPTa MOC 3BOJIOLMOH aJreOpamapHUHT
Oapuk OYiMII ME30HJIApU TOMWITaH Ba OepwiraH YpuH aJMallTUPUIITra MOC
HBOJIIOIMOH alreOpaHuHT abCOIIOT HUIIBIIOTEHT Ba UJIEMIIOTEHT AJIeMEHTIapra ara
AKAHJIUTH UCOOTIIaHTaH;

UKKUTAa VPUH aJIMaIITUPUIILIAPTa MOC SBOJIOIMOH anreOpaHuHT a0CoJOT
HUWJBIIOTEHT DJIEMEHTJIApU Ba HWKKM YI4aMJId XOJ Y4YyH HUJEMIIOTEHT
ANIEMEHTJIAPUHUHT TYJIHUK TaXJIWIN XaMaa Oy aireOpanuHr 6ab3u usomMophusmiapu
TONUJITaH;

y4 YII4aMIIi XaKUKHI BOJIIOLMOH ajire0pajJapHUHT OMp HeUTa 3aHKUpJiapaaria
TacHU(IIapH, )KyMJlaJlaH KBaJIPaTHHUHT YI4aMu Oupra TeHr OyIran Oapya XaKuKHil
ABOJIIOLIMOH ajreOpajapHu Y3 UuUMra oJiraH 3aH>KUpJard 3BOJIIOIUMOH ajredpaiap
TacHU(JIaHTaH.

TaagKUKOTHUHI aMaJIMil HATHKACHU. Jluccepranusiga OJIMHIaH HaTHKAIaApHU
Ba (holmanmaHmIraH METOAJIAPHU OJUH YKYB IOPTIIAPUHUHT MarvuCTpaHTIApUHU Ba
TasHY JIOKTOPAHTJIIADUHU  MaxCyC Kypchapla YKUTUIIA KyJulalml MYyMKHH.
[IyHuHTAEK, SBOJIONMOH anredpanap 3aHXUpJapuaa OJIMHraH TacHUd Ousra
Ouonoruk xamaa (UMK OSKapaHiIap OBOJIONUSACUHM Ba  3aHXKHUpJaplaru
anre0paJlapHUHT TUHAMUKACUHU TEKITUPHUII UMKOHUHU Oepajiu.

TagKuKOT HATHKAJAPUHUHT MINOHWIWINTH YW3UKIU anredpa, abCTpakT
anreOpa, HOYMBHMKJM aHAJIUM3 Ba DBOJIOIMOH alredpaiap ycyulapu Xamja
MaTeMaTUK MyJOXa3ajJapHUHI KaTbuiMru OunaH acocnadrad. OnMHraH
HaTWKAJIAPHUHT UCOOTIapu MaTEMATUK KUXaTAaH TYFpH.

TagKUKOT HATHKAJAPUHUHT WJIMMHA Ba aMajuid axaMusitu. TagkKuKoT
HATWOKAJIADUHUHT  WJIMHM  axaMUSTH IIyHJAaH HWOOpAaTKW, WIIJAA OJUHTaH
HaTWKajapAaH 5SBOJIIOIMOH airedpaigap Ba YJIApHUHT 3aHKUPJIAPUHU TaJIKUK
KWINIIAA, XyCyCaH, TUccepTarusiga KeATUPWIraH yCyJ Ba METOJIapHU KYyJuiao,
Oapua DBOJIONHMOH anredpayiiap 3amXupiapuHu TacHUbamaa (oHJaTaHuII
MYMKHHJIUTH OWJIaH U30XJTaHA]IH.

TaakuKOT HATWKAJAPUHUHT aMaJInid aXaMUSITH IIyHJaH UOOpPAaTKH, OJMHTaH
HaTWXKalapJaH  JBOJIOIMOH  anreOpalapuHUHT  3aHXKupiapu  Epaamuja
ndomamanaguran OMOJIOTHMK Ba (DU3MK kapaHIIap JUHAMHKACH Ba SBOJIIOIUSCHHU
TacHuIanaa GoigalaHuIl MyMKHH.

TagKMKOT HATHKAJTAPUHHUHT KOPUIl KWIMHUIIN. DBOJIOIMOH ajredpanap
Ba YJIAPHUHT Y4 YII4amIId 3aHXupiaapu OViinda oJMHIaH HaTWXKajlap acocuia:

YpUH anMalTUpUIILIApra MOC OJBOJIOIUOH alredpanap Ba HBOJIIOIUOH
anreOpanap 3aHXupjapujard TacHudap Xakuaard Hatwkanapgan MTM2016-
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76327-C3-2-P  pakamyin  XOpWKUM  JIoOMHMXaJa dBOJIOIMOH  ajreOpaiapHu
tacHuGnamga ¢oitnananmiran (I'panaga yauBepcutetuHuHr 2022 wun 20
ampenaaru MabiiyMoTHOMacu, Mcnanus). Mnmuil HaTHXamapHUHT KYJUTAHWIAIIA
HBOJIIOLIMOH aJireOpalapHUHT 3aHXUPIAPUHN TaCHU (Il IMKOHUHHU OepraH;

HBOJIIOLIMOH  anreOpajapHUHT  abCONIOT  HWIBIOTEHT,  UIAEMIIOTEHT
AJIEMEHTJIAPM Ba SBOJIOLUMOH anreOpanap 3amwxupiiapuiard TacHU(pIapUIaH
G00003447 paxkamnu «KBaHT reHeTWK anreOpanap Ba YJIapHUHT TaTOUKIApW»
MaB3yCHJaru XOPH>KHI IPAHT JJIOMMXAcHAa KBaAPATUK CTOXACTHK ONEPATOPIAPHUHT
JUHAMUKACUHU Tekmupuiaa doipananunrad (bupmamran Apad Amupauru
yHUBepcUTeTHHUHT 2022 #mn 26 wmaiigaru mabiymoTHoMacw, BAA). Mnmwii
HATWOKAQHUHT KYJUIAHWJIUIIM  CTAHJapT CUMIUIEKCJAa aHUKJIaHraH Oup HeuTa
KBaJpaTUK  CTOXaCTUK  oOIepaTopjap TOMOHHMAAH  SpaTWiIraH JUHAMHUK
CUCTEMAaJIAPHUHT 3PTOAMK XOCCATIAPUHY TEKILIUPUIL UMKOHUHH Oepras.

TaagKMKOT HATHKATAPUHUHI anpodauusicd. Maskyp TaAKUKOT acocuid
HaTWxanapu 4 Ta XaJlKapo Ba 5 Ta pecrnyOiHkKa WIMHKW-aMalluid aH)XKyMaHJapHuaa
MYXOKaMa/JIaH yTKa3WJITaH.

TaagKMKOT HATHKAJTAPUHUHT JIbJOH KWIMHraHJauru. Jluccepranus
MaB3ycH Oyiinua skaMu 14 Ta WIMHMIl I YON STHITaH, NIyIapjaH, Y30eKHCTOH
Pecnyonukacu  Onwmii  arrecranus KOMUCCHUSICHHMHI  (ancada  JOKTOpHU
IUCCEPTAlUSIIAPU ACOCUN MIIMHUIN HATHKAJIAPUHU YOIl STUII TABCUS STUITAH WIMHUN
HaIpaapaa S Ta MJIMUN MaKoJia, )KyMJIajiaH, 2 Tacu XOpHKUH Ba 3 Tacu peciyoinka
KypHaJUIapuJa HalIp 3TUIITaH.

JluccepTanMsHUHT TY3WINIIN Ba XaKMHU. /rccepranus KUpHILI KUCM, y4Ta
0600, xynoca Ba (oiimananwiran agabuérnap pyihxatumaHn — uOopar.
HuccepranustHUHT XaxMu 113 OeTHU TalIKui ATraH.

JACCEPTAIIUSIHUHT ACOCHU MABMYHHU

Kupum kucmaa aucceprauus MaB3yCHUHHUHI J0JI3apOJiMId Ba 3apypatu
acocllaHraH,  TaJAKUKOTHUHI  pecnyoivka  ¢aH  Ba  TEXHOJOTHsUIApU
PUBOMIIAHUILIMHUHT YCTYBOP WYHAIMIILIAPUTa MOCIUTH KYpCcaTUIIraH, MyaMMOHUHT
YpraHuiIranivk Japakacu KeNTUPUITaH, TAAKUKOT MaKcaIu, Bazudanapu, 00beKTH
Ba MpeaMeTd TaBcU(IaHTaH, TAJAKAUKOTHUHT WJIMUNA SHTWIMTH Ba aMajui
HaTWKanapu Oa€H KWIMHTaH, OJMHTAH HATWKaJapHUHI Ha3apuid Ba aMaiuii
axamMusaTH o4rO OepwiraH, TaAKMKOT HATHKAIAPUHUHT KOPUN KUIMHUIIH, HAIIP
STWIITAH UIUIAp XamJa JUccepTauus TY3WIUIIM Oyiuda MabiymMoTiIap
KEJITUPUIITaH.

JluccepTauMsiHUHT «IBOJIIOLMUOH ajredpajap Ba YJAPHUHI 3aHXKUPJIAPH
xaKujaa acocui aktiaap» ne6 HOMIaHYBYM OMpUHUYM O00WIa aHMccepTanusaaa
KYJUTaHWJIaIUTaH SBOJIIOLMOH ayrebpanap Ba YJIApHUHT 3aHXKUPJIApU XaKuaa
KEPAaKJIM acoCHU{ TyWIyHYalap KEATUPWITaH Ba YEKIHW YI4aMJId HBOJIIOLIMOH
alreOpaHuHr siroHa aOCONIOT HWIBIIOTEHT 3JEMEHTra 3ra OYJIMIIM XaKuaaru
HaTKajgap Oepuiras.

