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KHWPHUII (ToKTOpINK THCCEPTAIUASICH AHHOTAIUSICH)

Jluccepranms MaB3yCHHHUHI 10J13ap0Juru Ba 3apypartu. JKaxoH MUKECUaa
om0 OopwraértraH Kymad WIMHA-aMaInid TagKAKOTIAp aKcapwsT XoJuiapia
JUCKPET BAaKTJIM JWHAMHUK CHCTEMAJIAPHU TAaJKUK KWIMII Kabu Macaianapra
KenTupuiaaau. JMHaMuKk cucTemanap Ha3apHsICHHUHT KenuO yukuimu HproToH
MexaHukacu OwraH OeBocuta OOFMMK. byHnma TaOuuii Ba TexHWKa daHIapuia
Oyiaranu kaOW IUHAMHK CHUCTEMa O3BOJIOLUUSCHHUHT KOHYHUSTH CHUCTEMAaHUHT
KeNaXxakJark OHUW BaKT JaBOMHUJArd XOJIATUHU H(OJANIOBUM  OIIKOpPMAC
MyHoca0aT KypuHummaa Oepwiaad. OJIEKTPOH XucoOjalml — MalllhHaJlapH
gpaTWiIvIIMraya OyiaraH AaBpiapia AUHAMUK CHUCTEMAJapHU TaJIKUK KUJIHII
Mypakkad MaTeMaTHK YCyJUIapHU KYJUIAIIHU Tajlad KWiapAuku, OyHU JTMHAMUK
cucTeMajapHUHT ¢GakaT MabiayMm OuUp CHH(IApU yUyH amajra OIIMPUIIT MYMKUH
4. JIMHAMHMK cucTeManap Ha3apusCu MyXaHJUCIIUK, OMojorusi, KuMé, (usuka,
MKTUCOAMUET, TICUXOJIOTHSI Ba OOIIKa TypJid coxajapaa TaTOukiapra sra ¢an
HyHamuIm XucoOJaHaIu.

XO03Upru KyHJa CIUH KUKWMATIapu TYIUIAMH KYyNH OWJIaH CaHOKJIW OYiraH
Mawxapaid cuctemMaiap yuyyH Oapua gaBpuii ['mOOC YyiuoBnapu TYIUIaMUHU
TaBcHU(IIalll MyXUM axamHsaT KacO 3TMokna. Tabkujiam xou3ku, Oy Kalu
Macajanap BEeKTop (pazonapiaru JUCKPET BaKTIU JUHAMHUK CHCTEMaJIapHU TaJIKUK
Kwidira onu0 kenuHaau. bepuwiran XaMUITOHHAaHra MOC JMHAMUK CHCTEMaja
TPACKTOPUSIHUHT XOJIATUHM Ouirad Xojja Oapya TpaHCISIMOH-WHBAPUAHT Ba
naBpuit ['n66¢ ymuoBnapu Tyrmiamuau TaBcuduiam MyMkuH. [IIyHUHTIEK, OXUPTH
U3JIaHUIIUIAp IIYHW KYpCaTMOKIAKH, p-aluK JAWHAMUK CUCTEMajlap KyTWUJIMaraH
“addexTnap”’nu kentupud uumkapagu. llly Oowmc, muckper BakTId HOApXUME
JUHAMHUK CUCTEMAJIAPHUHT PETYIISIPIUK, SPTOJUKINK, MUHUMAJUIUK, XaOTUKIUK Ba
TOTIOJIOTUK KOpHUIIIMA KaOW XOCCAJIAPUHU TAAKUK KWIWII MaKCaJIIu WIMUAN
TaJKUKOTIApAaH XUCOOIaHaIu.

Mamnakarumusaa pyHaaMenTan (paHIapHUHT UMUK Ba aMaldnid TAaTOMKUTa 3ra
OynraH AMHAMHUK CHCTEMallap Ha3apHUsCUHHUHT 10J3ap0 HyHaluuuiapura bTHOOD
KyuauTtupuiMokaa. JKymiiaaad, OXupru duuiapaa CliiH KMMMatiapu Kynu OujiaH
CaHOKJIM OYJraH nmaHxapajld CUCTeMallap/la aHMKJIaHTaH KJIACCUK MOJEJUIap y4yH
XaKUKUH Ba p-aIuK aKCIAHTUPHUIUIAPHUHT TaBpUid OpOUTaNIapUHK YPraHUII XaM/a
YII4oBIap HA3apUSCMHUHT aMalluii MyaMMOJAapHH XaJl 3TUII Oopacujia CalIMOKIU
HaTWXanapra spumminan. “Marematuk pusuka, HoapxuMmea GyHKIIMOHAT aHAJIH3,
HOApXMMeEJ YJIYOBJap HA3apusICd Ba JWHAMHK CHUCTEMajap Ha3apuscu
(dbaHIapUHUHAT YCTHBOP WyHaIMIUIapu Oyirda XaiKapo CTaHAapTiap Japakacuaa
WIMUHN TaJAKUKOTIap 00O OOpuI MaTemaThka (haHMHUHT acocHil Baszudaiiapu Ba
(aomuar #yramunuiapy 5>t Oenrunangul. Kapop MXpOCHMHM TabMHUHIIAIILA
WIMUN  HaTIKalapaaH wWiM-GaHHUHT Typaoml coxamapuaa (hougamaHmui
Makcaauja MmaHxapajid cucTeManapja OepuiiraH, CuH KUUMaTiIapu Kynu OuiaH

! V36ekucron Pecny6nukacu Basupnap maxxamacu 2017 #iun 18 maiinaru “Y36ekucron Pecrny6nuxacu dannap
AKAJICMUSCHHUHT SHTHUIAH TAIIKWI OJTWIraH WIMHHA TagKUKOT Myaccacaigapd (aoNUSITHHU TAaIKHI STHUII
TyFpucuaa’Tu 292-COHIMU KapopH.
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CaHOKJIM OYJiraH CTaTUCTUK (GU3MKAa MOAEIIapura MOC aKCIAHTUPHUILUIAD Y4YyH
HOApXMMeEJ JHHAMHUK CHUCTEMajap Ha3apUsACHHM PHUBOXIAHTUPUII MYXHUM
axaMusATra ora.

V36exucron Pecny6mukacu Ilpesunentunmar 2017 iun 7 despanarn
“V36exncTon PecryONUKAaCHHM SHajJa PHBOMXIAHTHPUIN OYifMda XapakaTiap
crparerusicu Ttyrpucuga’tu [1dD-4947 dapmonn, 2019 #un 9 wuronmaru
“MaTteMaTuka TabluMU Ba (aHJIApPUHU SIHAJA PUBOXJIAHTUPHILHUA J1aBJIAT
TOMOHH/IAH KyJUIab-KyBBaTIall, IIYHUHIIEK, Y30ekucTon PecryGmukacu daHiap
akagemusicuHuHr  B.M.PomaHoBckuii Homuparu MaremaTtuka  HUHCTUTYTH
daonuaTuan  TyOJaH TAKOMWUIAITHPUIL  4YOpa-TaOUpiiapu  TYFpUCHIA TH
ITK-4387 Kapopaapu Ba 2020 iinn 7 maligaru “MaTemMaTtuka coxacuaard TabJIuM
cudaTUHU OMIUPHUII Ba WIMHA-TAIKUKOTIAPHU PUBOKIIAHTUPHUII YOpa-TaaOupiIapu
tyrpucuaa’ru [1K-4708-connmu Kapopu xamaa Maskyp ¢gaoiausrra TETUiuig O0IKa
HOPMAaTHB-XYKYKHI Xy>XoKaTiap/a OelruiaHrad BazugaiapHu aMmalira OLIMpPHILIA
ymly aAuccepTauus TaAKUKOTH MyalsiH lapa)kaja Xu3Mar KUia/iu.

TaagkMKOTHUHT pecny0auKka (GaH Ba TEXHOJOTHSJIAPH PHUBOKJIAHUIIN
YCTYBOP HyHAJIMUILIAPUTa OOFIMKIMIA. Ma3kyp TaaKUKOT pecnyOiuka ¢gaH Ba
TeXHOJOTMsIap  puBoxkiaaHummHuHr [V,  “Maremarnka, MexaHuka  Ba
nHpopMaTHKa” yCTYBOP MYHAIMIIM IoMpacuia OaxapuiraH.

Jucceprauus MaB3ycu OYyMH4YAa XOPMKHUHM MIMUN-TAIKHKOT/IAp LIAPXH.
JIMCKpeT BaKTiIM AMHAMUK CUCTEMAJIap Ha3apHUsACH Ba MaHXapaJlk cUcTeManap yuyH
['u60c YymyoBmapu Hazapuscu OYiiMua WIMHN TaIKUKOTJIAp WIFOP XOPUKHUUN
MaMJIaKaTJIapHUHT €TaKYu WIMHI-TEKIIUPUII MapKa3iapu Ba YHUBEPCUTETIApU]IA
omub Oopmimoknaa. Xymmanan, ®usuka uncturytu (Cepbus), Poccuss dannap
Axanemusicununr B.A.CteknoB Homugaru Marematuka uHctutytd (Poccus),
VYkpanna Munnuii @annap Akagemuscu MaremaTka HHCTUTYTH (YKpauHa),
CepOust @annap Akagemusicu Maremarrka uHCTUTYTH (CepOus), “Kommbrorep
danmapu Ba OomkapyB” @Deaepan TaakukoT Mapkazu  (Poccust), Jlunneyc
yuuBepcutetu (IIBeuus), Munnana yauusepcureru (AKII), bepnun Beliepmrpace
TaIKUKOT HHCTUTYTH, bepmuu Texnuka yHuBepcuretn, boH Ba Pyp
yHuBepcuteTinapu (I'epmanus), Xankapo Hazapuii @usnka mapkaszu, Pumnaru Jla
Canuen3a ynuepcutetn (Mranus), Mapcen Ba I[lapux yHUBEpcHUTETIApH
(Opanuus), bupnamran Apa6 Amupnukiapu ynusepcutetd  (BAA), Jlunac
yuuBepcuteTy (byrok bpurtanus), MensOopyH yauBepcutet (ABctpanus), Musumii
[TonuTexHuka MUHCTUTYTH Kommaard TagkukoT mapkasu (Mekcuka), Manaitzus
Xankapo Uciom ynusepcutetu (Manaiizus).

Hoapxumen nuHamMuk cuctemanap OyilMda OJWHTAaH MYXUM HaTWKajiap
Kydugarwiapaad u0opar: P-aiuk TOp HazapuscMHWHT puBoxiaHumm (Poccus
@annap AxanemuscuHuHr B.A.CtexknoB Homuaaru MareMaTtnka WHCTUTYTH,
Poccust), HOapxumea SXTUMOJUIMK VIIHOBIApU HA3apUACHHUHT PUBOXKIJIAHUIIN
(Poccuss ®danmap AxagemusicuHuHr B.A.CTeksioB Homugarm MareMaruka
uHctutytd, Poccus; Jlunneyc ynusepcureru, IlIBenus; dusvka HHCTUTYTH,
Cepbus), HOapXHMel OIepaTopyiap HA3apUACUHUHI PHUBOXJIAHUIIM (YKpauHa
Munnuit @annap Axkanemusicu MaTteMatnuka HHCTUTYTH, Y kpanHa; CepOus danmnap
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Axanemusicu  Matematnka uwHCcTHTYTH, CepOusi), p-amuk  QyHKOHsIAP
JMHAMUKACUHUHT KOoMIbIoTep (Qannapura Kymnanumu (“Kommnbiotep (annapu Ba
oomkapyB” denepan TaagKUKOT Mapkasu, Poccus), p-aauk TMHAMHUK CHUCTeMasap
YUyH XOAaTHKJIMK Me30HMHM aHukigam (Mapcens Ba Ilapmx yHHBEpcHTETIIApH,
Opannus), uxtuépuii Taptrbnu Kanu gapaxtunaru peppomarnetuk [lorrec Mmogenu
Y4yH TpaHCISIUOH-UHBapHaHT [u60c ymuoBmapunu tacuuduam (bon Ba Pyp
yHuBepcuteTinapu, l'epmanus), IloTTc Monenu ydyH dYerapaBuil KOHYHUSTHU
Taakuk Kunuin (Jluac yauepcutetu, bytok bpuranus), SOS monenu yuyn I'u66¢
YIHOBUHMHT siroHa 3MaciauruHu Tekmmpuml (bepaun Belepmtpacc TaakukoT
UHCTUTYTH Ba bepnun Texnwka yHuHBepcuteTH, I'epmanus), p-aguk [ 'u60c
yi4yoBnapu HaszapusicuHu puBoxuiaHTupuil (bupnamran Apa® Amupiukiapu
yauBepcutetd, bAA), Komn papaxtuaarn M3uHr Monxenu ydyH NapaMarHeTuk,
(eppomarHeTuKk Ba aHTU(EPpPOMArHeTUK (asza aaMalIULIUIAPH MAaBXKYJIMTUHU
tekmmpuim (MenbOpyH YHHBEPCUTETH, ABCTpaius), P-aWK COHJIAp MaiJIoHH
yCTUAAa MOHOMMAJ TEHIJIAaMaHUHT Wigu3napuHu tonum (Manaitizusa Xankapo
Hcnom yHuBepcuTeTH, Maai3us).

byrynrn kyHaa HoapxXuMeJ MHAMHK CHCTEMAJIapHU TAaJKUK KWJIMII Ba
yiaapHuHr [mO0c VyndoBnapum Hazapuscura TarOUMKiIapu Oyinda Kyiluaaru
HyHanuuapaa WIMHA —W3IaHdnuiap oau0 OOpHIMOKIA:  TPACKTOPUSHHUHT
ACUMIITOTHK XapaKTEPUHU TAAKUK KWJIUII, XYCYCYH, IWHAMUK CHUCTEMAHHHT
MUHUMAJUIUK, SPrOJUKINK, TOMOJIOTMK KOpHUIIMA Ba XAOTUKIUK KaOU MyXuUM
XOCCaJapuHU TEKIIMPUI, IIYHUHTIEK, KYTIU OMJIaH CAaHOKJIUTA CIIMH KUiMaTra sra
XaMUJITOHMAH Y4YyH Oapya TpaHCISIMOH-UHBApHAHT p-aauk ['m60c Yymuomnapu
TYIUIaMMHM ~ TaBcuuiami, Oepuiran Mojen yuyH (aza anMamunuiapu
MaBXyMJINTUHU TEKIIMPHUIL, P-aAUK YIYOBJIAPHUHI 4YErapajaHraHIMKKa Ba
CUHTYJISIPJINKKA TEKIIUPHILL.

MyaMMOHMHI YPraHWJITaHJIUK Japakacu. YU3HKIM AUHAMUK CHUCTEManap
(yHKUIMOHAN aHAJIM3HUHT €11 Ba >Ka/all pUBOKJIAHAETIaH WYHANUIIApUAAH OupH
o0ymub, yuu 1982 #unna Topontama PhD guccepranusicuHyn Xumosi KWJITaH
C.Kutaununr unuiapy OwiaH OOLUIaHTaH AeHUIl MyMKUH. By HyHanumHuHT
ommanammmuaa [.I'ogedpoit, K. X.Ianupo, K.I.I'pocce-Opaman  kabu
MaTE€MaTUKJIAPHUHT XU3MaTiapu katta. FOKIaHran yanra cypuil ornepaTOpUHHUHT
TUNEPLUMKINK Ba CYNEPUUKIMK Oynumum yuyyH Mme3onjap X.Cajlac TOMOHHUIAH
onuuras. C.llIkapun uxtuépuii cemapaden uekcus ymaamum banax dazocuna Kuran
ME30HMHHM KAaHOATIAHTUPYBYM 4YerapajaHral 4YM3uUKJId 1  ONEepaTOpPHUHT
Mapxynauruan  ucootinaau. A.H.KouybGeum wHoapxumen banax dazonapuaa
OepuiiraH YM3UKJIA OIepaTopiap Y4YyH HOApXUMEJl CHIEKTpal Ha3apUSHUHT
PUBOXIIAHMILIMTA XHUCCAa KYIIAW. XO03Upla P-aJuK aHaliu3 MaTEeMaTUKAHUHT TeE3
puBOXkIIaHAETTaH WyHanmuuuiapugan xucoOnanaau. B.M.Bonosuu, C.AnbGesepuo,
A.JO.XpennukoB, P.Unanun, B.C.AHamuHmap p-aJiuK COHJAPHUHT p-aJuK
muddepeHnran TeHraManap Ha3apuscu, P-aiuK 3XTUMOJIIAp HAa3apusaCH Ba P-aJuK
MaTeMaTuK (u3MKara Kymiad TaTOMKIApUHM KeATHpUO yTuiiau. MabiiyMku, p-
anuk connap [uodant Ttenrmamacu OunaH O6eBocuTa OOFNIUK OYnubd, Oy p-aauk
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COHJIap MalJOHUAA KYNXAaJHUHI HOJUIAPUHU TONUII €KW YHUHT HOJUIAPU COHUHH
aHuKjam kabw Macanamapga Hamo€H Oymamu. A.JO.XpennumkoB, 2.}OpbeBa
TOMOHHJAH MOHOMMAJ TEHIJAMAaHUHI yMymjammacud Oyaran  1-Jlunmmn
(GYHKIUSUTApUHUHT HOJUTApU MaBXYJUIMTH Me30HH Tomwirad. lllyHunraek, ymap
TOMOHUJAH OyHAal QYHKIUsUIap yuyyH XeH3el JEeMMacHHUHT yMyMJIAlIMacu
UCOOTIIaHTaH.

['u66¢c ynuoBnapu Hazapusicuaa KoaMoropoBHUHT YITYOBHHU JaBOM STTHPHII
XaKAIaru TeopeMacu MyxuM poa yuHamu Mabiaym. H.H.Fanuxyxaes,
®.M.MyxamenoB Ba ?.A.P03HKOB TOMOHHUJAH Oy TEOpEeMaHHHI HOAPXUME
mykoownu — ucbornanrad. IIyHuHTOEK, p-aidk SXTUMOJUIAp  Ha3apusiCU
A.JO.XpennukoB, C.JSImama, Ban Pywx, C.M.Jlyakosckuii, Jlu Hei,
®.M.Myxamenos, H.H.I'anuxyxaes  Ba §7.A.P03I/IK0BJIapHI/IHF WJIMUI
U3JIAHUIIUIApU HATWKacuJa MIaKUIaHau. J(UCKpeT BakTId p-aluK JUHAMHK
cucTeMaiap Ha3apusACHHMHI MyXUM Hatwxanapugan oupu A.X.Pan, C.JI.Daw,
JI.JInao, Ba 1.0.BaHr TOMOHMAAH OJMHIAH OYIHO, yiIap p-aquk (QyHKIHSIAp
JUHAMHUK CHUCTEMajapy YUYyH XaOTHKJIWK Me30HMHM Tonuirad. lIlyHuHTAEK,
JI.JInao uxtué€puii OOLIAaHFUY HYKTa YYyH 3UY TPACKTOpUsAra 3ra Kymiaad p-aauk
(GyHKUMsIIapHU Kypuiura myBad¢ak Oyiras.

Oxupru nnuiapa YUrHIAp Ha3apUsACHATa KBaJIpaTUK JUHAMUK CHCTEMaapHU
KyJmam — opkanu  kymiad — Hartwkanmap  onuHMokaa. K. XoddOaysp Ba
K.3urmyHanapHuHr ailHaH Iy MaB3yJaru KYyJUIaHMacu YWUHIAp Ha3apusACHUra
KUPUII YYyH JacTiabku kajgam Basudacunu yTtad Oepamu. JIUMCKpeT BakTIH
Bonreppa omneparopiiapu HOJ WMFMHAWIA 3BOJIIOLMOH YWWHIAPD JAUHAMUKACUHU
TaBcUIIAIIAa MyXUM YpUH TyTaau. AWTUIT MYMKHUHKH, HOJ WHFUHIWIA JTUCKPET
ABOJIIOIIMOH YiWHIAp AuHamukacu O.AxkuH Ba B.JIo3epT TOMOHHJAH TaJaKHUK
KWinHrad. T.HarunakvHuHT MIMHUM U3JIaHUIIIapUra Kypa CUCTEMa eTapinyda KyIl
TypJiapaH uOopar Oyiranga xam Boareppa omepaTopiiapuHU TaaKUK KHIIUII
3apypatu Tyruiaau. bomkada aiTranaa YUMH UIITPOKYWIIAPY COHM XKyIa KYIT KU
YeKJaHMaraH XxoJiJja HaTwka KaHaail OyiIMIIMHM Oamopar KWIMII MyXUM
xucobmanaau. by V3 HaBOaTtuga ‘“‘dyekcus yiauamiu cumIuiekcna Bonareppa
OTIEPAaTOPUHMHT JWUHAMUKAcU KaHjad OVmaau?” JeraH CaBOJIHU KEITUPHUO
yukapaau. Yekcus ymuamui BonTeppa ONEpaTOPUHUHT MYXUM  XOCCAIapH
®.M.MyxamenoB, X.AkuH, C.Temup tToMonmaan Yypranuwnrad. ly Vpunma
Bonreppa kBaapatuk omnepaTtopiapd MOJMHOMHAI CTOXACTUK OINEpPaTOPJIAPHUHT
XYCYCHH XOJU IKAHIUTUHUA TAbKUTIA0 YTHUIIT )KOU3.

Juccepraums TAAKUKOTHHUHI JUCCepTalMA OaKapwiraHn MMM
TAIKWIOT €KW TabJMM MYACCACACHHHUHI WIMHH-TAAKUKOT HWILIAPH
pexanapu Owjan Oornukauru. Jlucceprauumss TagKUKOTH MaremaTuka
UHCTUTYTUHUHT DP4-OA-O013 pakamiu  “Oneparopiap Ba HOACCOLMATUB
anreOpajiap, OWHAMUK CHCTEMallap Ba YJApPHUHI CTaTHCTHMK MEXaHHMKa Ba
MONyJIAMOH 6uonorusra Tarouxiapu” (2012-2016 itit), ED-4-3+ED-4-4 pakammum
“Canoknu rpadiapaa CIUH CHUCTEMaJIApHUHT SXTUMOJUIMK YiadoBiapu Ba Jlu
anre0pallapHUHT TacBUpJapu €paMuia XOCuI KWIMHYBYM JlelOHu anredpanapu’
(2016-2017 i#it) Ba OT-D4-82 pakammm “Omnepatopiap Ba HOACCOLMATHB
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anreOpanapaa Jjokan auddepeHnuanianm Ba aBToMopduMiIap, HOYUZHMKIU
IMHAMHK cucTeMaiapia (asza ammammnuiap Ba xaoc” (2017-2020) maB3ycuaaru
WIMUHN TQAKUKOT JIOWHUXAIapy Joupacuaa Oakapuiras.

TankukoTHuHr Makcaau banax (azonmapuga AUCKPET BaKTIM HOAPXUMEN
IMHAMHK CHCTEMayapra Moc MOJeIap yuyH p-aauk ['m60c yadoBIapuHu Kypuil,
abCOMIOT SKUHJIAIIYBYM KETMa-KeTJIUKIap ¢a3ocuaa MOJIUMHOMHAI CTOXACTHK
ONepaToOpJapHUHT CYPBEKTHBIUITY ME3OHIAPUHU TOIUII Ba YIAPHUHT OMEra JIUMUT
TYTUIaMJIapyuHU TaBcuIanaan nuoopar.

TaagKuKOTHUHT Basudaapu:

F-dbazonapna OepwiraH 4YWM3HMKIM OMNEPATOPJIADHUHT TUIEPUUKIUK Ba
CYNEePUUKIIMIY XaKUIaru (XaKuKui €K1 KOMIUIEKC X0J1/1a) MabIyM TeopeMajapHUHT
HOApXUMEJ MYKOOMJIMHM MCOOTJIAIl Ba HOApXHMMeE] KeTMa-KeTIukiIap Qazocuia
OepuiiraH yMyMJIalliraH IOKJIAHTaH Yarra CypuIll OIepaTOPUHU TAJIKUK KUJTUIII,

p-avK COHJIap MalJIoHUWJa MOHOMHAN TEHIVIAMAHWHI Oapya WIAU3JIapH
TYIUIAMHHH TaBCU(IALLL

apuM yekcu3 Koiam nmapaxtupa OepwiraH p-aauk M3uHT Mojenu yyyH
yMyMJIAIITaH p-aauk ['no0c ynuoBnapuHu Kypuul Ba 0y MOJEI y4yH TPaHCISIUOH-
MHBApUAHT yMyMJIalITaH p-aauk ['m00c yIdoBnapu TyiIaMUHA TaBCH(IIALLL

apuM uekcu3 Kanu napaxrtuna Oepuiran p-aguk M3uHr-BanHuMeHyc Moaenu
YVUyH (paza aMalvnuiapyu MaBxKyUIMTUHA TEKILIAPUIL,

p-anuk [lorrc-bete QyHKIMSACH YUyH TPaeKTOPUSIHUHT ACUMITTOTHK XOJaTHHU
TEKIIUPUII Ba sipuM uekcu3 Kanu napaxrtuna 6epunran p-aauk [lorte Monenu yayH
Oapua maBpuil yMymiiamirad p-aauk ['u66c¢ yimuoBnapu TYuiaMuHu TaBcuan;,

SOS mopenu yuyH p-anuk ['u66¢ ymyosnapunu Kypuiil. by moxen yuyn ['u66c¢
YIIYOBUHUHT SITOHAIUTY ME30HJIapUHU aHUKJIAIII;

YEeKCU3 ya4amMiIM CUMIUIEKCAA AaHUKJIAHTaH TOJMHOMHANl  CTOXACTHUK
OMepaToOpJAPHUHT CYPBEKTUBIIUTY YUYH 3apyp Ba €TapJiv MAapTIAPHU TOMUII XaM/la
MOJIMHOMHUAJI CTOXACTHK OMNEpaTopyiap yYyH OMera JIMMHUT TyIJaMJIapHU
TaBCcH(IALLL.

TagKMKOTHUHT O00beKTH: [-aJuK COHJAp, TUNEPUUKIHK/CYTEePIUKINK
onepatopiap, Konu papaxtu, mamxkapa moneniapu, p-aauk ['mb0c ymadonapw,
Xaoc, HOYM3HMKIM MapkoB onepatopiapu, XamMMeEpPIITEHH HHTErpall ONepaTopH,
oMera JIMMUT TYyIlIamJiap.

TaagkukoTHUHT npeamMeTu: ['pynmanap Ba rpadiap HazapuscH, anredpa Ba
conJsiap Hazapwusicu, [ mOOC Ba HOapXHUMeJl YI4OBIAp Ha3apUsICH, AUCKPET BAKTIH
JUHAMHUK CHCTEMajap Ha3apusiCh, CHMBOJIMK JAWHAMHUKA, HOUYM3UKIN MapkoB
*Kapa€Hapu Ba MHTETpaj TeHIJIaMalap.

TagkukoTHUHT ycy/uiapu: Tankukor wmuga QGyHKIMOHAT —aHaJu3,
rpynnajiap Ha3apusCcH, YJIYOBJIAp HA3apusCH, JUHAMHUK CHUCTEMajap Ha3apusCH,
CTOXaCTUK JKapa€Hjap Ba HOYM3HMKIM MHTErpajg TeHrjamaigap Ha3apHsCcH
ycyJmapuaan (GonagaHuiraH.