1-taspud. (E,-) 6upop F maioon ycmuoazu anzebpa 6yicun. Azap



0, aeap i+ j
€& = Zaikek, azap i= j,
k

wapmuu  KaHoamiaumupyeuu €,,e,,...,€.,...0azuc madxcyo oyica y xonoa 0y

aneebpaea 38010YUOH aneedbpa detiunaou. by bazucea sca madbuuii bazuc oetiunaou.
M=(a;) opxamu E sBomormon anreOpaHUHI CTPYKTYpaBui y3rapmaciap

MaTpUIIaCUHU OeNTuIaiMu3.
OodronnoH anredpanap 6upunun Mapta JK.I1.Tuan ToMOHUAAH KUPUTHIITAH.
VY Oy anreOpanapHu reHeTHKa YBOJIIOIUSACH KOHYHJIApU acOCH/Ia SpaTIu.
K.M.Kacac, M.JIagpa Ba VY.A.Po3ukoBnap TOMOHHIAH 3BOJIOLHOH
anreOpanap 3amwxkupu (DA3) TyllyHUacu KUPUTWIAK. Y KyWHaaruda aHUKJIaHTaH:
R MaligoH ycTuaa aHUKIAHraH N yo4amild  3BOJIOLMOH  anreOpalapHUHT

s,t]

n
e,e,,...,6, 0asuc Ba ymoy eg, = Zai[j

=1

e, 1=1,...,n; €€, =0, I # ] xymanTupuii

xagsanu owran Gepmran {EPY:s teR, 0<s <t} onnacunu kapaiimus. By epza

s, t mapamerpnapHu BakT cudaruaa Kapaiimuz. M = (ai[?t])i,jzl,...n opkamu E Y
HUHT CTPYKTYpaBU# y3rapMaciap MaTpULIACUHU OelruiaiMus.
2-tabpu. Aecap M"Y cmpyxmypasuii yzeapmacnap mampuyacu xyiiuoazu
MBU = A8 Ay
Konmozcopos-Uenmen menenamacunu dapua S <t <t nap yuyu xanoamianmupca,
y xonoa R matioon ycmuoa anuxianean N Ya4amiu 360JI0UYUOH AleeOpalapHume
{EBY:s teR, 0<S<t} ounacu ssomoyuon ancebpanraprune 3andxcupu detiunadu.

Tabkumma® Yramusku, Xap OUp SBOJIONHUOH airedpa CTPYKTypaBui
y3rapMaciiapHUHT KBaJpaT MaTpuIacy opKaiau anukianaam. DA3 0y (S, 1) 0<s<t

BaKTra OOFJIMK DBOJIIOIMOH alreOpajapHUHT (CAaHOKCHU3) OWJIACHUIUp. YHUHT
CTpyKTypaBuii Yy3rapmaciap wmarpumacu ((S,t) Bakrra Gornmk) Koamoropos-

YenMeH TeHr1aMacuHM KaHoaTiaaHTupaau. bomkaya aiitranga A3 ¢pukcupiranran
BaKT/Ja OJBOJIIOIIMOH aiuredpa XOCWI KWIYBYM Y3JIYKCH3 BaKTIM JUHAMUK
CUCTEMAJIHP.

A na anuwknaHraH HOJbJAAH (DapKJIM MYJIBTUIUIMKATUB 4M3uKiIu dopma A
anreOpaHuHT XapakTepu Aeiimnanu sbHU Xapakrep A HU R ra akcnantupyBuu
HOJIBAAH Gapkiu anredpa romomMopduaMuaup. Xamma ajaredpajiap ydyH Xam
XapakTep MaBxya OynaBepMaiiu. Macanan HOJb KynailTManu anredpa xapakrepra
ara sMac.

3-rabpud. A ancebpa éa ynune o xapaxmepuoan ubopam (A, o) scypmaux

bapux aneebpa oetiunaou. o comomopguzm A HuHe 6azH (éKku OapuKIuK)
pynryuscu, o(X) aca X nune easnu (bapuk Kuimamu) Oetunaou.

R wmaiinoH yctuaa aHukiaaHran N yadamim E sBosonmon anreOpa yuyH
V:R">R", x>V (x)=X OTICPAaTOPHH Kyluaarnaa aHUKJIalMU3
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n
X| = Zai j x?, j=1,...,n. By omeparop 3BOJIOIKOH OHepaTop Ae6 HOMJIAHA/IM.
-

2 «
A-tavpud. A arceopanune X osnemenmu yuyn X° =0 6yrca, y abcomom
HULNOMEHM dJleMeHm 0eUUnaouU.

2 _ . .
5-rabpud. Xe A onemenm yuyn X° =X meHnenux ypuniu Oyica, y
uoemMnomeHnm 271eMeHm Oetunaou.
By omementiap V(X) OBOJIOIMOH ONEPATOPHUHT HOJIb Ba Ky3raiMmac

HyKTajap OYIraHu y4yH MyXUM XHCOOJIaHa M.
E" sBomonmon anredbpa, M yHHHT CTPYKTYpaBHii y3rapmaciap MaTpHIlacH
6yacun, myruaTAek M' MaTpuua M HUHT TPaHCIIOHHPJIAHTAHH OYIICHH.

ail ai—1,1 ajl ai+1,1 arl
T _ aiz "'ai—1,2 aj2 ai+1,2 arz
alr a'i—l,r a'jr ai+1,r a'rr

T
det(M)
det(M,) T

Kusukapian wmyammonapaan Oupu E" sBomonmon anrebpa srona aGcoiroT
HUIIBIIOTEHT dJeMeHTra ora Oymum maptn octuma, D=(d,;).,.

Marpuna €épaamuna d. | =

L j=r+l,..,n
MaTpuiiara OOFJIMK 3apypuii Ba eTapiiv mapTHu Tormmaup. by myammo XK.M.Kacac,
M.JIaxgpa Ba Y.A.Posukosnap tomonuaan rank(M) =n—1 xon yuyn eunnran. bus

rank(M) =n—2 xonHu KapaiimMus.
1-reopema. rank(M) =n—-2 6yacun. E" s6onoyuon arcebpa seona (0,...,0)

abconom HUILNOMEHM djleMeHmaa 32a Oyauwu yuyH Kyuuoazu uwapmiapoan oupu
badxcapunuwu 3apyp 8a emapiau:

. di n-1 >0 .
(i) d°' bavsu i, e{1,...,n—2} yuyn;
dk,n—l>0 dk,n—l :0
(i) 4d,=0 éxu <d,,>0  6bavsu kK,me{l,...,n—2} yuyn;
dm,n >O dm,n—l>0
dsn—1>0 dt n—l<O
(iii) ' 8a ' bavsu S,te{l,...,.n—2} 6a
dS,n < O dt,n
max _tn dyny <0, d,, >0;>min e :dy ., >0,d,, <O} nap yuyn.

t,n-1 s,n-1
Mynurgex, Oy 6001a UKKK Ba y4 Ya4aMiIM 3BOJIOIUOH alredpajapHUHT MabiIyM

3aHXKUpIIapu OEpUIITaH.

JuccepTalMsiHUHT  «YPUH  aJMAIITHPUILIAPra MOC  3BOJIIOIUOH
11



ajqredpagap» ae06 HOMJIAHYBYM MKKMHYM 000M OuTTa Ba HUKKUTA YPUH
aIMalITUPULIUIApTa MOC  SBOJIOIMOH  anreOpajapHM  TaJKUK  KHJIWIIra
Oarunuianrad. by anreOpamapHUHT MyXHM XOcCCaJapuHH Ba JIIEMEHTIAPUHU
TonranMu3. XycycaH, Oy anreOpaJlapHUHT aOCOJIFOT HUJIBITOTEHT Ba UACMIIOTCHT
AJIEMEHTIIAPH TYJIMK TaCBUPJAHTaH Ba aHUK KYPUHUIIN OCpUIITaH.

A. X XynouibepnueB, b.A.OmupoB Ba HM33ar KapamnexjmapHuHr wumuiapuaa
OuTTa YpUH aaMaIlTHPHILIIApra MOC SBOIOIMOH anredpanap ypraHuwirad Ba yHUHT
TaBcupu OepuiraH.

S, YpuH anmamTHpuILIap rpynnacu Ba x €S OyiacuH. R MalinoH ycruna

v

aHUKJIaHTaH €,6,,...,6, 0a3uc Ba ymoly: Oapua i y4uyH € -€ =8, € ), arap i # ]

6ynca € -€; =0, xynaiitma Ounam amukmanran E] sBomounon anreOpanu

Kapaiink. by anreOpa 7 YpuH aJMamITUpUILTa MOC 3BOJIIOIMOH anredpa jed
aranaju. M=(3;) opkaim E] 5BOMOUMOH anreOpaHUHr  CTPYKTypaBuil

y3rapMaciap MaTpHMIACHHM OelrWiacak, y Xojga YHHHI DJIEMEHTIapUHU
Ky#umaruda anukiaiivmus: arap | =7z(i) 6Ynca a; =&, arap j=#z(i) 63nca

a; =0,i=1..,n.