TagKUKOTHUHT MJIMHUI SIHTUJIMIY KyHugaruiapaad uoopar:

HOApXUMeJ] KeTMa-KeTiaukiaap ¢asocuna OepuiraH yMmyMJjallral FOKJIaHTaH
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yanra Cypull ONEpPATOPUHUHI TUIEPUMKIUK, CYNEPUUKIMK Ba HUKIMK OYIUIIN
YUyH 3apypHil Ba €TapJiy MapTyiap TOMWITAH;

apuM dekcn3 Komm mapaxtmma OepwiraH p-aguk V3uHT Momenu y4yH
TPAHCISIMUOH-UHBAPUAHT yMyMIIAIITaH p-aJuk ['mOOC yia4oBiapu TyIuiaMu
TaBcudIaHraH Ba p-aauk V3uHr-Bannumenyc Mozenmu ydyH ¢asza aaMarluing
MaBXKYJIUTH UCOOTIIaHTaH;

p-anuk [lorrc-bere GyHKIMSACMHUHAT TMHAMUKACH XAOTHK XapaKTepra ATajuru
ucOoTnanrad Ba sipuM dekcus Komu napaxtuna Oepunran p-aauk I[loTTe Momenu
ydyH Oapya JgaBpuil yMmywmiiamraH p-aauk [w66c yadoBmapu TyIIaMu
TaBCU(JIaHTaH;

SOS monenu yuyH p-aguk ['m606c ymdyoBiapu Kypuwirad Ba Oepuiran mMojenl
y4yH Oy YJI4OB siroHA OYNiagurad mapaMeTpHUHT aHUK KUWMAaTIapu TONUJITaH;

YEeKCU3 ya4amMiIM CUMIUIEKCAA AaHUKJIAHTaH TOJIMHOMHANl  CTOXaCTHUK
ONEpaTOPJIAPHUHI CYPBEKTHUBIMIM YUYH 3apypyil Ba €Tapjid IIapTiap TONWITaH
xamaa OyHJal orepaTopliiap yuyH Ky4Id Ba KyuCH3 OMera JUMUT TYIUlamiiapu
TYJUK TaBcU(IIaHTaH.

TagKMKOTHUHI aMaJIMil HATHKAJIAPH:

p-AlUK COHJAp MalJOHHMIArd MOHOMHAJ TEHIJIaMaHMHI Oapua WIIu3jIapu
TYIJIAMAHUHT TYJIUK TaBCU(U TMaHXKapajld CUCTeMalap Y4YyH TpPaHCISAIHUOH-
WHBapUaHT yMyMJaliraH p-aguk ['u0OOC Va4yoBiapu COHUMHU aHUKJIAIIIA
KYJUIQHWJITaH;

p-Anuk Ilorrc-bete GYHKUMSICMHMHT XaOTHUK XapakTepra JTalluruHu
KypcaTHilia KyJUIaHTaH yCyJJaH YeKCH3 Ky JaBpuil ymymiiamran pP-aauk ['u60c
YI4oBIapUHU Kypuliaa GongaiaHuiras.

TaagkuKOT HATHKATAPUHUHT MIHOHYJINAMTU. DyHKIMOHAN aHamu3 (acocaH,
HoapxuMe ] (PyHKIIMOHAJ aHAIIKU3), MUCKPET BaKTJIM IMHAMUK cucTemainap, [ mooc Ba
HOApXUME] YIIUOBJIAp HA3apUACH, HOUM3UKIIN ONIEPATOPJIap Ha3apHUACH yCyJUIapy Ba
Ba KYy3FaaMac HyKTajlap Xakujaru Teopemanapaad doinananunarad. OJuHraH
HaTIKaJIap KaTbUil MaTEMaTHK MyJioXa3ajapra acocianu0 ncOoTIaHTaH.

TagKMKOT HATWKAJTAPUHUHI WIMMHA Ba aMajMi axamMusITH. TaaKAKOT
HaTWKAJIAPUHUHT WIMHUHN axaMUsITH ipuM uyekcu3 Kanu napaxtuaa Oepuirat p-aauk
CTaTUCTUK MEXaHMKAHWHT KyNu OWjaH CaHOKJIWTa CIHUH KuWMaTiapra osra
Mojesuiapura Moc (GYHKIUSJIApHUHT TUHAMUKAcU p-aauk ['mb0c YiuoBIapuHUHT
TEPMOJIMHAMHUK  XOCCaJapWHHU TaAKUK KWINIIAA KYJUIAHWITAHIWTH — OWIiaH
M30XJIaHA/IH.

TanKUKOT HATWKAJTAPUHUHT aMaluid axaMUsATH p-aJyuK COHJIAp MauJIOHUIAru
MOHOMHAJI TCHIJIAMAHUHT wiIau3napuaadn  (Qoimamannd p-aguk Ilorrc-bere
(GYHKIUSICHHUHT ~XAOTUKIUTH ME30HMHHM OJIMIT XaMJa CaHOKJIW COHJArd
yMyMmJamrad p-aauk ['mO0cC VYia4oBMHU KypuIl UMKOHUHHM OepraHiurud OuiaH
U30XJIaHaIH.

TagKuKOT HATHKAJAPUHUHI KOPUA KuaumHumu. Hoapxumen auHaMHK
cUCTEeMaJapHUHI p-aguk [nOO0c ymyoBnapura TarOukiIapu OVilM4a OJIMHIaH
HaTWXKajap acocuiaa:
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Spum uekcuz Konu napaxtuna 6epuiiran p-aguk [loTTc Monenu yuyn Gapua
AaBpuil yMymitamran p-aauk ['u00c yimyosnapu TYNMIaMUHUHT TYJIUK TaCHU(pHUIAH
xopmwkuii unmuit-kypaamuiapaa (p-Adic Numbers, Ultrametric Analysis and
Application, 2021, 13(4); Results in Mathematics, 2020, 75(3); Chaos, Solitons &
Fractals, 2017, 105; Mathematical Physics Analysis and Geometry, 2015, 18(1)) p-
aIuK panuoHan (QYHKIMSUIADHUHT JaBpUM Ky3FalMac HYKTaJapUHHM TOMUIIIA
¢oiinananunran. WnamMuil HaTWKAHUHT KYJUIAHWIMIOK ~ KapanaétraH  (U3MK
CUCTEMaJIApHUHT TEPMOJIMHAMUKACUHU TaXJIUJ KUJIUII UIMKOHUHH OepraH.

p-Anuk Ilorrc-bere GyHKIMSICUHUHT XaOTUKIMTUHU KYpCcaTUIIa KYJUIaHTaH
yCyJIaH Xoprmkui namuii-kypaamapaa (Reviews in Mathematical Physics, 2021,
33(10); p-Adic Numbers, Ultrametric Analysis and Application, 2020, 12(3);
Entropy, 2019, 21(11); Science China Mathematics, 2018, 61(12)) p-aauk pamnuroHan
GyHKUMSIIap YUYH TPACKTOPUSHUHI aCUMOTOTHK XOJIATMHM TaBcU(IIaliga KEHT
¢doitnananunrad. UnMuil HAaTHKAHUHT KYJUIAHWINAIIY p-auK TUHAMHUK CHCTEMaHH
MUHHUMAJI KHACM CHUCTEMaJapUHHUHI OupialmmMacu KypuHuUIIuaa udogananm
MMKOHUHU OepraH.

SApum uekcuz Kanu gapaxtuaa 6epuiran p-aauk M3uHr-Banaumenyc moaenu
YUYYH TPaHCISLMOH-MHBApUAHT yMyMIIAIraH p-aAuk ['mOOC yimuoBiapu TymiaMu
TaBcuPu Ba Oy mMojen yuyH ¢aza aJMalluiIi MaBXyMIMTHAAH XOPHKAN HIMUM-
xypaamiapna (Journal of Mathematical Physics, 2022, 63(1); Journal of
Mathematical Physics, 2020, 61(1); Journal of Statistical Physics, 2018, 171(6))
HOApXUMeJ] VI4OBIApUHM Kypuinga Qoiinananwirad. Wnamuit  HaTHKaHUHT
KYJUIAHWIMIIM YerapajiaHMaraH HOApXuUMeJl YIYOBJIAPUHU TOMUII WMKOHUHU
OepraH.

TagKuKOT HATHKAJAPUHUHT anpodamusicd. Ma3kyp TaAKUKOT HaTH»Ka-
mapu 5 Ta xankapo Ba 10 Ta pecnyOnumka uUIMUN-aManuil  aHXXyMaHJapuaa
MYXOKaMa/JIaH yTKa3WJITaH.

TagKUKOT HATH/KAJAPUHMHI IBJIOH KHJIMHIAHJUIHU. TaakuKoT MaB3ycu
Oyiinua >xamMu 25 Ta WII WIMUN KypHa/ulapia 4ol 3TuUirad OynuO, yJapHHHT
Gapuacu Y36ekucton Pecry6imkacu Ommii ATTecTalyss KOMHMCCHUSICHHHHT (aH
JOKTOPH JUCCEPTALMSUIAPU aCOCUM WJIMHUM HATWKAJAPUHU YOIl OTHII TABCHUS
ATWITaH UMUK Hawpiaapuaa, 24 tacu Scopus 0a3acura KupyBuu Hy(y31u JaBpuil
Hampiapaa Ba 1 ta wm p-adic Methodology in STEAM-H “Advances in Non-
Archimedean Analysis and Applications” (Springer, Switzerland, 2021) womm
KUTOOHHHT 000H cudaruaa 9011 STUIITaH.

JluccepTauMsIHUHT TY3WJIMIIM Ba XaxkMH. Jluccepranus kupuil, TYpT 600,
XyJioca Ba doigananunran agabuérnap pyWxaTUAaH ~TaIIKWJI — TOTTaH.
JluccepTauustHUHT XakMU 193 GeTHU TallIKWII STraH.

JIMCCEPTAIIUSIHUHT ACOCUM MA3ZMYHHU

Kupum xucmuga auccepranusi MaB3yCUHMHT J0J3apOJIUTH Ba 3apypaTu
acociianu0,  TAAKUKOTHUHT  pecnyOnmuka  (paH  Ba  TEXHOJOTHsIapU
PUBOXIIAHUILIMHUHT YCTYBOP MYHAIMIIIIApUATa MOCIUTY Kypcatwirad. [IlyHuHraex,
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Oy KUCMa auccepTanus MaB3ycu OYinYa XOPWKUM HMIMHM-TAIKUKOTIAp HIapXH,
MYyaMMOHUHT VPTaHWITAHIIMK Japakach KEJITHPWITAaH, TaAKAKOTHUHT MaKCaJu,
Basu(amapr, OOBEKTH Ba TPEIAMETH TaBCHU(IAHTAH, TAAKUKOTHUHT WIMUN
SHTUJIUTH Ba aMaJnid HaTwkaidapu Oa€H KWJIWHTAaH, OJMHTAH HATWKAJTApHUHT
Hazapuil Ba aMaJInil aXxaMHATH 040 OepuiTaH, TAIKUKOT HATHKAIAPUHUHT YKOPUI
KWIMHAIIY, Hamp JTWITaH WIOUIAap Ba JUCCEpPTalus Ty3WIUImH Oyhnda
MaBJIyMOTIIAp KEITUPUIITAH.

Hucceprauusinuar “Hoapxumen BekTop ¢azoapuaa YM3HKJIA JTUHAMHUK
CHCTEMAJIAP Ba MOHOMHAJ TeHIVIAMAHUHI TATOMKJIapu” 1e0 HOMIIaHTaH
OupuHYM 600U UKKM KUCMAaH uOopar OYViub, OMpUHYM KUCM HOAPXUME]l BEKTOP
(dazonapraru 4YM3UKIM OMEPATOPJIAPHUHT TUHAMHUKAcUra Oarunuianrad. MKkkuHuu
KUCMH 3ca KeWMHru 0001ap ydyH acoc OYnuO Xu3MaT KWIAJWraH MabJIyMOT Ba
HaTWXanapaaH nuoopar. bupunun nmaparpadaa Hoapxumen BekTop (azonap xakuaa
YMyMUHl MabiaymoTiap KentupwiradH. WkkuHum mnaparpadaa (Xxakukuil Ba
KOMIUIEKC) TOTOJOTHK BEKTOp (a3zonapAard UW3HKIH  OTepaTOpIapHUHT
TUNEPIUKINK Ba CYNCPIUKIWKIATA XaKUJAard MabJIyM TeopeMaJapHUHT
HOApXUMeNIl MyKoOwwiapu ucOoTinaHrad. UYusukiaum  omepartopiap  y4yH
TUNEPUUKINKINK YEeKCU3 Yymyamiad (asosiapgarnHa MabHOra »sra  Oyiuig
KypcaTwiraH. YUYWHYM, TYPTUHYM Ba OemmH4M mnaparpadiapia HoapXuMen Cg
¢dazona ymymiiamirad FOKJIaHTaH 4Yanra CypHIll ONepaTOpIapUHUHT TUMEPIUKIIUK,
CYNEepUUKIMK Ba IMUKIUK OVIMIIM y4yH 3apyp Ba €Tapiu IIapTiap TOMWJITaH.
OuntuHun maparpada p-aauk COHap Maigonuaa x? = a MOHOMHANI TEHIJIama
Kapajiran O0ynu0, Oy TEHrJIaMaHUHT WJAU3JIapU COHU XaKuJa TYJIUK MabIyMOT
OcepyBunm Hatwxkanap onuHraH. lllyHmHraex, oxwpru mnaparpadaa MOHOMHUAT
TEHTJIAMAHUHT 0ab3d MYXUM TAOWKJIApU KEJITUPWITaHKH, Oy TaTOMKJIAp KEWHWHTU
6001apaa keHr ¢oianaHuiraH.

K noapxumen marimonu yctunaa X Ba Y tomosioruk BekTop (hazonap 6epuinran
oyncun. X ¢asonn Y (Pazora akcmaHtupyBuM Oapya Y3IyKCHU3 UHUBUKIU
oneparopiap Tymiamunu L(X,Y) kabu 6enrunaiimus. Xycycan, X = Y Oynranumga
L(X,Y) ypuura L(X) éyBnan dhoiinananamus. lemak, T € L(X) &€y X Tonosorux
BekTOp (azona T y37ayKCHU3 YM3UKJIM OnepaTtop OepuiiraHuHu aHriataau. bepuiran
T € L(X) omeparop yuyH X € X BEKTOpHHMHT T-opOoumacu AeTaHIa Kyduaaru
TYTUTAMHH TYIITyHaMH3

O(x,T): = {T"(x);n € Z,}.

Arap T € L(X) omepatop yuyH Oupop x € X BekTop Tonuiaub, yHuHr T-
opburacu X ¢azona 3uu Oyica, Oy onepaTopra eunepyuKkiuk onepamop AHUIaau.
Moc x Bekrtopra sca T- eunepyuxiux BEKTOp nevwianud. bapua T-runepuukivk
BekTopiap tymiamu HC(T) kabu €3unanu.

Arap T € L(X) omepatop yuyH Oupop X € X BEKTOp TONWUIUO, YHUHT
npoeKTUB T-opOouTacH, SbHU KyWHaru TYIjam

K-0(x T):= {AT"(x);n € Z,, A € K}
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X ¢azona 3uu Oyica, Oy omeparopra cynepyuxkiux onepamop newunama. Moc x
BeKTopra 3ca T - cynepyukiux BeKTop Aennnanu. bapua T-Cynepunkivk BEKTOpiIap
tymiamu SC (T) xabu &3uman.

Arap T € L(X) omepatop yuyH Oupop X € X BeKTop TOmuiaud, Kyiumaru
TYILUIaM

K[T]x:= span O(x,T) = {P(T)(x): P — kynxan }

X ¢azona 3uu 6¥yiica, Oy oneparopra yukiuk onepamop naevnnaan. Moc X BeKTopra
aca T-yuxnux BexTop nevnnanu. bapua T-uuknuk Bektopnaap tymiamu CC(T) xabu
Eé3MIaIu.

1-teopema. X cenapaben F-gpazo 6a T € L(X) onepamop b6epunearn 6yacun. ¥
Xxon0a Kyuuoazu macoukiap meHe Kyuiu:

(i) T eunepyuxaux onepamop;

(i) T mononocux mpanszumue, sivuu uxmuéputi 6yw o6yimacan (U,V) ouux
myniamaap sxcygpmaueu yuyn wynoat n € N masocyoxu, T*(U) NV # @ ypuniu.

2-Teopema. X cenapaben F-gpazo ea T € L(X) onepamop depunean 6yicun.
YV xonoa gytiuoazu macouxniap mene Kyuau.

(i) T cynepyuxaux onepamop;

(i) wuxmuépuii 6yw 6yamacan (U,V) ouux mynnamaap sxcygpmaueu yuyn wynoatl
n € N ea 1 € K masocyoxu, AT (U) NV # @ ypunau.

K Hoapxumen MaiiioHUAA SIIEMEHTIaApU

sup{|w; j[} <o, wg; =0, Vk=L (1)
Lj

Kabu anuknanran W = (w; ;);j=, YEKCH3 ¥I4aMIIM IOKOPH y4OypyaK MaTpHIacu
Oepwiran OyicuH. by wmarpuna épmamuna c, dazoga KyWnaard 4YM3UKIU
OIEpaTOPHU KaparnMu3

arap n=1;

0,
By (eyp) = { n-1 (2)

j=1 Wjnej, arap nz=2,

(2) dopmyna OumaH aHMKIAHTAH OMEpaTOpra YMYMIAWeaH HOKIAHEAH Yanad
cypuws onepamopu nevvnanu. Arap (1) xabu anuwknanradn W MaTpUllaHUHT
dneMeHTaapu uxtuépuii  k # [+ 1 wungekcmapna wy; =0 maptam  xam
KaHoaTIaHTUpca, Moc By, omeparop roxnanean uanea cypuw onepamopura
avimananu. TabKuIan xkou3ku, W = (Wy, ) nen € ¥4 (F0OK) BEKTOPHTa MOC FOKIAHEAH
yanea  cypuws  onepamopu B, (e;) =0 Ba wuxtuépuit n =2 yuyH
B,(e,) = w,_ie,_; Kabu anukmaHamy. byHna wy_;, = w,_; Ba KOJraH
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DJIEMEHTIIAP YUYH Wy ; := 0 meinm opkamy (1) MaTpuiiany XOCH KMJIMII MyMKHH.
[IyHuHTAEK, IOKJIAHTaH Yalra CypuIlld ONepaTopy YUyH IOK BEKTOPUHHUHI Oapya
KoopauHaTajgapu 1 6yica, Oy onepartop uanea cypuut onepamopu Acunaau Bay B
Kalu &3mnaau.

3-Treopema. W — anemenmaapu (1) mynocabam bunran aHukianean mampuya
oyncun. Aeap uxmuépuii k = 1 yuyn wy 11 # 0 Ypunnu 6ynca, y xonoa cq paszooazu
By, ymymnawean oxnanean yanea cypuus onepamopu Cynepyurkiuk 0yaaou.

1-natuxka. W — snemenmnapu (1) mynocabam é6unan anuxianean mampuya
oyncun. Aeap uxmuépuii k = 1 yuyn wy p 41 # 0 ypunnu 6ynca, y xonoa ¢y pasooazu
By, ymymnawean oxnanean yanea cypuud onepamopu Yukiuk 6y1aou.

4-teopema. W — snemenmaapu (1) mynocabam bunran anuxianean mampuya

oyacun. Aeap ynune snemenmiapu Kyuuoazu

Sup{|Wk’]|} = |Wk,k+1| * 0, Vk > 1. (3)
J

MYyHOCabamaapuu xam Kanoamianmupca, y xon0a By, onepamopnune eunepyuxiux
oy yuyn limsup [T (W ;41| = o0 ypunnu 6ynuwu emapu.

n—oo

Onementnapu (1) myHocabaT OwiiaH aHUKJIaHTaH W maTpulla y4yH Kyiujaaru
ONepaTOpPHU Kapanmus

PaBuiankwu, (4) onepaToOpHUHT OEpUITUIINTa Kypa Xap OUp X € ¢y BEKTOp YUyH
(Tw ()i = % + XiZker WijXj, VK EN,

VpuHIu 0ynaau.

5-reopema. W — snemenmuapu (1) mynocabam bunran anuxianean mampuya

oyncun. Aeap 6y mampuyanune snemenmaapu yuyn sup{|wy ;|} = 0 ypuniu 6ynca,
j=1
y xon0a Kyuuoasu macouxkiap meHe Kyuiu.

(i) Ty cynepyuxnux;
(i) T, eunepyuxnux, 6y epoa W' = (W; ;){=1 6a Wi j = Wi ji1, Vi, j € N.

6-treopema. W — onemenmnapu (1),(3) mynocabamaap oOunan anuxnamean
mampuya 6yacun. Y xonoa (4) popmyna 6unan 6epunean Ty, onepamop yuyH
Kyuuoazunap ypuHiu:

(i)  aeap lim []}-, |Wj’ j+1| = oo Oadxcapuica, y xonoa HC(Ty) #+ @ ypuriu,
n—-oo

(i) aeap lim []}_, |Wj’ j+1| = oo padicapuica, y xonoa SC(Ty,) #+ @ ypuriu.
n—-oo
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Q, — p-aguk comnap maigonu OyncuH. Mxtuépuii x € Q;‘ COHHHU SITOHA
yCyJiaa Kyiuaard KaHOHMK €iriiMa KypuHAIIUAa U(oaanam MyMKIUH

X = py(x)(xo +Xx1p + xzpz + ), (5)

Oy epma y(x) €Z Ba x; Oyryn commap Oymmb, x>0, 0<x;<p-1
MyHOca0aTIapHu KaHoatnantupanu. by xonna, x|, = p~Y® Ypurmm.

XucoOnanapaa KyJaiMK ydyH OW3 KyWuaaru sHTU OenrwiaiuiapHu
kuputamus: “O” Ba “0” (Aciauna 6y 6enrunamap “= (mod p*)” é3ysuunr ypHura
Kynnanuiagm). x € Q, ydyn O[x] €ys p-amuk Hopmacu p~Y®) 6ynran uxtuépuii
COHHM aHIaraau, sbHu |x|, = |0(x)|,. Wlynunraek, o[x] €3ys sca p-aauk
HopMmacH p~¥™®) coHmaH KMUMK NXTHEPHI COHHM aHTTIATaU, THHH lo(xX)], < [x]p.
Macanan, x = 1 — p + p? conu 6epunran 6yica, y xonga x = 0[1], x — 1 = o[1]
€ku x — 1+ p = o[p] xabu &um mymkuH. O[-] Ba o[-] OGenrmnammap p-aauk
COHJIAPHUHT HOPMAacHHM Oaxonamga KyJail SKaHIWTHHA TabKUJIall >KOU3.
PaBmanku, y = O[x] Ba x = O[y] €3yBnap TeHT Ky4JH.

bepuiran a € Q, Ba v > 0 connapu yuyH MapKasu a HyYKTaja pagdycu T
Oynran ounk mwapau B(a,r): = {x € Q,: |x — a| < r} xabu €3amm3. lllyHuHIIEK,
L, = {x € Qp:|x|, <1} Ba Z, ={x € Qp: x|, = 1} Tynmammap mMoc papuia
p-adux 6ymyH connap Ba p-adux bupaap myniamu IeUUIIau..

Q, Maiinonna Kyiuaary MOHOMHUAJ TEHITIaMaH! KapaiMu3

x¥=a, keN, aeQ,. (6)

Kypumr MyMKMHKM, MOHOMMAIl TEHIJIAMaHU Z, TYIIaM yCTHAA Kapaml €Tapiiu.

*

JlapXakukat, uxTuépuii x € Q, coH yduyH siroHa x* € Z, COHH MaBKyJIKH, X =

[%|p
o x* a* .. oo
Vpunnu. Y xonma x = o, Ba @ =i E3yBIapHU (6) Tenrmamara KyiiuoO,
p p
X% Ay
(le ) = b TEHIJIMKHU XOCUJ KujiaMu3. by aca (6) TeHrnmaMaHnuHr a € Qp COHU
p p

yayn Q, maimonga eunmra sra Oymumu Oupop [ € Z comn yuyn |al, = p*t

TEHIJIMK YPUHJIM Ba xi‘ = a, TCHIJIaMaHUHT Z;‘, TYIIaMJa edumra 3ra Oyauimra
TEHT KyWId SKaHIWruHU Owiampanu. Jlemak, (6) MoHOMHan TeHTJiamana (axat
* (v o
a € 7, 6ynran XOJHU KYPUII €TAapJIU DKaH.
b € Z conn yuyn x™ = b(mod p) Takkociama Z Ty1iamia equmra ra oyica,

b conura p moodyn 6ytiuua m-oapasxicaniu Koaoux nevunaai. MabiyMku, b € Z coHu
-1

p MoayJa Oyinda m-mapakaid KOJAuK Oymumu yuyH b 4 = 1(mod p) ypurim
Oynuim 3apyp Ba erapau. by epna d = IKYB(m,p — 1). bepunran a € Z,, conn
YUyH KyAujara OenruianuiapHd KUIaMu3

Sol,(x* —a) ={¢ € F,: & —a = o[1]} Ba k, = card(Sol,(x* — a)),
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Oy epna [F,, tymam p momyn Oyinya Koamukiap cungu. Pasmanku, 0 < k), < k
ypunim. Tabkuanan xkousku, Sol, (x* — @) # @ myHOCabaT A, COHMHKUHT P MOIYT
oyinua k-gapakanu KOJJIUK OYJIUIINATa TEHT Ky4IH.

7-Teopema. p = 3 6a k = mp®, OKVH(p,m) = 1, s = 0 6yrcun. Aumaiinux,
a € Zy, conu Kytuuoazu KaHOHUK EUumaza
a=ay+ap+ap’+-,
sea Oyncun. Aeap Solp(xk —a) #Q 6yrca, y xon0a Kyuuoacuiap meHe Kyuiu
macouknapoup:
(i) (6) menenama unouzea sea;
(i) a=a? +o[p];

(iii) wuxmuépuii & € Sol,, (x* — @) yuyn (6) menenama B(&,1) ouux wapoa szona
unouzea sea.

p-ANMK SKCTIOHEHITMA (DYHKIUS KyHuaaru KaTop OWiiaH aHUKJIaHaIx

xn

epr(X) = Z;.lo=0 e

By KaropHmHT sxupmammm coxacu B(0,p~/®~D) ouuk mapmup. Kyitumaru
TyIIaM

& ={x € Qlx—1], <p V/F-D}

P-aJMK SKCIIOHEHIMAN PYHKUUSHUHT KUAMATIAPpH TYTIIIaMUIUP.

2-HaTmkKa. p = 3 6a k = mp®, DKVBE(p,m) =1, s = 0 6yrcun. Kanonux
étiunmacu a = ag + ap + a,p? + +++, 6ynean uxmuépuii a € Z,, conu yuyn utynoai
X, € Ly, conu monunud x¥ = a + o[k?] mynocabam ypunnu 6ynuwu yuyn gytiuoazu
WapmiapHune 6ax)capuiuwiy 3apyp 6a emapiu.

(1) Sol,(x* —a) # ¢;
(2) a= ags + o[p®].

3-HatmKa. p = 3 6a a € &, bepunean oyncun. Kyuuoazu macouknap ypuniu:
() aeap |k|, < |a — 1|, b6axcapunca, y xonoa (6) menerama unousaa s2a amac.

(ii) aeap |k|, > |a — 1|, 6axcapunca, y xonoa (6) menerama aiinan K, ma unousea

22a. bynoa &; € Sol, (x* — @) ypurnu 6ynean xap 6up i € {1,2, ..., Kp} UHOEKC yUyH
(6) menenama B(§&;, 1) mynnamoa sieona unousea sea.
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1-n30x. 3-Hamuoicaza kypa |a — 1|, < |k|, wapmnu kanoamnanmupysuu xap
bup a € &, conu &, mynnamoa bumma k-oapasicanu unousea s2a ea 0y unousaa a
COHUHUHZ k-Oapadxcanu my6 unouzu oeuunaou. a CcOHuHmuHe k-oapadsicaru myo6
wrousunu Na kabu éamus. JJemak, 6epuiean a € Ep conu yuym Na é3ye0a 6us xap
ooum k-oapascanu my6 unouznu Hazapoa mymeau 0yiamus3.