1-maTmka. R maiioon yemuoa anunanean E' seonoyuon aneeopa M = (aij)

cmpykmypaeuu yseapmaciap mampuyacurnuxe snemenmu yuyn a, =0 wapm

basicapuica 8a gpakam wynoasuna bapux areebpa oynaou. bynoan mawkapu moc
easn Qhynkyusacu o(X) = a, X KypurHuwioa 6ynaou.

6-Tabpud. E seomoyuon arcebpanune a snemenmu yuyn (---((@a-a)---a)=0

n(a)
menenux ypurau oynaouean N(@) € N namypan con massicyo 6ynca, y xonda y nun
anemenm oetiunaou. E 380110yuoHn ancebpanune dapya s1emeHmaapu Hui 6yica y
HUL aneebpa Oeuunaou.

2-reopema. E  seomoyuon ancebpa yuyn uxmuépun 1€{l,..,n} ea

() =i,k e{L,..n}, () = 2°(i), q= pyun a_,-a

coecd
(i) (i) iy
baxcapunca éa pakam wyHoacuua y Hu aieebpa 6ynaou.

7,7 €S, Ba 7 #7 Oyncud. R Mmaiifon ycruna anukianran E’  sBomonnon

=0 wapm

anreOpa  uekiIM  €,e,,...,6, 0asuc Ba ymOy: wuxtuépuii | yuyH

o€,
€-€= ai/r(i) ) e/r(i) + air(i) ) er(i) >
Oounan Oepuiran Oyica, y xonga Oy anreOpa 7 Ba 7 YpUH aJIMaIUITHPUILITa MOC
ABOJTIOITMOH ayreOpa 7ed aranay.

1-tacquk. R mauioon ycmuoa anuxnanean E! = seomoyuon aneebpa 6apux

arap i# ] Oynca € -e; =0, xynaiiTupumn xansamm

aneebpa OynuwU YYYH Kyuuodeu wapmiapoar oupu oadxcapuiuuwiu 3apyp 6a
emapau:

1) k, 7= (or ) yuyn xys2armac nyxkma, t(K,) =K, (or z(k,) #k,) 6a ynune

cmpykmypaeuii  yseapmacrap mampuyacu M =(a;) i,j=1,...,n yuynu
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a, =0, a, =0 (ora | =0) wapm ypunmu 6yacun. By xonoa
oko kg )y 7 (kg )y
Mmoc easn Qynxkyusacu o(X) = a, X - Kypunuwioa o6yaaou.
2) k, 6up saxkmoa 1 6a T yuyH Ky32a1Mac HyKma 8a a . * 0. by xonoa moc
easn gynkyusacu o(X) = 28, X KYpUHUuLoa 6ynaou.
2-Hatwka. l-macouxoa xkenmupunean 7 e6a v ypun armawmupuwinapu 1-

macoux, wiapmaapunu kanoamaanmupyeuu M ma K_, m <n xyszaimac wykmanapea
sea 6ynca, y yonoa E! seomoyuon aneebpa moc pasuwoa m ma o(x) = a X
(éxu o(X) = 28, X ) 8a3zn @pynkyuscuirapuea s2a 6y1aou.

o, €S, nap y3apo KyIMa YpuH alMalITupuiuiap OYJICHH, y X0JiJa IIyHJai
y €S, YpuH anMamTUpUIl TONMMIMO yoa = oy TeHruK Oaxapwiagu. G

Oepunran 7z ra ¥y3apo KymmMa OynraH Oapya YpuH aJMallITUPUILIAP TYIUIaMU
Oyncun. buz Kyimmarm Teopemaza G_ gjarm Maxcyc THUILUIM  YpHH

aIMalITUPULUIAPHA KapauiMu3.
3-teopema. E xyiuoaeu wapmnapnu xanoamaanmupyeuu uxkuma ypun
AIMAUMUPUULTIAP2A MOC I8OTIOYUOH aleedpa OVIACUH.!
(1) &y " iy 0, 1<i<n;
Qr=meorm,o.om, 1=1,°7,0...07,, Oy epoa 7, = (7, 7, ... 7, ),
7Ty = (7[21 Ty v 7[2k2)’ ey T = (”ri PRI ﬂ-rkr) 6a 7, = (2-11 Typ e T1k1)’
T, = (T, T, - Ty ) v T = (z,7.,. T, ) 1ap moc pasuwioa w 6a T JNAPHUHZ
apkuH yukanapu eéa K +K, +...+k =n.
®) 7, e{my 7, . m B 1<i <r,1<m<k ypunm, avhu 7, 6a 7, 1ap Oup xun
NeMEHMIApOan MawKul monean Oyica, gaxam yiapHuHe HCOULAULY8UOA
Gapx 6op. V xonoa xytiuoaeu ugpooa ypuHiu
k. k
E' ~=E" ®E2 ®..®E" .
’ 171 272 rr
AViHMH YpUH aIMaIITUPUIIHU 7, OPKAJIU OCITUIaliINK.
2-racnuk. 7= (K,K,,...K ) 6a 7, ypun armawmupuwnapea moc uxmuépuii

E.. 2somoyuon aneedpa yuyr . - a; = 0,1<i <n wapm b6ascapunca, y xonoa 6y

7[,10

aneebpa yuioy
e-e=a. e, +a,, ., e 1<i<n,

i i ﬂ_l—l(l)ﬂi(l) i+1 ;z'_l(l)zr'_l(l)
' o . .
e-€ =0, 1#]

Kynanuimma opxaniu bepunean 6a a =0, 7°(1) =1 wapm ypuniu

e a. .
2l Aol e

oynaouean, z, =(12...n), z, mapra moc E’

o T,

| 260TIOYUOH aneeopaza uzomope.

1-mucoa. Yuly
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n-n=n.,+n,1<i<n-1,
-1, =1 +17,,
m-1m;=0, 1% j
KYTIAUTUPHII >KaJBajIu OujiaH OepuiiraH A;NO ABOJIIOIMOH anreOpaHu Kapauiiuk.

A" 0y z,=(12..n),7, YypuH aIMalITHpUIIIapra Moc Ba Oap4ya HOJIMAC

LML
CTPYKTypaBuii y3rapmaciapu Oupra TeHT OYJIraH SBOIOIHOH anredpa.
4-teopema. 7 =(k,K,,...,K ), 7, ypun armawmupuwea moc uxmuéputi E;’TO

I6ONIOYUOH — ANCeOPAHUHE — CIPYKMYPAGUU  Y32apMaciapu — yuyH — Kyuuoacu
2 -
LA : : =a. . S <1<
a,q & =0, (a,,-—l(l),,-—l(l)) CERPITC PPN 1<i<n wapm 6axcapuica, y xonoa

y A % aneebpaza uzomopa.
MasbnyMku, o, f €S, y3apo KylimMa YpuH alMalitupunuiapiaap 0yica, y xoiaaa
yoa = oy TEHITUKHU KaHOATJIIAHTUPYBUU ¥ € S HU TONMII MyMKUH.
S-teopema. «o,f €S yzapo Kywma ypuu armawmupuwiapiap 0yica 6a

cmpykmypaguil y3eapmaciap mampuyacu sNeMeHmaapu VUVH
f— -_ H n n
Qi = B0yt & = Bym LTSN wapm 6axcapunca, y yonoa E.., 6a E;_

960JIIOYUOH alleebpanap uzomopa.
3-TacauKk. tom =7, wapmuu Kanoamaaumupysuu 7= (K,K,,...,K ),

r=(,L,,...1 ) ypun armawmupuwnapea moc uxmuépuii E”  s6omoyuon ancebpa

.e=za.., . e o ) <i<
ei ei aﬂ_l—l(l)ﬂ_l (1)e|+l + aﬂ_|—1(1)ﬂ,|—2(1)e|—1’ 1_ I - n’
e-e =0 1+]

Kynatimma opxanu bepuneau 6a a ; , # 0 wapm ypuniu 6ynaouea,

. .a. .
Ao A A2
r,=(1,2,..,n) ear,=(,nn-1,.,2) jypun ammawmupuwnapea moc E.

*

980JIIOYUOH aNleedpaza uzomopa.
Kyiinaaru teopemMa E’ HUHT WIEMIOTEHT 3JIEMEHTIAPUHH TYITHK
TACBUPJIANIH.
6-Teopema.
(i) @apasz xunamus &, #0, 1=1,..,n 6a X=(X,X,,...,X ) udemnomenm

anemMenm, Y X0a10a YHUHe KOOpOUHAMALaApuHu Kytuoazu gopmyna époamuoa
1

ok=2 ok=3 ) K g
]

k-1

AHUKIAHAOU: X; = (aizﬂ(i) T T PR NPy
6y epoa 7“(i) = .

(i) Aeap 6avsu i aap yuyn @, =0 6ynca, y yonoa i bunan 6up yuxiea Kupyeuu
bapua M nap yuyyn X =0 e6a udemnomenm s1eMeHmMHUHS KONCAH
koopounamanapu (1) popmyna époamuda anuxianaou.

E’ HUHTr aOCOMIOT HIIMOTEHT JJIEMEHTIAPHHU Kapaiiuk. Y xoa
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n
x> = Zam(i)xfeﬁ(i) skanauruaas Qoinananu6, X =0 gan a, % =0,i=1,.,n Hu
i=1

XOCHJI KulIaMu3. By cucrema eunmiapu:
1) Aeap @, #0 6ynca ,y xonoa Xx=(0,0,...,0).