HuccepranustHuHr “Spum yexkcus Kiamm papaxruaa M3uHr tunuaaru
Moje1ap yuyH p-aauk I'n66c yiayoBaapu” ne0 HOMIIAHTaH MKKHHUM O600mna
uxTuépuil TapTuOnM spuMm dekcus Komu gapaxtuna 6epunran M3uHr TUmumaru
CTaTUCTUK MOJEIJIap YUyH yMyMJjamrad p-aguk ['u60c ymdoBnapu Kypuirad. p-
AWK 3XTUMOJUIap HazapuscuaaH ¢oiigananud ¢aza alMalmiiapyu MaBxKyJIUTH
TaxJui1 KuinHrad. MBunr-I11oTre pyHKUMACHHUHT KY3FaiMac HyKTaJJapuHU TOIMIL
OpKaJIi TPaHCIISLIMOH-UHBAPUAHT YyMyMJIAIIraH p-aauk ['nooc ymyosnapu TymiaMu
taBcu(aanrad. by TaBcud ¢aza anMmamMnuiapy MaBXyIJIMTHHH — KYpCaTHIL
UMKOHMHM Oeprat. XakuKui xosaa gaza anMainiuuiapy TMMUAT ['u60c Y1yoBUHUHT
CUHTYJISIpJIMTMHU ~ TabMUHIaWIU. JIekuH, p-aguk  Xoyga  YIYOBJIIAPHUHT
CUHTYJISIDJIMTMHU aHTJaTyBUM Kywid (asa aJMaluiiyd MaBxkyJd SMaciauru
KypcaTuiid. boOHMHT MKKMHYM KucMua V3uHr-BanHuMeHyc MOAEITMHUHT p-auK
BapHaHTH ypranwiau. by mozaen yuyH K — mapaxTHHHT TapTHOM Ba p — TyO COHTa
OOFNMK paBulfa (a3a aaMalIMIUIapyd MaBxyauru kypcatwiau. Uy ypunna p-
aauK XoJaa (aza aIMalmuinuiapyu Oup Heua Typaa OYJIMIIMHYA CAaTHO YTHIT KOU3.
By epna ¢aza anMammium geranaa Oupu derapajaHraH OOLIKacH yerapajiaHMaraH
p-aauk ['n00c YITHOBIAPUHUHT MaBXKYIJIMTH Ha3apAa TYTUIMOK/AA.

Ik =(V,L) 6y Taprubu k > 1 Ba unmmsu x° 6ynran sapum yexcus Komu
JapaxTH, S’bHA WIAN3UAAH k Ta, 0o1mmka ywrapuaas k + 1 Ta Kuppa YnKyBYH IIUKITA
sra Oynmaran dekcu3 rpad. by epna V rpaduunr yunapu tymiamu Ba L yHUHT
KUppajapu TYIUIaMuaup. Arap x Ba y ywlapHHM TyTalITUpPyBuu (x,y) € L xuppa
MaBxyj OYyica, Oy yunapra sxux KyuHuiap AeHnama. (X, X1 ), ..., {(Xq4—_1, ¥) Typiu
KUppanap KeTMa-KeT/IUTHra 3¢a X yu1aH y ydra onu6 Gopysuu iju neiunamm. Wy
épaamuaa JapaxTAa METpHKa aHMKJIAll MYMKHH, SbHH X y4YJaH y yura oiu0
OOpyBYM HYyiard Kuppajgap COHUTa Uy yujap opacujaard macoda aeilmnanu Ba 'y
d(x,y) xabu OenruaaHaan.

Ky#unaru tyruiamnapsu KapanMms

W,={xeV:d(xx=n}, V,,=U%_qW,, L,={xv)EL x,y€V}

I'* napaxtna koopaunaramu cTpykTypa anuknam myMmkus: x° wnmusra (0)
€yBan Ba n =1 yuyn x € W, yura (iy,...,i,) €3yBHH MOC KysaMmu3, OyHIa
im €{1,....k}, 1<m<n. VY xomma x = (iy, ..., ) YIYH KyHHIara TYTIAMHHA
aHUKJIaliMM3

Sx) ={(x,i): 1<i<k} (7)
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oy epna (x,i) &yB (iy,..,i,, [) KoOpaAuHATaHW aHriaTagu. S(x) Tymiamra x
YUYHUHT OUpUHYU a6100aapy TYTUIAMU JEHUTaIH.

[IlyHuHrI€ekK, Fff napaxtaa OWHap amayl aHWKJIAll MYMKHH. ©: Fff X Fff - Ff
OWHap aMajHU KyWHaarnda aHUKJIaiMu3: KoopauHaTaau ¢3yBiapu X = (iq, .., i,)
Bay = (jy, ..., jm) OYATaH yusnap yuyH

xoy = (i, ,in) o Goeosfim) = (1 oeos Iy J1s s Jm),
x0x0 =xOox=(i,..,ip) ° (0) = (iy, ..., ip).

Y6y aman ' napaxtau 6upu 60p HOKOMMYTATHB SIPUM TPyIITIa Aed Kaparl
MYMKHHJIATUHU Owngupanu. JlapaXTHUHT SIpUM TPYIIIaBUH CTPYKTypacHIaH
(ormanann® yHma  XapakaTHM  (TPaHCIAUMAHM) — Ty: rk->rF, vgerk
Tg4(x) = g © x Kabu anuKnaiMu3. PaBimanku, 7oy = id ypuHim.

G c TF 6upop xucm spum rpynna Ba Y-kuiimarimu h:TF — Y ¢ynxims
[V . o k _
Oepuiran O0ysacun. Arap uxtuépuii g € G Baxap oup x € I'f yayn h(t,(x)) = h(x)
Ypuamm Oynca, h dyskumara G-oaspuii nevwnamu. Wxtuépmit  ['F-naspuii
(GYHKIUATA 3Ca MPAHCIAYUOH-UHBAPUAHM TEHIITAITH .
PaBmanku, uxtuépuit m > 2 HaTypaji COHH YUyH

G,, = {x € TF: d(x,x°) = 0(mod m)}. (8)

Tymnam ¥ spum rpynnasuHr KMcM spuM rpynnacu 6yiaiu.

@ c R Tymiam Ba gapaxTHUHT Xap oup x yuura oupop o(x) € @ conHu Moc
KYIOBUM aKCIIAHTUPHUIITA KOHGueypayus, P Tymnmamra sca cnux KUuMamiap
myniavu nevnnnamd. Moc pasumina V, Ba W, Ttynmamnmapna xam o, Ba Wy
KOH(pUTrypanusiiapHu aHukiam Mymkud. V. (moc pasumga V,, W) tynnamumaru
6apua koHGurypammsiaap ounacu () = @ (moc pasuiuna Q= &', Q= O"n)
Kabu Oenrwinananu. bepunran g, q € (y _ Ba wpy) € y, KOHPUTYparmsIap
y4yH KyHuJaru KOHQUTypausHi aHuKJIaiMu3:

o,-1(x), arap x €V,_; 6yca,

(On-1 V w[n])(x) :{ a)[n](X), arap x € W, 6yca.

Kypuir MyMKUHKH, 0,1 V Wpp) € y, YPUHITH.
W3unr momenn KapanaérraHaa cnuH KuiiMatiap Tymiamu @ = {—1,1} neb
OJIMHAOU. QVn YEeKJIU TYTIama p-aauk M3uHT Mojenu Kynnarudya Oepuinaau

Hy(o) = NZ(x,y)ELn a(x)a(y), Vo € -QVn: (8)

oy epna N € Z~.
I'* napaxtna (8) Mozen ydyH yMymnamran p-aauk I'u66¢ 14oBUHI KypaMus.
Bbynunr yuyn h: V — Qg’ Gynxupmsanu Kapaiimus, hy = (h_1,, h;,), Oy eprax € V
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yuyH hyq , € Q. bupop p € Q,\{—1,0,1} con yuyn Q,, vexnu Tymiamaa “1(:2 p-

aJK dXTUMOJUIMK YIYOBUHU Kapanmus

1
“1(17,2 (0) = WpHn(O-) HxEWn ha(x),x; (9)
n,p

Oy epna Z,(:'g HOPMAJUJIAIITUPYBYM KaTTAIMK OYIu0, y KylHuaarnia aHuKJI1aHau

h
Z7(1;2 = ZO’EQVn pHn(O) erWn ha(x),x- (10)

(b
np
Qynxyusnap yuyn Hon Oynuwwu xam mymkun. bBynoaiu xonnapoa 6apua o € (),

2-u30X. Tavkuonaw sxcousxu, Z, | Hopmamiawmupysuu kammaiux oavsu h

KOH@ueypayusnap yuyH “ng (0) = 00 0eb onunaou. bowka momonoan OyHOall

VI4oeNapHuHe OU3 Y4UyH amManuil axamusimu KamMaueuoaw 0y XONamiapHu Yiuos
cugamuoa Kabyn KUIMACIUK MYMKUH.

Oxopuna (9), (10) kabu OepwiraH -HSXTHUMOJUIMK YIYOBIAPH YEKIHU
TYIUIaMmiIapaa aHWKJIaHTaHWHH TabKuiam >xou3. Tabuuiiku, {V;,} mapmap ketma-
KETJIUTY IapaxXTHUHT Oapua y4JIapuHU KOIJIOBUY YCYBUM KETMA-KETIUKIUp. JleMak,
(9), (10) éEpnmammpa Oepwiran ymdoBiapaan doigananud OyTyH aapaxtia
AHUKJIAHTaH JUMUT YITYOBHU aHUKJIAII Macajacy rnaiio 0ynaau. JIuMuT Y IT4OBHUHT
acocuii xycycuatu Oy uexnu Tymiamiapaa (9) kabu aHuKJIaHraH YidoBiap OusiaH
yCTMa-yCT TYIIUIIY OnjiaH Oenruinanagy, ssbHu () 4eKcu3 TYIUIaMa aHUKJIaHTaH p-
aJIuK SXTUMOJUTMK YIT4OBH [y , YUyH KyWHJArd MAPTHUHT OaKapHIMLIA MYXHUM
xucoOaHaIu

,uh,p({a € Lo, = o, }) = #1(172(%)» Vo, €Qy , Vn €N, (11)

By kabu py, , ymuosnapuu xocui Kuiuniia KosimMoropoBHUHT YIT40BHY J1aBOM
STTUPUII XaKHJaru TEOPEeMACHUHUHI HOapXMMeJ BapHaHTUIaH (¢oiianaHuin
MyMKUH. bByHunr yuyn (9) kabu aHUKJIaHraH Yia4oBjiap KeTMa-KeTJIUIU
MyBO(UKIALITaH OYIUIIN, SbHU Xap 6up n = 1 6yTyH coHa

-1
Zw[n]eﬂwn ﬂl(:g (On—1 V@) = Hl(:tp )(Jn—l)' Vo1 € Qy,_, (12)

MyHOCAa0aTHU KaHOATIAHTUPUILHU eTapiau. bomikayva aiftranga (12) mynocabar (11)
IIAPTHHA KAHOATIAHTUPYBYH Uy, , P-AJUK SXTUMOJUIUK YITYOBHHUHT MaBKYIJIUTUHHA
TabMUHIaWIM. ByHnail py, , yuosra Oepuiiran MOJEN YUYH YMYMIQUIZAH P-AOUK
Tubbc ynuosu nernnanu.

Hszune-Ilommc  ¢ynkyusicu  n1e0  HOMJIAHYBUM  KyWHMJIard  p-aJiuk
AKCJIAHTUPHUIIIHU KapaniMu3
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Ox+1

for = (B2, 6=peQ\(-101).  (13)

Fix(fgr) Ouman fg,(x) QyHkumsHuHr Oapya Ky3raaMac HyKrajlapu
tyruiamuny Oenrunainmus. Kyituna Fix(fy ) Tynnam Ba M3usr mozxenu yayH 6apya
TPAHCISIITUOH-UHBAPUAHT yMyMJIAIITaH p-aauk [uO0C YidoBmapu TYIUIaMUHA
OOFJIOBUM TACAMKHU KEITHPAMU3.

1-tacquk. h # —1 p-aoux Hzune-Ilommc yukyuscunune Ky3eaimac
nykmacu oyacun. Y xonoa pp:= Up, Y1406 Hzune mooemu yuyHn mpaHciayuon-
uHeapuanm ymymaauiean p-aoux I'uboc ynuoeu 6ynraou. bynoa xap oup x € V yuyn
h, = (1, h) 0eb onunmokoa. lllynuneoex, 6y ynuoe Kyuuoacuua xucooianaou

Hpn(0) p2xeWn 810(x)
) _ _ Jo) n h n
uh({a €Nia|y, = an}) = D , vn €N,
(p~Nh+pN) k=1 (h+1)

6y epoa 6;; Kponexkep cumeonu.

2-tacauk. p2N € Q,\{—1,0,1} ea Hsunze modemu yuyn [ MpaHCiayuoH-
uneapuanm ymymaawiean p-aoux lubbc ynuosu 6Gepunean Oyacun. Y xonoa
Kyuuoazuiap ypuHiu:
(1) aeap |plp, # 1 6yaca, y yonoa py, uecapananean;

(1) aeap |pl, =1 Oynca, y xonoa u, ynuoe ueeapananmazan Oyuwiu yuyw
0<|h+p?N |, < 1 ypunau 6ynuwu sapyp éa emapnu.

TIGG,M Ounan W3sunr moxenu ydyH Oapya TPaHCIALMOH-UHBAPHAHT
yMyMIIalirad p-aauk ['m00c ymyoBnapu TymiaMuau OenruaanmMus.

8-teopema. k > 2 ga |pV |, > 1 6yncun. ¥ yonoa I ® 0apaxmoa bepunean p-
aoux HMzume mooenu yuyH card(TI GG,M ) > 3 ypuuau. Illynuneoex, aeap
lp~VN |, < |k — 1|, 6ascapunca, y xonoa xyuuoazu ypurniu

N, k-1 + 2, arap k xydrt 6y.ica;
_ p,k—-1
card(T1GG,M) = {Np,k—l + 1, arap k ToK 6y.ca.

9-reopema. k > 2 ga |pN |, <1 6yncun. ¥ yonoa I '® 0apaxmoa bepunean p-
aoux HM3uume moodenu yuyH card(TI GGpM ) > 1 ypunnu. lllynuneoex, aeap
|p" |, < |k + 1|, 6ascapunca, y xonoa xyuuoazu ypurniu
Npk+1 +1, arap k xyor 6y.ca;

card(TIGG,M) = {Np,k+1» arap k TOK Gyica.
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JluccepTallUsIHUHT “P-AMUK CTATHCTHK MoOJAeJIapaa xaoc” 1e0 HOMJIaHTaH
y9uHYH 000M P-amuk cratuctuk moxeinapra (ITorrc Ba SOS mopemnapu) moc
AKCIAHTUPUILUIAPHUHT JUHAMUKACUHH TAJKUK ITUIIra OaFMIUIaHraH. S puM yeKcu3
Kanu gapaxtuna 6epuiran p-aauk Ba xakukuii [loTTc Moaemnapura Moc TUHaAMHUK
CHUCTeMaJlap YYyH TPaeKTOPUSHMHI ACHMNTOTHK XapakKTepH Typiuda OYIWIIH
Kypcatwirad. MabiiyMKH, sspuM 4dekcu3 Konm mapaxtupary () Ta COMH KUAMATIIA
xakukuid Ilortc Momenu yuyn q + 1 Ta Typiu TpaHCHSIMOH-UHBapuaHT [ n66¢
yayoBiapu Maxkynd. [IyHWUHrIek, Xakukui xonga (¢ Ta CHUH KUHAMAaTIv
deppomarneruk [lorrc monenu yuyn xapopatauHr ukkurta 0 < T, < T, KpUTHK
HyKTaJapu MaBxyJ OYnaub, xapopaTHUHT Oy KpPUTHK HyKTajlapra HucOataH
XKoianryBura Kapad uetku [ mo60¢ yraoBnapu conn Typauda 6Ynaan, sbHA Xapopar
KHYMK KPUTUK HYKTaJaH nacT 0yica, g Ta yeTku [ mooc ymuoBnapu, Xxapopat KpUTHK
HyKTajnap opacuaa Oyinca, ¢ + 1 ta yerku ['mGOC ymyoBmapu Ba xapopaT Karra
KPUTHK HYKTaJaH IOKOpU OyiraHia sroHa 4eTku ['m60c ymuoBu MaBxKyI. P-ATUK
x0Ji71a 3ca 0y Mozen yuyH ['u00c ymyoBnapu TYIuiaMu XakKuKUi XoJigaruaan gapk
Kwiagu. Macanad,  cCOHM P coHura OyimHMaca, UXTHEpuUid TapTuOim Kamm
napaxtuga Ilorrc monenu ydyH siroHa p-aguk ['m66c ymyoBu maBxkyna. by xonna
yMyMIIamrad p-aauk ['m00c Ya4oBH TylIyHYaCMHU KUPHUTHIL 3apypaTy TyFUIAIH.
Ymby 6001a p-anuk [lorre Mogenura Moc MXTUEPUI JaBpU yMyMJIALITaH p-auK
['u60c ymuoBu MaBxynuruHu kypcatumiaa [lorrc-bere QyHKUMSACHHUHT XaOTHK
xapakrepunan ¢onpananunrad. lllynunraex, SOS monenn yuyH p-anuk ['m60c
YIIMOBUHUHT MaBXyUIMTH Ba SITOHAJIUTH IIAPTIIAPU TOIUJITaH.

p-Anuk Ilortc Moxenu M3uHT MOAETMHUHT yMyMmiamiMacu OYiuO, YHUHT
cnuH Kuitmatinapu @: = {1,2, ..., q} Tymmammaa y3rapam.

)y dYexnmu TymiamMaa q Ta COUH KUAMaTiu p-aauk lloTTc MomenuHWHT
XaMUITOHHAHU KyHuaruya Oepriain

}[(U) = ] Z(x,y)eLn 6a(x)a(y)' Vo € -Q-Vni (14)
Oy epna | € Z* Ba (x,y) axkuH KymHutapau ndomanaiiau, 8;; sca Kponekxep
CUMBOJIHJIHP.
I'* spum gexcus Konm napaxtupa Gepuiaran g Ta cnmH KuitMatau IloTre
MOJICIIA YIyH YMYMJIAIITaH p-aaukK [ mO0C YITIOBUHU KypaMmu3.
Avitaiinuk, h:V — (@g BeKTOp (QyHKIMA Oepuirad OYIJICHH, SBHU UXTUEPHUI
x €V yuyn hy = (hyy, hyy, ..., hg ). Bynna xap Oup i € {1,2,...,q} ungexc Ba
uxtuépuit x € V yuyn h;, € Qp ypunnu. bupop p € Q,\{—1,0,1} con yuyn Q,,

(n)

YEKJIM TyIuIaM1a Hn,p

P-aavK DXTAMOJUIMK YITYOBUHU KyHHIarnya aHuKJIanMus3

1
I’ll(:lp) (O-) = ﬁp}[(a) erWn hO'(X),X' VO- e QVn. (15)
np

by epna Z,SIB HOPMAJIJIOBYH KATTAJIMK.
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Kyiingarn Ttaciuvk OpKaiu {Hgng }n>1 KETMa-KeTIMKHUHT MYBOQUKJIAIITaH
OYIMIIMHUHT 3apyp Ba eTapiu maptiapunu h Bekrop ¢pynkmus Epramuaa 6epamus.

3-tacauk. H — sapum uexcuz Konu oapaxmuoa bepunean q ma cnuHiu p-aoux
Ilommc mooenunune Xamunmonuanu oyicun. h:V — Qg 8eKmop yHKyusiea mMoc
(15) gpopmyna oOunan amukiaHean YI4oeIaAp KemMa-Kemiaueu My8oQUKIAUSaH
oyauwiu yuyn xap oup x € V yuoa Kytiuoazu meHeaukiapHuHe Ypuriu Oyauuiu 3apyp
8a emapiu:

hix Yoy p/0hy

Mx = [lyesw) 5 pl%aun, ie{12,..,q—1}. (16)

10-Tteopema. p =2, p€E, 6a m < [q/2] bepurean oOyacun. YV xonoa
Kyuuoazu macouxuap ypuHiu.

(A)  Aeap xyuuoaeu

(A1) [4m|, > max{lp’ — 1|, |ql2} 6a p’ € {1 —q,1+ q};

(A2) [4m|, = |p/ =1l =lql; 6a p’ € {1 —q,1+q};

(A3) |mlz > |p/ =1l =|ql; > |4mlz, q # 2m, p/ € {1-q, 1+ q} 6a
V1 — 2a + b2 mascyo, 6ynoa a = 4 p= p]—_l;

2m’ 2m

wapmaapoan Kamuoa Oummacu 6axcapuica, y xonoa aunan 2C7° ma
MPAHCIAYUOH-UHBApUanm 2-aouk [ uboc ynruosiapu masicyo.

(B) Aeap xyuuoacu
(B1) [4m|, > max{|p/ — 1|, 1ql.} 6ap’ € {1 —q,1+q};
(B2) |4m|, = |p/ — 1|, = |ql,6ap’ € {1 -q,1 +q;
(B3) Iml, = |p/ = 1], = |ql, > |[4m|, 6a p’ ¢ {1 —q,1+q};
(B4) Iml, > |p/ — 1], = |ql, > |[4m|, 6a p’ € {1 —q,1+q};
(B5) [p/ — 1|, = |ql, > Iml|, 6a p’ & {1—q,1+q};
(B6)|ml|, > |p/ — 1|, = |ql, > |4m|,, q=2m, p/ € {1—-q,1+q} 6a

J-1

Vb? — 1 masoncyo, 6y epoa b = pT,

wapmaapoan kamuoa bummacu baxcapunca, y xonoa aiinan Cg* ma mpancasyuon-
unsapuanm 2-aoux I'uboc ynuosnapu maeicyo.
(C) Bowxra xonnapoa mpanciayuon-uneapuanm 2-aoux I'uboc ynuosu maeicyo

amac.

11-reopema. p # 2, p € E, ea m < [q/2] bepunean Oyacun. Y xonoa
Kyuuoazu macouxiap ypuHiu.
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(A)  Aeap xyuuoaeu
(Al) Iml, > max{lp! — 1|, lqlp}6ap’ € {1 -q,1+q};
(A2) |ml, = lp’ =1l = lqlp, 0 <I(p! —=1)* = q*l, <1q*lp,
0 <|q—2m|, <|ql, 6a wynoaii s = 1 6ymyn con masoicyoxu,
P~ ((p! = 1? — 4m(q —m))l, = 1;
wapmaapoan  Kamuoa Oummacu 6axcapuica, y xonda auman 2CJ0 ma
MPAHCIAYUOH-UHBAPUAHM P-a0uK [ ub6c yruosnapu masaicyo.

(B) Aeap xyuuoacu
(B1) Im|, > max{|p/ — 1|, |qlp,} 6a p’ € {1 —q,1+q};
(B2) [m|, < |p’ = 1|, = lqlp 6a 0 < |(p/ = 1)* — ¢*|, < lq°ly;
(B3) Iml, = |p! =11, = lqlp 6a 0 < |(p” = 1)* = ¢*l, <lq*lp, lg —2ml, =
91p;
BA)ml, = 1p’ =1l = lqlp6ap’ €{1-q,1+q}6a 0 <|qg—2ml, <|qlp;
(B5) q =2m, |p/ =1, =lql,, 0<I(p’ —1)*=q*l, <Iq*l, 6a wynoai
s = 1 oymyn con masocyoku, |p~%*((p/ — 1)? — q*)|,, = 1 jpunau,
wapmaapoan kamuoa bummacu basxcapuica, y xonoa atinan Cg* ma mpancaayuon-
uneapuaum p-aoux I ub6oc ynuosnapu masaicyo.
(C) bowxka xonnapoa mpaunciayuon-unéapuanm p-aoux 1uboc yaruosu masxncyo

amac.

A-tacamk. I'? apum uexcuz Kanu oapaxmuoa q ma chunau p-adux Ilommc
MOOenu yuyH Uy, mpaucaayuon-uneapuaum I uboc ynuosu bepunean 6yacut. Y xonoa
Up veeapananean oyauwu yyyn p 1 qQ Mmynocabam ypuniu 6yauwiu 3apyp 6a emapJiu.

[TorTc-bere QyHkuusicu ne0 HOMIIAHYBYM KyWHJard axCIaHTUPUILHU
KapanMmus

k
@ = (L5E), pe@\-101}, keN,  (7)

z+pJ+q-2

Kyiugarn OenrunaimHu KyAJaMU3: Solp(zk +qg—1)+0. |q-— 1|p =p~5,

s >0 mapTHM KAHOATIAHTUPYBYM ¢ = 3 HATypal COHH Y4YyH y3apo
KEeCHUILIMaliIMTraH 1apiap OupJammacy Oyiaran Kyiujaara TYIjJaMHU aHUKJIaiMH3

X =U]r, B(z,1). (18)

s+k
pk (p/ —1)| Baz; p-anuk conu s = 0 yuyn (19) Gopmyna Ounan,
P

s # 0 conu yuyH (20) hopmysia OMIaH aHUKJIAHTaH.

by epnar =
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_ {1 —q+n;(p/ =1), arap & +q—1=0(modp) (19)
1—gq, arap ¢;+q—1=0(modp),

i

Oyuma 17; Oepwiran ¢&; € Solp(zk +q—1), i=1k, y4yH Kyhugarua
TaKKOCIaAMaHHHT CYAMU

ni(&— 1 +¢& +q—1=0(modp).

[ynunraek, s # 0 6ynranna &; € Solp(zk +q—1), i =1k, yayn

zi=1—-q+pi&(p) - 1). (20)

12-teopema. |q — 1|, =p~%, s =0, "[1—q€ Q, sa (18) ¢popmyna 6unan
s(k—-1)
anuknanearn X myniam bepunean oyncun. Azap k, =2 6a |k, >p & | pl — 1],

oynca, y xonoa (X,] F ok fo.x) mpansumue p-aoux umapyeuu, AvHu 0y YUIuK K, ma
CUMBOJIOAH UOOPAM CUMBOJIUK OUHAMUKA2A MONON02UK KYUIMA OY1a0U.

13-Treopema. k = 2, |q|, < 1 6a zy = 1 6epunecan oyncun. ¥ yonoa (Qy, f, k)
OUHAMUK CUCTeMAaHU KYUUOa2u macoukiap myaiux mascu@iauou:

(A) Aeap k|, <lq+p’/ —1|, 6asxnapurca, y xoroa Fix(f,;) ={z5} ea
A(zg) = Dom(f, ) ypurau.

(B) Aumaiinux, |k|, > |q + pl — 1], 6a |p/ — 1|, < |q®|, ypurmu 6yncun. ¥ xonoa
fox —axcrammupuwea nucoamaw — uneapuawm  Oyiean  wyHOau — Oyumac
Jfor © Dom(f, 1 )\P () myniam massicyoxu,

A(z5) = Dom(fp, O\ (P U Iy, )
ypuHau 6ynaou. Lllynuneoex, Kytiuoazunap ypuHiu:

(Bl) Aaap OKVB(k,p—1) =1 6yaca, y xonda wynoaii z, € Fix(f,y)
MasxcyoKu, z, *+ Zy 6a | For = {z.} ypunnu,

(B2) Aeap DKVE(k,p — 1) > 1 6yaca, y xonoa Ut g fodor |+ |p) Ounamux

cucmema OKVB(k,p —1) ma cumeonoan ubopam cumeonux OuHamuraea
MONON02UK Kyuuma 6)1aou.

HucceprauusiHuar “CypbeKTHB HOUYM3UKJIM MapkoB omeparopsapu Ba
YJIAPHUHT JUHAMMKACH HOMJIM TYPTUHYU 000M UKKHUTA aCOCHM KUCMIaH nOopar.
bupunun xkucm (mactinaOku TYpT maparpadaan udopar) MOJIMHOMHUAN CTOXACTHK
OTIepaTOPJIAPHUHT CYPBEKTUBIIMIMHU Ypranuira Oarunianrad. UKkuHuu KucMaa
(oxupru yura naparpad) OyHmai onepatopilapHUHT TWHAMHUKACU YpraHwiraH. by
HaTWXalapJaH CIWH KuWMaTiapu CaHoKjMTa Oynran mogjemwiap yuyH ['u66c
VIIHOBNApUHM TaAKHUK 3TUIIAA (oiiganaHum MyMKUH. BOOHUHT OMpHHYM KHUCMHIA
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YEKCH3 YIYaMIIA CUMILIEKC/1a aHUKJIAHTaH HOYM3UKIN MapKoB onepaTopiaapUHUHT
CYPBEKTUBJIMIM Ba OPTOTOHAJUIMKHU Cakjiamld KaOu Xoccalapy YpraHuiras.
MabiayMKH, YEKIH yidaMiau Xojjaa Oy TylnlyHuYajgap ycTMa-ycT Tymaad. Yekcus
Ymuamnm Xonja Oy TyIIyHUYandap yMyMaH OJTaHja Oup XWUJ SMAaCIUTU MHUCOJIIap
éprnamuna kypcatwirad. [IIyHUHIIEK, ONEPATOPHUHT CYPHEKTUB OYJIWMIIM YUYyH
etapau waptiaap Tonwiarad. OJIMHraH HaTWXKalapAaH XaMMEpUITEHH HHTerpanl
orepaTopIapuHUHT 0ab3u CUHGU YIyH MycOaT €4MM MaBKyAJTUTUHU TEKITHUPHUIIIA
¢oiianaHuil MyMKUHJIMTM Kypcatuiarad. Oxupru yura naparpadaa uekcus
yiI4aMiy CHMIUIEKCAA AHUKJIAHTAH CTOXACTUK ONEpaTopiiap Y4YyH HProJMKIMK
XOCCACUHUHI OakapWMIIM TEKIIMpWIraH. Xakukuil [; ¢azomarm croxacTuk
oriepaTopiaapHuHT UKKU cuau L+ Ba L~ anukianrad. by cundapman osmuran V
omeparopjiap y4yH KywIM Wy Ba KyudCH3 w‘(,w) JUMUT TyIJamiap TYJIUK
taBcu(nanrad. [llyHunraek, Oy cuHbIapgaH OJMHTaH oOIEpaTopyiap KydcHus
sproauk Oynumm ucobotinanrad. L~ cuH(paa Kyucus 3proauk 0y, Ky4diau 3proaux
OYyaMaran orepaTopiiap MaBKYIIMIH Kypcatwiran. bynman tamkapu L+ Ba L~
CUH(IIapra Terniuim 6yaran 6apya Yu3uKIN OrepaTopiap TaCHU(IAHTaH.

by 6ynmaran E € N tymmam 6epuiiran 6yiacuH. ¥ = 0 coHu yuyH KyHuaarua
TyIJIaMJIaPHU aHUKJIANMU3

SF={x=(x)iec ER® : 4,20, Yicpx; =7}, B =Upepor Sp-

Kynaitiukx yuyn SN yprura S, Ba BY yprura B, é3ypnan ¢oiinamanamus.
PaBmanku, uxtuépuii r > 0 yuyH S, C £, ypuHiu.