2) Azap 6avsu K nap yuyn a4 =0 6ynca, y yonoa abcomom nuronomenm
anemenm X =(0,0,..., X, ,...,0) Kppunuwoa 6ynaou, 6y epoa X,. uxmuépuii
XAKUKULL COH.

Ky#innaru Teopema E' HUHT aOCOMIOT HHUIBIOTEHT 3IE€MEHTIAPUHH TYITHK

TacBUpPJIANAN
7-teopema. X = (X,X,,....X,) E nune abcomom nunbnomenm snemenmu 6éa

(I1,...1)) oca "oz, (P <N) nune spxun yurxinapudan Gupu Gyncun.

1) Aeap 6apua K=1,2,...,p aap yuyn 8 ) & #0 wapm baxcapunca, y

k+lT(|k+1)

p
x0710a Xlz = XI*2 =..= XI*p =0 éxu HX,T #0 6ynaou ea 6y xonoa:

i=1

l.a) Aeap 6av3u K, =1,...,p nap yuyH & . >0 6ynca, y xonoa
0

-a
LY

*

X =X|*2 =...=er =0, 6yepoal ,=1;

1
p

p
<06a (-1)'[]a.., =] ]a.q,
i=1

i=1

1.b) Azap 6apua K =1,...,p aap yuyn @, -8,

k+17 Uk 1)

wapmaap baxcapuica, y Xon0a X,Z = X; =..=x =0;
p

p p
1.c) Aeap 6apua kK =1,....paapywyn a, -8 . ,<06a (-1)"[]a ., =]]a.,
i=1 i=1

wapmaap oaxcapuica, y X010a
(_1)k_la|lﬂ(|l)a|2n(|

* ) alk—l”(lk—l) *
|X|k |: a '|X|l|, k:2,...,p,
Lr(l,)Dgr(ly) T Pe(y)
Oy epoa X, UXmuépui Xakukuti CoH;
1

2) Aeap 6avsu K, (1<k,<p) yuyu a, ”(,k)ZO (éxu a, =0) 6a 6apua
0 0

0r(lko)

k=1,..,p zap yuyn a 70 (éxu Y ) wapmaap 6adxcapuica, y Xo10a

*

X
3) Aeap b6av3u K, yuyn I 0, a
0 0

=X =..=x =0;
1 2 p

7O ) =0 sa 6apua Kk # K, nap yuyn 8 . * 0

exu a, .\ #* 0 wapmaap baxcapuica, y xon0a XIko uxmuépuil XaKkuxuii Con 6a bapua

k=k,, k=1,...,p zap yuyn X;; =0 oynaou;,

4) Konean bapua xonnapoa éku X, =X =..=X =0 éku bavsurapu nonea meme 6a
h 2 p
KON2AHAApU dIPKUH RAPAMEMPAAP2a GO&IUK,

HucceprauustHuHr  «YekJam yiadyamuid JBOJIOLHHMOH  ajredpajjapHUHT
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3aH:KUpJIapAary  TacHugu» 1e0 HOMIAHYBYM YYMHYM OOOM 3BOJIOLMOH
anreOpalapHUHT UKKU Ba y4 YI4amild 3aHKUpiiapjard TacHU(pura OaruIuiaHTaH.
DBOJIIOLMOH alre0pajlapHUHT OUp HeuTa yd YI4amild 3aHKUpJIapHHHU KapaJuK Ba
ymly 3aHKupIIapAard SBOJIIONNUOH anreOpaapHUHT TaCHU(PUHN OepauK.

bu3s kyitumarn MY, i=1,2,3 crpykrypaBuii y3rapmaciap Marpuuagapura
moc E® osomrormon anreOpanmapHUHr  3aHKUpIApHHM  KapaiMus  (yiap

A.H.MmowmkynoB Ba M.B.Benacko TOMOHHIaH KypHJITraH).

1 1 1

@'l'f(S) @—Ff(S) @'Ff(S)

[s,t]_@ i_ i_ i_
M =2 o -0(6) o0 -9
g(s)—f(s) g(s)—1f(s) g(s)—f(s)

h, g Ba f uxTuépuii pyukuusaap sa h(s) #0;
1+y(s)  1+w(s)  1+w(s)
1-p(s) 1-¢(S) 1-¢(s) |, arap s<t<a,
1]\p() =y (s) o(s)-y(s) ¢(s)-y(s)
210 0 O
0 0 0|, arapt>a,
0 0O
Oy epaa a>0 Ba ¢, y nap uxtuépuit GpyHKUMIAD;
n(t) (1) x(t)
MEI=6(s)| p()n(t) @(6)8() @ (S)x(t)
2,10 2890 @)«
1
17(8) + @,(8)3(s) + ,(8)x(s)
n(s) + ¢,(S)(s) + @,(s)x(s) =0 HIApTHU KaHOATJIAHTHPYBYH UXTHEPHIA
byHKUMATAp.
A .IMOMKYJIOB TOMOHMJIaH KBaJpaTUHUHI yia4amMu Oupra TeHr OyiraH yd
Yyadamiii XaKuKUil SBOJIIOLMOH ajireOpasiap TacHU(IaHTaH (KOMILUIEKC XOJ Y4YYH
E.K Kacano, M.C.Monuna Ba M.B.Benackonap tacuudmaran) Ba sxxypT-xyQpTr

OwtaH y3apo uzomop@d 6yamaran YH UKKHATa ajiredpa Tonwirad. Yiap Kyduaaruiap
1 1 O 1 1 O 1 1 0 1 00

E,;:ql-1 -1 0|, E,:|-1 -1 0|, E;|l-1 -1 0|, E,: 0 0 0

4

0 0 O 1 1 O -1 -1 0 0 0O

M =

oy epma 6(S)= n, % K, ¢, ¢, nap
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100 1 00 100 1 00
E.;[0 0 0], EG:Looo, E.;l1 0 0f EB:[100,
100 10 0 100 -1 0 0
1 00 000 000 0 00
E,;]-1 0 0|, E, 0 0 0|, E,:|1 0 0| E,|1 0 0]
10 0 100 100 -1 0 0

8-reopema. E*" sanocup (S,t) saxmnune 6epuncan kuiimamnapuoa E,, E,,
E., E., E,, E, napnune bupuea uzsomopa.

8-TeopeMaHUHT MOXUSATHHU TYUIYHTUPHUII YUYH, YIIOY MUCOJTHU KapaMus.

2-MHCOJI. Arap g(s) =4s-16, f(s)=4s*—-24s+32, % =s+1

GyHKIEsIapHu oJicak, y xomaa 0 < s <t yuyn
a) s=3 oyaranna E,;
b) s=4 6ynranna E,;

11 17
C) S=— Ba S=— 0¥ E.;
) 1 Ba 5 Oymranna
d) se(3;4) 6ynranna E.;
e) Se[O;%)u(4;%) Oynranna E,;

f) se (%;3) U (% ;00) 6ynranna E, Hu xocun kumamu3 (1-1maknra KapaHr).

t a2 Es E4 Es Es
// =) \\ ‘ - g N — — —
i s o Eo
//// \\\\ \TF/:S//
/// \\\E7%|
i* Eo| ™~ :
// A e 1
¥ i s I
7’ % U
Es -~ I
// |
27 I
I
|
11/4 3 4 17/3 s

1-makn. EFY DA3unaru somonuon anre6pansapra Moc

{(s,t) :0<s <t} BakT TYyIIAMHUHUHT TAKCUMOTH.

E, opkanu TpuBHMan OHBONIONMOH anredOpaHu OenrunaiiMus (SBHU HOJ

0
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KYTIaT™Manm).

9-teopema. EFY sanocup (s,t) e{(s,t):0<s<t<a} eaxmuunz 6Gepuncan
., E., E,, E,, E, aapnume 6upuca uzomopg. bapua
(s,t) e{(s,t):t>a} oa EI" sanocup E, 2a usomopa.

10-reopema. EI samocup (S,t) eakmnune 6Gepuncan Kuiimamnapuoa

Kkuumamaapuoa E,, E

I0KOPUOQ KeNMUPUIZan Y1 UKKUMa aneebpanune oupuea uzomopa.
10-TeopeMaHMHT MOXUATUHY TYILYHTHPHIN YUYH, YIIOY MUCOJIHU KapanMu3
3-mucon. EY samkupparn GpyHximsiaapau

1
—(t+1), 0<t<2
o1 0<t<t J2 0, o0<t<l
+1, <
r7(t)={O (56 , () = \/(t—1)2+4, 2<t<3, k(t)=<t-3, 1<t <86,
L 0, 3<t<6 0, t>6
t—-2, t>6
— <
-2, 0<s<3 OL f;S<;
<s<
= 0, 3< 35, =] .
@,(s) S ®,(8) 1, 9<s<3
s—-57, s>5
s—4, s>3

KYPUHUIIIA OJlaMuU3. Y X0JiJla KyHuaary Xosuiapra sra 0ynamus (2-1makira KapaHr):
1-xo0a. Arap 0<s <1 6¥ynca, y xonna 1) 0<t <1 yuyn E,;; 2) 1<t <3 yuyn Eg;

3) 3<t<6 yuyn E,; 4) t>6 yuyn Eg;

2-x0J1. Arap 1<s< 2 6ynca, y xonga 1<t<2 yuyn E, Bat>2 yuyn E,06ynany;
3-x0a1. Arap 2<S<3 6¥ynca,y xonna 2<t<3 yuyn E,, 3<t<6 yuyn E,; t>6
yuyH E, Hu Xocun Kuiiamus;

4-x041. Arap 3<S<4 6yica, y xonna 3<t <6 yuyn E,, t 26 yuyn E,;

5-x0a1. Arap S=4 6ynca, y xonga 4<t<6 6 yuyn E,, t =26 yuyn E;

6-x0u1. Arap 4<S<5 6¥ynca, y xonaa 4<t <6 yuyn E,, t 26 yuyn E;

7-x01. Arap 5<s<5,7 6ynca, y xonma 5<t <6 yuyn E;, t>6 yuyn E,

8-xous1. Arap S=15,7 6yica, y xonna 5,7<t<6 yuyn E,, t 26 yuyn E,;;

9-xo0J1. Arap S>5,7 6¥ica, y xonna t > 5,7 yuyn E, xocun 6ynanu.
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2-11aK. Ef’t] DA3wumaru 3BOJIIOIMOH anredpaiapra Moc

{(s,1) :0<s <t} BakT TYMIAMHUHUHT TAKCHMOTH.
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XYJO0CA

Ymly nuccepranusi 4YEKIM YI4amiid 5SBOJIOLUMOH anredpanapHu, YpuH
aIMalITUPUIIUIAPTa  MOC  O3BOJIONMOH  anreOpajiapHd  Ba  3BOJIOIMOH
anreOpajapHUHT Y4  yo4amiid  3aHKUpJlapuaard TacHU(UHM — YpraHumira
OarvIIUTaHTaH.

TanKMKOTHUHT acocuil HaTHXanapu Kyluaaruiaapiad uoopar:

1. CrpykrypaBuil y3rapmaciap MaTpUIIACKHHUHT paHTd N—2 ra TeHr Oyarad N
yiyamiid 3BOJIOLUOH ayredpa AroHa aOCOJIIOT HWIBIOTEHT 3JEMEHTra ara
OYIMILIMHUHT 3apypuil Ba €Tapiy WIapT TONUITaH;

2. burra Ba MKKUTa YpUH anMaAIITUPHUIILIAPTa MOC SBOJIOIMOH anreOpalapHUHT
Oapuk OYJIHIII ME30HIapH TOMHIITaH;

3. bepunran ypuH aaMamTUpHILITa MOC SBOJIOIHMOH alreOpaHuHT HUI anredpa
OynuII mapTH Ba YHUHT a0COJOT HUIBIOTEHT Ba HUIEMIIOTEHT dJIEMEHTIApH
TOTHJITAH;

4. HkxkuTa YpuUH amMalITUPHILIIApPra MOC 3BOJIIOIMOH alreOpaHuHr aOCOJOT
HUWIBIIOTEHT OJJIEMEHTIApW Ba HWKKH VI4aMIM XOJ YYyH HUACMIIOTEHT
AJIEMEHTIAPHUHT TYJIUK TaXJIWIU TONWITaH,

5. MHkkura YpuH anMalITUPUIIUIAPIa MOC HBOJIIOLMOH aireOpaHuHr Oab3u
n30Mopu3MIIapU TOUIITAH;

6. bup Heura 3amwKupiapAard SBOJIONMOH aireOpaidapHUHT TacHU]IApU
TONUJITAH;

7. KsampatunuHr ynmuamu Oupra TeHr OynraH Oapua yd4 ymyamiam XaKUKUN
HBOJIIOIIMOH ~ anreOpaiapHyd y3 WYMra OJTaH 3aHKUPAArd OBOJIOIHOH
anreOpanap TacHU]IIaHTaH.
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INTRODUCTION (abstract of PhD dissertation)

Actuality and demand of the theme of the dissertation. Numerous scientific
and practical researches conducted worldwide are often brought to the study of some
algebras using the non-associative algebras and the theory of algebraic systems. In
history, mathematicians and geneticists once used nonassociative algebras to study
Mendelian genetics. Mendel first exploited symbols that are quite algebraically
suggestive to express his genetic laws. They were later termed “Mendelian algebras™
by several other authors. Mendelian genetics introduced new subjects to
mathematics: general genetic algebra and evolution algebra. These algebras are
generally commutative, but not associative; moreover, they do not belong to any of
the well-known classes of non-associative algebras, such as Lie algebras, Jordan
algebras, or alternative algebras.

It is important to study the theory of evolution algebras, which is currently one
of the most important areas of modern algebra. Many mathematicians have done
scientific work in this field and introduced new lines of investigations. Evolution
algebras have many connections with other mathematical fields. These algebras
provide new solutions to a number of mathematical problems. Through a
mathematical study of the laws of evolution, we can make a reasonable prediction
of the development or complete disappearance of a species or feature of a population.
Nowadays, the reproduction of a species with the required characteristics and the
development of its beneficial properties is one of the most important problems, both
scientifically and economically. In this regard: the study of the properties of
evolution algebras and the classification of their chains is one of the targeted
scientific studies.

In recent years, our government much attention has been paid to mathematics,
physics, geology and biological sciences, which have scientific and practical
applications of fundamental sciences. In particular, special attention was paid to the
development of the theory of evolution algebras, one of the main objects
encountered in population biology and genetics. Within the frame of this
fundamental research, significant results have been obtained in the study of
evolution algebras and their chains. Conducting research? at the level of international
standards on the priority areas “Algebra and Functional Analysis” is the main task
and direction of activity of mathematics. To ensure the fulfillment of the task, it is
important to further develop the theory of evolution algebras in order to apply
scientific results in the relevant field of science.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947 of
February 7, 2017 “On the strategy of action for the further development of the
Republic of Uzbekistan”, PD-2789 dated February 17, 2017 “On measures to further
improvement of the activities of the Academy of Sciences, organization,

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017, 18 May « On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of
the Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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management and financing of research activities”, PD-4387 from July 9, 2019 “On
measures to further development of mathematical education and science, and also
root improvement of the activity of the Uzbekistan Academy of Sciences
V.I.Romanovsky Institute of Mathematics” and also PD-4708 from May 7, 2020
“On measures to improve the quality of education and research in mathematics” as
well as in other regulations related to basic science.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. General genetic algebras are the
product of interaction between biology and mathematics. More recent results, such
as genetic evolution in genetic algebras, are obtained by Y.l.Lyubich. He first
proposed a class of evolution algebras (called evolutionary algebras) in 1992. In
2006 J.P.Tian introduced a new type of evolution algebra. He established a
foundation of the framework of the theory of these algebras in his scientific work.
Since then, interest in evolution algebras has greatly increased. The concept of
evolution algebra lies between algebras and dynamical systems. Algebraically,
evolution algebras are non-associative Banach algebras; dynamically, they represent
discrete dynamical systems.

A notion of a chain of evolution algebras was first introduced in 2010 by
J.M.Casas, M.Ladra and U.A.Rozikov and wide classes of chains were constructed.
The chain of evolution algebras is a dynamical system the state of which at each
given time is an evolution algebra. Such chains were also built by B.A.Omirov,
K.M.Tulenbayev, M.Ladra, Sh.N.Murodov, M.V.Velasco, A.N.Imomkulov and
some of their properties were studied. Also in 2016, Ladra and Rozikov introduced
the concept of flow of finite-dimensional algebra as a generalization of the concept
of a chain of evolution algebras. One of the recents in this field is the book
"Population dynamics" by U.A.Rozikov.

Three-dimensional evolution algebras are classified in the work of
Y.C.Casado, M.S.Molina and M.V .Velasco. They studied the evolution algebras E
over a field K of characteristic different from 2 and in which every polynomial of

the form x" -k, forn=2, 3,7 and k e K has a root in the field. They proved that
there are 116 types of three-dimensional evolution algebras (up to isomorphism).
We can see the classification of algebras in some two-dimensional real evolution
chains in Murodov’s scientific works. However such a classification has not yet been
considered in the chains of three-dimensional evolution algebras. The approximation
of finite-dimensional algebras with evolution algebras studied by A.N.Imomkulov.

Moreover, he classified three-dimensional real evolution algebras with dim(E*) =1

and showed the existence of twelve pairwise non-isomorphic algebras.

The idea of studying evolution algebras corresponding to permutations was first
put forward by A.S.Dzhumadil’daev. Since then, several scientific articles related to
this area have been published. In those papers, evolution algebras and their chains
corresponding to only one permutation are considered.
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Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work is
carried out in accordance with the given topic of scientific research OT-F4-82 + OT-
F4-87 «Local derivations and automorphisms of operator and nonassociative
algebras, phase transitions and chaos in nonlinear dynamical systemsy + «The theory
of global invariants of curves and surfaces in Euclidean and pseudo-Euclidean
spaces and its applications in mechanics» at V.I.Romanovskiy Institute of
Mathematics (2017-2019).

The aim of research work is to study evolution algebras corresponding to
permutations and to classify known real evolution algebras in three-dimensional
chains of evolution algebras.

Research problems:

to find necessary and sufficient condition for a n-dimensional evolution
algebra with the the matrix of structure constants having rank n—2 to have a unigue
absolute nilpotent element;

to find set of absolute nilpotent and idempotent elements of evolution algebra
corresponding to permutations;

to give classification of evolution algebras in three-dimensional chains;

to find a chain that up to isomorphism contains all known algebras.