Mabaymku, S; = convh(ExtrS;) 0ymmu0, Oy epna Extr(S;) tymmam S;
TYIJIAMHUHT 4YeTKH HyKTamapu Ba convh(A) sca A TYMIaMHUHT KaBapuK
KOOUFUIUP. S; TYIUIAMHUHT UXTHEPUNA YETKHM HYKTaCH KyWHIard KYpUHHIIIA
Oynanu:

e, =(0,..,01,0,0,..), VkeN.
o

|E| =n O6ymranna SE tynnam n — 1- ynuamau cumnaexc Ba E caHOKIH
OyraHma 3ca uekcus YIuamau CUMNIeKc NeHnIau.
bus xyiunaru Tymamiiapaan doiinananaMus

intS, ={x € S,:x, >0, ke N}, 9S, =S,\intS,.

Anranmax, P = (P, i i)i,,.i keg M + 1-TapTnOIM runepmarpuna OyicuH.
m + 1-TapTuOIM ~ TUNEPMATPULIAHMHT  BJEMEHTIapU  YYyH  UXTUEpPUH
i1,1y, ..., lm, k € E nHIEKCIApIA

P i k=0, XYnee P in=1 (21)
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Ypuniu Oynca, Oy maTpuiiara CTOXacTUK Marpuua jaevunanu. bepwiran m + 1-
TapTUOIM CTOXACTHK runepmaTpuna yuyn BE tymnamua V oneparopnu kyitunaruua
AHHUKJIAUMU3

V) = Ziyiy,imeE PiyiyoigkXiy Xiy =X, k EE. (22)

(21), (22) dopmynamap €Epmamuaga OepuiaraH omneparopra m-mapmubau
noauxnomuan cmoxacmux onepamop (kuckada m-taptuomu I1CO) naeiinnamy.
YMmymuiinukka 3uéH etkazmarad xonma (1,2, ..,m) COHJAPUHUHT UXTHUEPHHA TT

YpuH anMalTUPUILIAPpK YIyH Py ;o = Pl-n( 1y emy K ne6 XucoOaI MyMKHH.

1-nemma. V — m-mapmubau I1CO 6yncun. ¥ xonoa Kytiuoazuiap ypuuiu
V(ST) €S, V(BY\SY) © BI\St.

2-nemma. V — m-mapmubnu IICO 6yncun. YV xonoa V onepamop BE
mynnamoa cypvekmus 6ynuwiu yuyH yuune SE mynnamoa cypvexmus 6ynuwu 3apyp
6a emapu.

Arap x,y € SE sextopnap yuyn supp(x) N supp(y) = @ ypunnu 6ynca, y
XoJila 0y BEKTOpJap opmoconan oeuunaou Ba X Ly kabu &3unanu. PaBmankw,
X,y € SE pexropnapaunr oproronanmiru uxtuépuii k € E unnexcnapaa x;y, = 0
myHocabatra TeHr kyuwiu. Iy OGowc, 6u3 kyiugaru €3yBnaH doiigaiaHaMus:

X0y = Yrer XkVk-

1-tabpud. SE myniamoa anuxnanean V — m-mapmubiu IICO uxmuépuii
OPMO2COHAN BeKMOPIAPHU SHA OPMO2OHAN 8eKmMopaapea ymKkasca, 0y onepamopeaa
opmoconannukuu caxnosyu I11CO (xucxaua OC I1CO) oetiunaou.

14-teopema. Uxmuépuu i €N  unoexcoa V(e;) =e; wapmnu
kanoamaaumupysuu m-mapmuoau I1CO bepunecan 6yncun. Y xonoa xytuoacunrap
meHe Kyuiu.

(i)  V onepamop opmoconaniuxnu cakraiou,
(i) k& {iy, ..., i, } wapmuu KanoamraHMupysuu UXMUEPUIL iy, ..., iy, kK € N yuyn
P; x = 0 ypurnnu,

1
(itt) HUxmuépuu x €S; 6a k=1 yuyn (V(x))y = x Ak (x) ypuniu. by epoa

— ,m—1 m-1 ~Jj  m-1-j
CAk(x) - xk + Z]=1 mek Zlm+1_1 ..... lm#—'k Pkklm+1_]lm,kxlm+1_] xlm'

15-teopema. Hxmuépuii i €N wunoexcoa V(e;) =e; wapmnu
Karnoamaaumupyeyu m-mapmubau I[ICO bepunean 6yacun. ¥ xonoa xyuuoacunap
meHe Kyuiu.

(A) V onepamop opmozconaniuxkuu cakiauou,
(B) V onepamop cypvexmus;
(C) V onepamop xytiuoacu xoccanrapea sea:
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(Cl) V_l(ei) = e, Vi € N,
(C2) V-1 (intFeileiz) = intly, ¢, , Viy, iz €N,

(Cm) V2 (intly, e, ) = intTy, e, s Vil € N,

S-tacauMk. S; mynaamoa V — m-mapmubau cypvekmus I[ICO 6epunean
oyncun. YV xonoa wynoau {ji =1 € N xemma-xemaux masoxcyoxu, xap oup k € N
undexcoa P;, j i 1 =1 ypunu.

Ky#imgarn tacnuk [ICOHMHT CypBEKTUBIUTH YYyH €Tapiid IIapTHH
udogamanu.

6-tacauk. S; mymiamoa V — m-mapmubnu IICO 6epunecan OyacuH.
Aumaiinux,  wynoaiu  {jpins1 € N kemma-xemauxk — maescyo  O6yIcuHKU,
supp(x) € {j,}ns1 Wapmuu Kanoamianmupyeuu uxmuéputi X € S; 8exmop yuyH

_ m-1 ~j , m-1-j
Ve = x5, Ljzo CinXj, Limsr—rrim® i Ditciimat—joimok Ximga—j """ Xiny

P;

Jk---jk:k = 1, Vk € N

ypuHau 6yacun. Y xonoa V cypvexmue onepamop 6ynaou.

16-teopema. S; myniamoa V — m-mapmubnu cypvexmug I1CO bepunean
oyncun. Aeap V opmozonaniuknu cakiaca, y Xo10a Hamypai COHAAPHUHS WYHOAl
T YPUH AIMAUMUPULAADU MABHCYOKU, UXMUEPULL 1y, ..., Iy, k € N yuyn

Py i =0, if (k)€ {iy, ., i}

YpuHIU OYAa0U.

Uxtuépnii V: SE — SE oneparopra croxactux onepatop neiinnanu. bus aiinan
CTOXACTHK ONEpaTOpJapHU ypraHaMmus. S; TyIuiamja aHukKJIanrad V' onepatop y4yH
{V™(x0) }n=o Ounan x, € S; BekTopHHUHT V oneparopra HUCOATaH TPACKTOPUSICHHU

o w
oenrunaiimus. llynunaraex, wy (xq) (Moc paBuiiia w‘(, )(xo)) ounan {V"™(x9)}meo
TymiaMHUHT  £;-HOpMara HucOaraH (MOC paBuIIa KOOpAMHATAa OVitnua
SKUHJIANIINAIITA HUICOATaH) TUMUT HyKTaJapy TYTUIAMUHH Oenruinainmus. SAbHH,

wy (X0):= Npzo Ugsn Vk(xo)l

d
w‘(/w)(xo)5 = Nnzo Ursn VE(x0)

Oy epna d Kyhuarnya aHUKJIaHTaH METPUKa
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_ Vv —k _lak—bgl
d(a,b) =Yp-, 2 Hlanbr Va,b € ¢;.
3-nemma. b € ¢, 6a Kytiuoacuua anuKIaHeaH YUUKIU QYHKYUOHATL Oepunean
OYICUH:

Op(X) = Xioq bxy, VX €4

YV xonoa @y, ¢pynxyuonan Bymyniamoa koopounama 6yuuda SKUHIAULY 84U OVIUUU
yuyn b € ¢y 6yauwu 3apyp ea emapiu.

@:S; > R dynkuuonan £, MabHOCHAA y3IyKcu3 Ba Oupop V  croxacTuk
ormepaTop ydyH xap Oup X € S; Bekropaa lim@(V™(x)) maexkyn Oyiaca, Oy
n—oo

dbynkuuonanra V onepatropHUHT JlanyHoe (yHKyuscy Neniaau.

Papmiankwu, arap @ ¢ynkuuonan V yuyn JlanyHnoB ¢pyukuusicu 6yica, y Xxosaa
lim (V™ (x,)) = x* myHocabatnan wy(x,) € @~ 1(x*) kemu6 umkamu. Jlemak,
n—oo

wy (Xg) TYIUIAaMHH TYIHUK TaxXJWI KWIHII yY9yH UMKOH Kazap Kympok JIsmyHoB
(YHKIUSIIApUHU KypUII KEpaK dKaH.

Tabkuian >K0U3K1, CTOXaCTUK OMEpaTop y4yH a)l(,w) (xp) TYIUIaMHU TaaKHUK
KWINIIAA ofaTtaary JIamyHoB QpyHKOusicH Ky Xoiiapaa camapanu oynmaidau. Iy
oouc £1 —HOpMaja y3IyKCU3IUKIAH Kypa eHTUIPOK, MacajiaH, KoopAnHaTa Oyitnua
y3IyKCu3 Oynran 4Yu3uikiu QyHKiuuoHamap yuyH ‘“JlamyHoB QyHKiusicu”
TYLIYHYaCUHU KHPUTAMU3.

Hactnad, {by } kamaroBUM KeTMa-KeTIUKHY b| kabu OenrunaiimMus, s-HHA

bl:(bl'bzlbfﬁ "'))) = b12b22b32

Arap ¢: B; = R xoopaunata Oyinda y3mykcu3 GyHKIIMOHAT y4yH xap Oup
x € S; Bekropaa lim @ (V™ (x)) maxyn 6yica, Oy ¢pyHKImoHanra IV onepaTopHUHT
n—->oo

keazu-Jlanynos gyHxyuscu NeMniaau.

3-nemma BjTymuramna aHuKIaHraH Oapya KOoopAWHATa Oyindya y3ITyKCH3
YU3UKIM  (QYHKIUOHAUIAPHU  TAaCHU(JIOBUM MYXUMM HaTW)Ka OKaHIUTUHU
TabKUJJIaTaH XOJAa CTOXaCTUK OMNEpAaTOpPJAPHUHT SHIM HMKKA CUH(QUHU
aHuKiIaiimMu3. ByHuHr yuyn Oepuiran b € ¢y KeTMa-KeTJIMKKAa MOC YHU3UKJIU
(GyHKUMOHATHY KyWHiarnya aHuKiIaimMus3

Qobl(x) = Yke1 bixk.
2-tabpu. V cmoxacmuk onepamop bepuneau 6ynicun. Aeap uxmuépuii by €

Co 6a xap oup x €S, 6exmop YuyH {gobl(Vn(x))}:;O yeysuu (moc pasuuioa

kamaiosuu) 6ynca, y xonoa o6y onepamop LT (moc pasuwoa L~) cungea mezuwiiu
oelunaou.

7/-TacmuK. X, € S; bepunean 6yacun. Y xonoa ytuoacunap yYpuHiu.
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(i) Aeap V € LT 6ynca, y xonoa a)‘(,w) (x0) C S; ypunnu;
(it) Aeap V € L™ 6ynca, y xon0a wynoau r <1 monuraouxu, a)I(,W) (x0) C S,

9

VpuHau.

17-teopema. x, € S; 6epunear 6yncun. ¥ xon0a Kyuuoacuniap ypuHiu.
(i) AeapV € L* 6yaca, y xonoa wy (xy) = w‘(,w) (x0) ypunau;

(i) Aeap V € L™ 6yaca, y xon0a wy(xy) = w](,w)(xo) oynuuiu wy(xXy) + @
MyHOCabamea meHe Ky4iu.

18-reopema. V € LT U L™ 6bepuncan 6yacun. YV xonoa V onepamop xyucus
apeoouk Oynaou. [lynunzoex, azap V € LY 6ynca, y xonda V onepamop sp200ux
b6ynaou.
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XVYJIO0CA

Jluccepranusi Wiy XakKWKUE Ba HOApXuMe I BEKTOp (azomapia YM3UKIN Ba
HOYM3UKJIN JUHAMUK CUCTEMAJIAPHU TAIKUK KHJIAIITa OaFUIIIaHTaH.