The research object: finite-dimensional evolution algebras, evolution algebra
corresponding to permutations, three-dimensional chains of evolution algebras.

The research subject: absolute nilpotent elements of finite dimensional
evolution algebras, absolute nilpotent and idempotent elements of evolution algebras
corresponding to permutations, classification in chains of three-dimensional real
evolution algebras.

Research methods: in the dissertation the methods of the theory of non-
associative algebras, theory of non-linear dynamical systems, the methods of
structure constants, classification methods are applied.

Scientific novelty of the research work consists of the following:

a necessary and sufficient condition for a n-dimensional evolution algebra
with the matrix of structure constants having rank n—2 to have a unique absolute
nilpotent element is found,

the criteria for evolution algebras corresponding to one and two permutations
to be baric, absolute nilpotent and idempotent elements of evolution algebra
corresponding to a permutation are found;

absolute nilpotent elements of evolution algebra corresponding to two
permutations and detailed analysis of idempotent elements for a two-dimensional
case, also some isomorphisms of evolution algebra corresponding to two
permutations are found,;

classifications of real evolution algebras in some three-dimensional chains, in
particular, classification of real evolution algebras in a chain containing all three-
dimensional real evolution algebras with dim(E*) =1 are found;

Practical results of the research. The obtained results and used methods in
the dissertation can be taught as a graduate course for masters and PhD students of
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higher education institutions. Furthermore, obtained classification in chains of
evolution algebras allow us to investigate the evolution of biological and physical
systems and dynamics of algebras in chains.

The reliability of the results of the study. The results have been obtained by
using the methods of linear algebra, abstract algebra, non-linear analysis and
evolution algebra, as well as the rigorous of mathematical reasoning. The proofs of
obtained results are mathematically correct.

Scientific and practical significance of the research results. The scientific
significance of the research results is explained by the fact that the obtained scientific
results in the work can be used for further study of evolution algebras and their
chains. In particular, the techniques and methods developed in this dissertation can
be used to classify the chains of all evolution algebras.

The practical significance of the research results is that they can be used to
classify the evolution and dynamics of biological and physical processes represented
by chains of evolution algebras.

Implementation of the research results. The results were used in the
following scientific studies:

the obtained results about evolution algebras corresponding to permutations
and classifications in chains of evolution algebras have been used in the foreign
research project No. MTM2016-76327-C3-2-P for investigation of evolution
algebras (Reference of the University of Granada dated April 20, 2022, Spain). The
application of the scientific results allowed to classify chains of evolution algebras.

the obtained results about absolute nilpotent, idempotent elements of evolution
algebras and classifications in chains of evolution algebras have been used in the
research project “Quantum Genetic Algebras and their applications” Grant, No.
G00003447 for investigation of dynamics of quadratic stochastic operators
(Reference of the University of the United Arab Emirates dated May 26, 2022,
UAE). The application of the scientific results made it possible to investigate the
ergodic properties of dynamic systems generated by several quadratic stochastic
operators defined in the standard simplex.

Approbation of the research results. The main results of the research have
been discussed at 4 international and 5 national scientific conferences.

Publications of the research results. On the topic of the dissertation, 14
scientific papers were published, 5 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of thesis of the Doctor of Philosophy, including 2 of them
published in foreign journals and 3 in national scientific journals and 9 abstracts.

The structure and volume of the dissertation. The dissertation consists of the
introduction, three chapters, conclusion and bibliography. The total volume of the
thesis is 113 pages.

MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research theme and correspondence to the
priority research areas of science and technology of the Republic are given, we
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present the review of foreign research on the topic, degree of scrutiny of the problem,
formulate our goals and objectives, identify the object and subject of study, and state
scientific novelty and practical results of the research. Moreover, we give the
theoretical and practical importance of the obtained results, the implementation of
the research results, the published works and the structure of dissertation.

In the first chapter of the dissertation, titled “Basic facts about evolution
algebras and their chains”, we introduced necessary basic notions and concepts of
evolution algebras and their chains which are used in dissertation and have given
some results that a finite-dimensional evolution algebra has unique absolute
nilpotent element.

Definition 1. Let (E,) be an algebra over a field F. If it admits a basis

0, if i#]

€,€,,..., such that ee, = Y, if i=] then this algebra is called an evolution
ik~k? !
k

11

algebra and such a basis is called a natural basis.
We denote by M= (a;) the matrix of the structure constants of the evolution

algebra E.

Evolution algebras were first introduced by J.P.Tian. He motivated this
algebras by evolution laws of genetics.

J.M.Casas, M.Ladra and U.A.Rozikov introduced a notion of chain of evolution
algebras  (CEA). Following this paper we consider a family

{EFY:s, teR, 0<s<t} of n-dimensional evolution algebras over the field R,
with the basis e,,e,,...,e, and the table of multiplication

n
ee => all%, i=1..,n;ee =0, i=].
j=1

Here the parameters s, t are considered as time. Denote by MY = (ai[j”)i o the
matrix of structure constants of E Y,

Definition 2. A family {E®Y:s, teR, 0<s<t} of n-dimensional evolution
algebras over the field R, is called a chain of evolution algebras (CEA) if the matrix
MEY of structure constants satisfies the Chapman-Kolmogorov equation

MET = pMEAINET forany s<z<t.

It is known that each evolution algebra is determined by a quadratic matrix of
structure constants. A CEA is a (uncountable) family of evolution algebras
depending on the time (s,t), 0<s<t. The matrices of structure constants

(depending on (S, t)) of a CEA satisfy the Chapman-Kolmogorov equation. In other

words, a CEA is a continuous-time dynamical system which in a fixed time is an
EA.

A character for an algebra A is a nonzero multiplicative linear form on A,
that is, a nonzero algebra homomorphism from 4 to R. Not every algebra admits
a character. For example, an algebra with the zero multiplication has no character.
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Definition 3. A pair (A, o) consisting of an algebra A and a character o on

A is called a baric algebra. The homomorphism o is called the weight (or baric)
function of A4 and o(x) the weight (baric value) of x.

For an n-dimensional evolution algebra E over the field R consider the

operator V:R" - R", x>V (x) =X defined as x| = > a,,x*, j=1,...,n.
i=1

This operator is called evolution operator .

Definition 4. An element x of an algebra A is called an absolute nilpotent if
x*=0.

Definition 5. An element x € A is called idempotent if x> = Xx.

Such elements of an evolution algebra are especially important, because they are
zero point and fixed point of the evolution map V (X).

Let E" be evolution algebra and M be its matrix of the structure constants,
T
det(M])
det(M,) T
a11 ai—l,l ajl ai+1,1 arl
T — a12 "'ai—1,2 aj2 ai+1,2 ar2

M,

M is transposed matrix of M and di; =

alr "'ai—l,r q, a a

jr i+1,r " rr

An interesting problem is to find a necessary and sufficient condition on matrix
D=(d;)ics..: jere..n  Under which the evolution algebra E" has a unique absolute
nilpotent element. This problem solved by J.M.Casas, M.Ladra and U.A.Rozikov
for the case rank(M) =n-1. We consider the case rank(M)=n-2.

Theorem 1. Let rank(M)=n-2. The evolution algebra E" has a unique
absolute nilpotent element (0,...,0) if and only if one of the following conditions is
satisfied:

. dio,nfl>O f . 1 21 -
(1) 4 >0 or some i, €{1,...,.n—2},

dk,n—l >O dk,n—l :O
(i) <d,,=0 or <d, >0 forsome k,me{l,..,n—-2};
d,.>0 d >0

m,n m,n-1

d. <0 d

s,n

dsn—1>o dtn—1<0
(iii) ’ and ’ 0 for some s,t {1,...,n—2} and

t,n

t
t,n-1 s,n-1

4 [—d
max{d “d,,, <0, d,, >°}>ms'”{d o a2 08 <O}
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Also, we have given some known two- and three-dimensional chains of real
evolution algebras.

The second chapter, titled “Evolution algebras corresponding to
permutations” is devoted to investigate evolution algebras corresponding to one
and two permutations. In this chapter we studied important properties and elements
of these algebras. In particular we have described in detail absolute nilpotent and
idempotent elements of these algebras and given clear views of theirs.

In the works of A.Kh.Khudoyberdiyev, B.A.Omirov and lzzat Qaralleh some
properties of evolution algebra corresponding to one permutation are studied and a
description of this algebra is given.

Let S be agroup of the permutations and 7S _,

1 2 3 .. n )
= , () e{l,2,...,n}.
(1) #(2) z(3) ... =(n)

Consider an evolution algebra E" over the field R with a finite natural basis

S _ €€ =3, for any i
e,e,,...e, and a table of multiplication given by o .

e-€ =0, if 1]
Then an evolution algebra E is called an evolution algebra corresponding to
permutation 7z. We note that if M = (ga;) the matrix of the structure constants of the
. n A iy it j=x)
evolution algebra E_ then a; = ) _ o, 1=1,..,n.
0, if jJj=x@)

Corollary 1. An evolution algebra E_ over the field R, is baric if and only if
there is an element a,, = 0 of its matrix M = (a,) of structure constants. Moreover,
the corresponding weight function is o(x) = a, X, .

Definition 6. An element a of an evolution algebra E is called nil if there
exists n(a) e N such that (---((a-a)---a)=0. Evolution algebra E is called nil if

n(a)
every element of the algebra is nil.

Theorem 2. The algebra E’ is a nil evolution algebra if only if the following
condition holds

)" & 20y Beagy T 0 @1
forall ie{l,..,n} and 7“(i) =i,k €{1,...,n} , with z°(i) = z° (i) for q= p.

Let 7,z €S,, and assume that x = z. Consider an n-dimensional evolution
algebra E] over the field R with a finite natural basis e,,e,,...e,, and a table of
multiplication given by: e, -e, =0, ifi= j;e-¢ =a_, €., +a,, €, foranyi,
then this algebra is called an evolution algebra corresponding to permutations =
and 7.

Proposition 1. An evolution algebra E over the field R, is baric if and only
if one of the following conditions holds:
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1) k, is a fixed point for = (or 7), z(k,) =k, (or z(k,) =Kk,) and its matrix

M =(a,) i,j=1...n of structure constants satisfies a, =0, a, =0
v 0’70

(ora =0). In this case the corresponding weight function is

7 (kg)ko
o(x)=a X
2) k, Is a fixed point for both z and z, and a  =0. In this case the
corresponding weight function is o(x) = 28, , X, .
Corollary 2. If the permutations z and 7, mentioned in Proposition 1
have m fixed points k_, m<n which satisfy conditions of Proposition 1, then the

evolution algebra E! has exactly m weight functions o(x)= a X (or
o(x) = 2akmkm ) ka )-

Let o, €S, are conjugated, then there exists y €S_ such that yca = oy
and G_ be set of all conjugate permutations to fixed z. In the following theorem
we consider special type of permutations in G_.

Theorem 3. Let E’ be an evolution algebra corresponding to two
permutations with the following conditions:

1) a,, a,,#0,1<i<n;

2) T=/ om,0..0off,, T=T,0T,°...0T, where 7, = (7 g - 7y )

Ty = (T Ty e T ) ooes 70, = (T Ty 7T and 7, = (7 T o Ty )
T, = (T Ty e Ty )i T, = (7, 7,5 - 7, ) @re independent cycles of 7 and 7
respectively, and k, +k, +...+k_=n.
3) 7, e{n, 7, e hlsisrl<sm<k, i.e. 7, and r, consist of one and the
same elements, only has difference between seats of elements. Then
E! =E! ®E? ®.®F' .
Let z, be identity permutation.
Proposition 2. Any evolution algebra E . corresponding to permutations

7 = (K, K,,....k ), 7, and with the condition a_ -a, #0,1<i<n, is isomorphic to
the evolution algebra E;*’TO , with the table of multiplications given by:

{e.’-e.’za e, +a e, 1<i<n

i i ﬂi—l(l)”i o i+1 ﬁi—l(l)ﬂi—l(l)
e-e =0 i=#]
where 7z, =(12...n), and a

. oooea. .
2l Aol e

Example 1. Consider the following evolution algebra A’ o with the table of

=0, 7°(1) =1.

multiplications given by:
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n-n=n,+n,1<i<n-1

My 1 = 10+ 17,

7.1, =0, 1% j
the algebra A;*’TO Is an evolution algebra corresponding to permutations

=(12...n), 7, and all non-zero structure constants a; are equal to one.
Theorem 4. Any evolution algebra E;’,O corresponding to permutations
7 = (K, K,,...,k ), 7, and with the following condition
3% 0, (2 AL ‘1<1)) = i’ 1=i<n

Is isomorphic to the algebra A,';*’TO :

Let o, €S, are conjugated, then there exists y €S_ suchthat yca = foy.

Theorem 5. If permutations «,f €S are conjugated and the condition
o =0 im0 & =0 .0 1S1<n is satisfied for the elements of the matrix of

structure constants then the evolution algebras E; and E;_are isomorphic.

Proposition 3. Any evolution algebra E corresponding to permutations
z=(,k,,...k ), z=(,l,,...,1) and with the condition 7oz =z, is isomorphic to
the evolution algebra E; ., Which a table of multiplications given by:

€€ =a iy i Catdiy iz 6 1<i<n
e-e =0, i#]j

z,=(1,2,...,n), 7z, =(1,n,n-1,...,2) and i &tz

The following theorem describes idempotent elements of E’ .

Theorem 6.

(i) Assume that a_,, #0 , i=1,...,n and x=(x,X,,...,X,) be an idempotent

element, then coordinates of this element defined by the following formula:

with permutations

okl k-2 k-3 X Kpin s

LN -a , wher )=1.

i7() "4 i 20) " P23 k 1(|)|) ere 7" (i)

(ii) If a_;, =0 for some i, then for the number m which belongs to the same
cycle where is i, then x =0, and other coordinates of the idempotent
element are defined by the formula (1).

Now we consider absolute nilpotent elements of E'. We know that
Zam(,) 'e.q Hence from x*=0 we have a_ (,)x, =0,i=1,...,n. Solutions of

this system of equations are :

1) Ifa,, =0, then x=(0,0,...,0).

2) a,,, =0forsome k, k then absolute nilpotent element defined by
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x=(0,0,..., X, ,...,0), where x, is an arbitrary real number .
The following theorem describes absolute nilpotent elements of E .
Theorem 7. Let X = (X;,X,,...,X,) be an absolute nilpotent element for E_ . and
(I.1,...1)) be one of the independent cycles of 7™ oz, (p <n).

nIfta,.,a =0 foral k=12.,p, then x =x :...:x,*p =0 or
p
[ Ix #0 and in this case:
i=1
la) Ifa ..,& .. ,>0forsomek,=1,.,p then
ko™ “ ko ko+1 kgl
X =X == xl*p =0,where | , =1;
p p
1b) Ifa ., & . ,<Oforallk=1..,pand(-1)"[]a ., #]]a.,
i=1 i=1
then X =X, T =X =0;
p p
lc) Ifa -8 . ,<O0forallk=1..pand(-1)'[]a,.,=]]a.,
i=1 i=1

then

N (_1)k_la|n(|)a| n(l)""'al () *
| X :\/ T 27 ket” et '|X'1|’ k=2,..,p,

a - |
1,7 (l,) Pz (1) 17 ()

where x; is any real number.

2) If alko”(lko) =0 (or alkor(,ko) =0 ) for some k, (1<k,<p) and a_,,=0 (or
8 .70 ) forany k=1,...,p then x. =x =..= xfp =0.
3) If alkoﬁ(lko) =0, a'k0f<'k0> =0 for some k, and & ., ,#0 or a_,,=0 for any

k =k, then xl*k will be any real number and xl’; =0 forall k =k, k=1,..,p.
0

In this case the number of free parameters is equal to the number of such k.
4) In all other cases either x, =x, =..=x_ =0 or some of them are equal to
p

zero and the rest depends on the free parameters.

The third chapter of the dissertation, titled “Classification in chains of finite-
dimensional evolution algebras” is devoted to the classification of real evolution
algebras in two- and three-dimensional chains of evolution algebras. We have
studied some three-dimensional chains of evolution algebras and given a
classification of real evolution algebras in these chains.

We consider the following known CEAs (constructed by A.N.Imomkulov and
M.V .Velasco ):

EY, which correspond to the M[*!,i=1,2,3 defined as:
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Lot i) i)

h(s) h(s) h(s)
[s,t]_w i_ i_ i_
M= 2 | h) a(s) hs) g(s) hs) g(s)

g(s)-1(s) g(s)-"1(s) a(s)-T1(s)

where h, g and f are arbitrary functions with h(s) #0;

1+w(s) 1+w(S) 1+w(S)
1-¢(s) 1-¢(s) 1-¢(s) |, if s<t<a,
M = 1{p©) -y (s) ¢5)-y(s) ¢(s)-w(s)
210 0 0
0 0 0, ift>a,
0 00O
where a>0 and ¢, w are arbitrary functions.

n(t) () x (1)
M =0(s)| @i (s)n(t) @ ()9 @ (s)x(t)

,(S)n(t) @,(s) () ¢,(s)x(t)
where

0(s) = 1
1n(8) +¢,(s)3(s) + @,(s)x(S)

and 7, 9, x, ¢,, ¢, are arbitrary functions with 7(s) + ¢,(s)9(s) + @,(s)x(s) # 0.
Three-dimensional real evolution algebras with dim(E?) =1 are classified by
Imomkulov (for complex case by Y.C.Casado, M.S.Molina, M.V.Velasco) and

twelve pairwise non-isomorphic evolution algebras are described. They are

1 1 0 1 1 0 1 1 0 1
E,;;-1 -1 0 E,;y-1 -1 O, E,;}]-1 -1 0|, E,:|O

0 0 O 1 1 0 -1 -1 0 0

1 00 1 00 1 00 1
E.:;]0 O 0}, E.:l0 O 0], E,:|]1 0 0], E,:| 1

1 00 -1 00 1 00 -1

1 00 0 0O 0 0O 0 O
E.;(-1 0 0|, E,:0 O O, E,:1 0 0O}, E,:11 O

-1 00 1 00 100 -1 00

©O O oo oo o o

O O o o o o

Theorem 8. For given values (s,t) of time the algebra E** is isomorphic to

E, E.,E, E,E,E,.
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To illustrate the essence of Theorem 8, consider the following example.
Example 2. Let g(s)=4s-16, f(s)=4s’—-24s+32, % =s+1 then we

obtain:

a) E, when s=3;

b) E,when s=4;

c) E, when s=1—1 and SZE;

4 3
d) E, when se(3;4);
e) E, when SE[O;%)U(‘]-;%);
11 17 :

f) E, when se (Z;s)u(?;oo), where 0<s<t (see Fig. 1).

>
>

11/4 3 4 17/3 s
Figure 1: The partition of the time set {(s,t):0<s<t}
corresponding to the classification of EAs in the CEA EY.

Let us denote the trivial evolution algebra by E, (i.e. with zero multiplication).
Theorem 9. For given values (s,t) €{(s,1):0<s<t <a} of time the algebra
EXY is isomorphic to E,, E,, E,, E., E,, E,.
For all (s,t) e{(s,t):t>a} the algebra E* is isomorphic to E,.
Theorem 10. For given values (s,t) of time, the algebra E ™Y is isomorphic

to to all the twelve algebras mentioned above.
To illustrate the essence of Theorem 10, consider the following example.
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1
——(t+1), 0<t<?2
1, 0 6 ﬁ( )
t+1, 0<t<
Example3-Letn(t)={0 56 () =1 Jt-1)2+4, 2<t<3,
I 0, 3<t<6
t-2, t>6
— <
0, 0<t<l 2 0<s<3 1, Oss<l
0, 1<s<?
k(t)=4t-3, 1<t<6, ¢(s)=40, 3<s<5, p,(s)= .
1, 2<s<3
0, t>6 s—-57, s>5
s—4, s>3

We consider the next cases (see Fig. 2):
Case 1. If 0<s <1 then we have 1) E;, when 0<t<1; 2) E;, when 1<t<3; 3) E,

when 3<t<6; 4) E; when t>6;
Case 2. If 1<s<2 thenwe have 1) E, when 1<t<2;2) E, when t>2;
Case 3. If 2<s <3 thenwe have 1) E, when 2<t<3;2) E, when 3<t<6; 3) E,

when t>6;
Case 4. If 3<s<4 then we have 1) E; when 3<t<6;2) E, whent>6;

Case 5. If s =4 then we have 1) E, when 4<t<6; 2) E, when t>6;
Case 6. If 4<s<5 thenwe have 1) E, when 4<t<6;2) E, when t>6;
Case 7. If 5<s<5,7 then we have 1) E; when 5<t<6;2) E, when t>6;
Case 8. If s=5,7 then we have 1) E; when 5,7<t<6;2) E, when t>6;
Case 9. If s>5,7 then we have E, when t>5,7.

t N
Es Eo
()
1l Es
Eo '
4 F————- Es !
I
"""" |
|
3 |
E-> |
CESememe o |
| . |
2| Es |
Ey >~ |
Bl |
3 L
Es
|
1 2 3 4 s 57 s

Figure 2: The partition of time set {(s,t):0<s<t}
corresponding to the classification of EAs in the CEA E*Y.
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CONCLUSION

The dissertation is devoted to study finite-dimensional evolution algebras,

evolution algebras corresponding to one and two permutations and classification of
evolution algebras in three-dimensional real chains.

36

The main results of the research are as follows:

1. A necessary and sufficient condition for n-dimensional evolution algebra,

which rank of matrix of structure constants equals to n—2, to have a unique
absolute nilpotent element is found;

. The creteria for evolution algebras corresponding to one and two permutations

to be baric are given;

. The condition that the evolution algebra corresponding to a permutation be nil

algebra is given, its absolute nilpotent and idempotent elements are found,;

. Absolute nilpotent elements of evolution algebra corresponding to two

permutations are found and detailed analysis of idempotent elements for a
two-dimensional case is given;

. Some isomorphisms of evolution algebra corresponding to two permutations

are found;

. Classifications of real evolution algebras in some chains are found;
. Classification of real evolution algebras in a chain containing all three-

dimensional real evolution algebras with dim(E?*) =1 is found.
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BBEJIEHUE (anHoTauusi nuccepraunu qoxkropa ¢pusaocopuu (PhD))

Heabio wuccaen0BaHUs SIBISETCS W3YyYEHHE HSBOJIOIMOHHBIX — aireop,
COOTBETCTBYIOIINX TIEPECTAHOBKAM, U KJIACCU(DHUKAITUS N3BECTHBIX BEIICCTBEHHBIX
HBOJTFOITMOHHBIX aNTre0p B TPEXMEPHBIX METISX IBOJIOIMOHHBIX anreop.

O0beKT HCC/IeN0OBAHMS: KOHEYHOMEPHBIE JBOJIIOIMOHHBIE  alTeOphI,
ABOJTFOITMOHHBIC aNTeOphl, COOTBETCTBYIONIUE MEPECTAHOBKAM, TPEXMEPHBIC IEIH
ABOJIIOIIMOHHBIX anreop.

HayuyHnasi HOBU3HA HCCJIEIOBAHMS 3aKITIOYACTCS B CIEIYIOLIEM:

HalJeHO HEO0OXOJIMMOE U JIOCTATOYHOE YCJIOBHE JJI TOro, 4TOObl N-MepHas
HBOJIIOIIMOHHAS ~anredpa co CTPYKTYypHOM Marpuied paHra nN-2 umena
€MHCTBEHHBIN a0COMIOTHBIN HUJIBIIOTEHTHBIN JIEMEHT;

HaWJeHbl KpUTEPUU OAPUYHOCTU HBOJIIOIMOHHBIX alreOp, COOTBETCTBYIOMIUX
OJIHOMY M JIByM II€pecTaHOBKaM U JOKa3aHO, 4YTO DBOJIOIMOHHAS anredpa,
COOTBETCTBYIOIIAs JaHHBIM MIEPECTAHOBKAM, UMEET a0COTIOTHO HUJIBITOTCHTHBIC U
HUJEMITOTCHTHBIC AJICMCHTHI;

HaleHbl a0COMIOTHBIC HIJIBIIOTEHTHBIC 3JIEMEHTHI ABOJIIOIMOHHON anreOphl,
COOTBETCTBYIOIIME JIBYM II€pPECTAaHOBKAM, W TIOJHBIM aHAIW3 HIAECMITOTEHTHBIX
ANIEMEHTOB [IJI1 JBYMEPHOTO CiIy4as, a TaKKe HEKOTOpPhIe H30MOP(HU3MBI
ABOJTFOITMOHHBIX aNredp, COOTBETCTBYIOIINM JIBYM ITEPECTaHOBKAM;

HaWIeHbl KJIACCU(UKAIMKM BEIICCTBEHHBIX OBONIOIMOHHBIX airedp B
HEKOTOPBIX TPEXMEPHBIX IEMAX, B YACTHOCTH KiacCHU(UKAIMS BEIIECTBEHHBIX
ABOJIIOIMOHHBIX airedp B IIeTe, COAEpXkaIlel BCe TpEeXMEpHBIC BEIECTBEHHBIC
ABOJTIOIMOHHBIC anTeOphl C Pa3MEPHOCTHIO KBaApaTa ajareOpbl paBHOM €IUHHUIIE.

BHeapenue pe3yabraroB ucciaenoBaHus. l[lonydyeHHble B auccepranuu
pE3yIbTaThl UCIIOJIH30BAHBI B CJIEYIONTUX HAYYHO-UCCIEA0BATEIbCKUX MPOEKTAX:

pe3yabTaThl ABOIIOIMOHHBIX aire0p COOTBETCTBYIOIIMX MEPECTaHOBKAaM, H
KIaccupuKanys JBOJMIOMMOHHBIX anredp B IIeMax DSBOJIOMHOHHBIX —anredp
HCITOJTH30BAJIMCH B UCCIICIOBAHUSX dBOJIFOIIMOHHBIX alNTeOp B 3apy0eKHOM MPOEKTE
Ne MTM2016-76327-C3-2-P (CnpaBka YuuBepcureta ['panassr, 20 anpens 2022 T,
Wcnanus). [IpuMeHeHHe HAay4YHBIX PE3yNbTaTOB TO3BOJIMIO KIAaCCU(UIIMPOBATH
1T YBOJIIOIMOHHBIX alreop;

pe3yIbTaThl 10 a0COMIOTHBIM HHUJIBIIOTCHTHBIM, MJIEMIIOTEHTHBIM JJICMEHTAM
ABOJIIOIIMOHHBIX alredp W KiaccuuKaius B IeNax HBOJIONHOHHBIX ajreop
MCIIONIh30BAIMCh B 3apyOekHoM HaydHoM mpoekte Ne G00003447 «KsaHTOBBIE
TCHETHYECKUE anreOppl W WX TMPWIOKEHUS» I ONHCAHUS JUHAMHUKA
KBaJpaTUYHBIX  cTOXacThueckux  omepatopoB  (CmpaBka  YHUBepcuTeTa
OO0benuneHHbIXx ApaOckux OwmuparoB, 26 mas 2022 r., OAD). IlpumeHenue
HAay4YHBIX PE3yJbTATOB IMO3BOJWJIO HCCIENOBATh JProJIMYECKHe CBONCTBA
JTUHAMUYECKUX  CHUCTEM,  TOPOXKICHHBIX  HECKOJbKHUMH  KBaJ[paTUYHBIMU
CTOXaCTUYECKUMHU ONEpaTopaMu, ONPEAEICHHBIMU B CTAHJAPTHOM CUMILIIEKCE.

CTpykTypa u 00beM auccepTanum. /luccepraiysi COCTOUT U3 BBEACHHUS, TPEX
IJ1aB, 3aKioueHuss u Oubnmorpadunu. OObeM nuccepranmu coctaBiser 113
CTpaHMII.
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