TaaKMKOTHUHT acOCHI HaTWXKajdapy KyWHaarmiapaal uoopar:

1. Yusukiau omnepaTopJapHUHI TUIMEPUUKIUKINIA Ba CYNEPUUKIUKINTA
XaKAJaru MabiyM (XaKMKUM Ba KOMIUIEKC XO0J1/1a) TEOpPEMAaJApHUHI HOApPXUMEL
MyKkoOunm ucbornanau. Hoapxumen c, ¢azona ymymiamrad IOKJIaHTaH Yamra
CypHII ONIEPATOpJIapy TYyLIYHYacd KUPHUTHIAM Ba YJIAPHUHI THUIIEPLUHKIMK,
CYNEPLUKINK, IUKIUK OYJIMIIN YUyH ME30HJIAp OJMH]IH.

2. p-AvK cOHIap MailIoHN1a MOHOMHAJT TEHIJIaMa TaJKUK KWJIHHAN Ba YHUHT
Oapua wnguznapu Tyriamu TaBcudumanau. LyHUHTIEK, ONMMHraH HATH)KAHUHT
TaTOMKKU cudaruga p-aguk 1-Jlummun (QyHKUMSUIApHUHT Ky3FajiMac HyKTajap
TY11aMu TaBcUDIIaH U,

3. Apum uekcu3z Kanu napaxtuaa Oepuiiran p-aguk M3uHr mojienu yuyH 6apya
TPaHCISILIMOH-UHBAPUAHT yMyMIIAllTaH p-aJuk ['mbOCc yma4oBiapu TymuiaMu
taBcu@uanau. UlyHuHrek, OyHnai YIHOBIAPHUHT 4YerapajlaHraH OYIUIIM y4yH
3apyp Ba €Tapiu IapTiiap TOMUIIH.

4. Spum uekcuz Komm napaxtupa Oepwiran p-aguk M3unr-Bannumenyc
MOJIENN Y4YyH p-aguk ['MOOC YIYOBMHUHI MaBXyIJIMTH KypcaTHIIIU. P-AIUK
panyoHan (YHKIMSUIADHUHT JUHAMUKACUHU YpraHull opKajau Oy Mojena Y4YyH
['u60c¢ yuoBnapu Kypuiiu.

5. p-Amuk (p = 3) Ilorrc-bere GyHKIMSICUHUHT AMHAMUKACH YpPTraHWIIIH.
[TapameTrpiapHuHr 0ab3u KuMatiapuaa Oy (DYHKIUSHUHT JAMHAMUKACH XAOTHK
xapakrtepra sramuru ucbotrnangu. Hatwxkana spum uekcu3 Konm nmapaxtuna
Oepunran p-aauk IloTTc Momenu y4yyH uXTHEpHM TapTuOiu naBpuil 1'nbOC
YI4OBJIAPU MABXKYIUIUTH KYPCATUIIIU.

6. m + 1 Ta ciun KukiMatiim P-aguk SOS Moieny TaakuK KWIMHAU. by Moaen
YUYH MMapaMeTpHUHT 0ab3u KuiiMaTiiapuaa riodan MabHoAa (aza anMalluiiapu
MaxyJl SMaciIuru Kypcatuian. daza anManuim MaBxy 1 0ymumm yayH p|(m + 1)
Vpuniu Oynumm 3apypiaurd ucoortnanau. by wmomen yuyH p-aguk 1'u66c
YIIHOBJIApPUHUHT YeTapalaHTaHIuK ME30HIIAPH TOIUIIIN.

7. Uekcus yndamiay HOYM3UKIN MapKoOB ONEpaTOPIApUHUHT CYPBEKTUBIIUTH
Ba OPTOTOHAJUIMKHM CaKJIALIM XOCCAJIapy YpraHuian. MapkoB onepaTopIapuHUHT
CYPBEKTHBIIMIM YYyH e€Tapiau wmaptiap Ttonwiad. ONMHraH HaTHKaJIapHUHT
XaMMepIUTEeHH TUMHUIAT WHTErpal ONepaTOpiapHUHT 0ab3u CHH(IApH YUyH
MycOaT e4uM MaBXyJTMTUHU TEKIIUPHUIIIATH TATOUKIApU KEITUPUIIIH.

8. Ilonmunomuan croxactuk oneparopiap ([1ICO) yuyH kywin Ba Kyucus omera
JUMMT TYIIamiap Taakuk Kamuead. [ICOmapaunr suru cunguapu (L7 Ba L7)
KUPUTWIIU. By cHH(IaH OJMHraH ONEpaTOpJapHUHI KYyuCHU3 DSPrOAUKIUTU
ucoornanau. Ilynunraek, £* Ba L~ cuHduapra Terdnumd Oapya YM3HKIH
oreparopiiap TaCHU(IAH]IH.
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INTRODUCTION (abstract of DSc thesis)

Actuality and demand of the theme of dissertation. Many scientific and
practical researches conducted around the world are mostly focused on the theory of
discrete dynamical systems. The concept of dynamical systems theory has its origins
in Newtonian mechanics. There, as in other natural sciences and engineering
disciplines, the evolution rule of dynamical systems is given implicitly by a relation
that gives the state of the system only a short time into the future. Before the advent
of fast computing machines, studying a dynamical system required sophisticated
mathematical techniques and could only be accomplished for a small class of
dynamical systems. It is known that the dynamical systems theory have many
applications in the branches of science like as an engineering, biology, physics,
chemistry, economics, psychology etc.

Nowadays in the world, it is important to define the set of all periodic Gibbs
measures for lattice systems with a finite or countable set of spin values. We notice
that the studying such kind problems leads us to consider discrete dynamical systems
over vector spaces. Knowing asymptotical behavior of the trajectory of the
corresponding dynamical system, we can describe the set of all translation-invariant
or periodic Gibbs measures for a given Hamiltonian. For this reason, studying main
properties of non-Archimedean discrete dynamical systems like as regularity,
minimality, ergodicity, topological mixing and chaoticity are very important. On the
other hand, the last researches show that dynamical systems will have interesting
aspects in p-adic settings. Moreover, p-adic dynamical systems are often used in the
cryptography and coding theory, which proves the p-adic numbers are not worse
than real numbers.

In our country, much attention has been paid to develop important directions of
dynamical systems which have applications to the applied and fundamental sciences.
In particular, significant results have been achieved in studying periodic orbits of
real and p-adic mappings for classical models defined in lattice systems with a finite
or countable set of spin values, and in solving practical problems through measure
theory. Investigations on the international level in such important areas as the
mathematical physics, non-Archimedean functional analysis, theory of non-
Archimedean measures and theory of discrete dynamical systems considered as the
main task of fundamental research!. In this way, the development of non-
Archimedean dynamical systems theory for the mappings associated by statistical
physics models with at most countable spin values plays a crucial role in the
implementation this decree.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees and Resolutions of the President of the Republic of
Uzbekistan of February 7, 2017, PF-4947 , “On the strategy of action for the further
development of the Republic of Uzbekistan”, PQ-4387 dated July 9, 2019 “On state

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May “On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the Republic
of Uzbekistan™ Ne 292.
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support for the further development of mathematics education and science, as well
as measures to radically improve the activities of the Institute of Mathematics named
after V.I. Romanovsky of the Academy of Sciences of the Republic of Uzbekistan”,
PQ-4708 of May 7, 2020 “On measures to improve the quality of education and
research in the field of mathematics™ as well as in other regulations related to basic
sciences.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

Review of foreign research on the topic of the dissertation. Research on the
theory of discrete dynamical systems and the theory of Gibbs measures of lattice
systems has led research centers and universities in leading foreign countries,
including Institute of Physics (Serbia), V.A.Steklov Mathematical Institute of
Russian Academy of Science (Russia), Institute of Mathematics of National
Academy of Science of Ukraine (Ukraine), Mathematical Institute of Serbian
Academy of Science (Serbia), Federal Research Center “Computer science and
Control” (Russia), Linnaeus University (Sweden), Indiana University (USA),
Weierstrass Research Institute in Berlin, Technical University of Berlin, University
of Bonn and Bochum Ruhr University (Germany), International Center for
Theoretical Physics and La Sapienza University of Rome (Italy), University of
Marseille and University of Paris (France), United Arab Emirates University (UAE),
University of Leeds (UK), University of Melbourne (Australia), Center for Research
and Advanced Studies of the National Polytechnic Institute (Mexico), International
Islamic University of Malaysia (Malaysia).

The results of the scientific research on non-Archimedean dynamical systems
have been solved a number of current problems, including the following scientific
results: development of p-adic string theory (V.A.Steklov Mathematical Institute of
Russian Academy of Science, Russia), development of non-Archimedean
probability theory (V.A.Steklov Mathematical Institute of Russian Academy of
Science, Russia; Linnaeus University, Sweden; Institute of Physics, Serbia),
development of non-Archimedean operator theory (Institute of Mathematics of
National Academy of Science of Ukraine, Ukraine; Mathematical Institute of
Serbian Academy of Science, Serbia), it is applied the dynamics of p-adic mappings
to computer sciences (Federal Research Center “Computer science and Control”,
Russia), it is given a chaoticity criterion of p-adic dynamical systems (University of
Marseille and University of Paris-Est, France), it is classified translational-invariant
Gibbs measures for the ferromagnetic Potts model on the Cayley tree of arbitrary
order (University of Bochum Ruhr, Germany), it is studied boundary law for Potts
model (University of Leeds, UK), it is proved that the Gibbs measures are not unique
for the SOS model (Weierstrass Research Institute in Berlin, Technical University
of Berlin, Germany), development of p-adic Gibbs measure theory (United Arab
Emirates University, UAE) paramagnetic, ferromagnetic and antiferromagnetic
phase transitions were found for the competing Ising model on a Cayley tree
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(University of Melbourne, Australia), it is studied monomial equation over the field
of p-adic numbers (International Islamic University of Malaysia, Malaysia).

Today there are a number of studies on the non-Archimedean dynamical
systems and their applications to the theory Gibbs measures, including: studying
asymptotical behavior of the trajectory, in particular, checking the main properties
of the dynamical systems like as minimality, ergodicity, chaoticity and topological
mixing, therefore, describing the set of all translation-invariant p-adic Gibbs
measures for a given Hamiltonian with at most countable spin values, studying the
existence of phase transition for the model, boundedness problem of p-adic
measures, checking singularity such kind measures.

The degree of scrutiny of the problem. Linear dynamics is a young and
rapidly evolving branch of functional analysis, which was probably born in 1982
with the Toronto Ph.D. thesis of C.Kitai. It has become rather popular, thanks to the
efforts of many mathematicians including G. Godefroy, J.H.Shapiro, K.G.Grosse-
Erdman. In particular, hypercyclicity and supercyclicity of weighted bilateral shifts
were characterized by H.Salas. S.Shkarin proved the existence of bounded linear
operator T satisfying the Kitai’s Criterion on each separable infinite-dimensional
Banach space. A.N.Kochibei developed a non-Archimedean spectral theorem for
linear operators on non-Archimedean Banach spaces.

At present, p-adic analysis is a rapidly developing trend in mathematics.
Numerous applications of p-adic numbers have resulted in the theory of p-adic
differential equations, p-adic probability theory, p-adic mathematical physics by
V.1.VVolovich, S.Albeverio, A,Yu.Khrennikov, R.Cianci, V.S.Anashin. It is known
that p-adic numbers are also closely connected with Diophantine equations, that is,
with finding all the solutions of a system of polynomial equations or giving a bound
for the number of the solutions over the field of p-adic numbers. A.Yu. Khrennikov,
E. Yureva found a criterion for the existence of a root of 1-Lipschitz functions, which
Is a generalization of monomial equation. Moreover, they were able to prove the
analogue of Hensel’s lemma for 1-Lipschitz functions.

It is known that Kolmogorov extension’s theorem plays a crucial role in the
theory of Gibbs measures. N.N.Ganikhodjaev, F.M.Mukhamedov and U.A. Rozikov
proved a non-Archimedean analogue of Kolmogorov extension theorem. Therefore,
the theory of p-adic probability was constructed by A.Yu.Khrennikov, S. Yamada,
van Rooij, S.V.Ludkovski, Le Ny, F.M.Mukhamedov, N.N.Ganikhodjaev,
U.A.Rozikov.

One of the main results in the theory of p-adic discrete dynamical systems was
obtained by A.H.Fan, S.L.Fan, L.Liao, Y.F,Wang. Namely, the authors were able to
find a criterion on chaoticity of dynamical systems of p-adic mappings. Moreover,
by L.Liao it were constructed a lot of p-adic mappings which for any initial point
had dense orbit.

In recent decades in the game theory, evolutionary and dynamical aspects of
quadratic dynamical systems have dramatically increased in popularity. J.Hofbauer
and K.Sigmund’s book serves as a very good introduction to this theory. We point

35



out that the Volterra operators, in the discrete setting, describe the discrete time zero-
sum evolutionary game dynamics. In this direction, zero-sum games and their
evolutionary dynamics were studied by E.Akin and V.Losert. On the other hand, by
the researches of T.Nagylaki, it is important to investigate dynamics of the Volterra
system when the spices in the system are huge. Roughly speaking, what happens if
the game involves a large number of players? This naturally leads our attention to
the following problem: what is the dynamical behaviour of VVolterra operators on an
infinite dimensional simplex? A certain construction of infinite dimensional VVolterra
operators was studied by F.M.Mukhamedov, H.Akin, S.Temir. We notice that a
class of VVolterra quadratic stochastic operators is a subset of the set of all polynomial
stochastic operators.

Connection of the theme of the dissertation with the research works of
scientific research Institute, where the dissertation is carried out. The
dissertation work is done in accordance with the planned theme of scientific research
Institute of Mathematics F4-FA-FO13 “Operator and non-associative algebras,
dynamical systems and its applications to statistical mechanics and population
biology” (2012-2016), YoF-4-3 + Y0F-4-4 “Leibniz algebras, probability measures
of spin systems and Lie algebras on graphs” (2016-2017) and OT-F4-82 — “Local
differentiation in operator and non-associative algebras and automorphisms, phase
transitions and chaos in nonlinear dynamical systems” (2017-2020).

The aim of research work is to construct the p-adic Gibbs measures for
models associated by non-Archimedean discrete dynamical systems over Banach
spaces, to find surjectivity criterions of Polynomial Stochastic Operator and to
describe omega limiting sets for such kind operators on space of absolutely
summable sequences.

Research problems:

prove non-Archimedean analogue of well-known (in real and complex settings)
theorems of hypercyclic and supercyclic linear operators on F-spaces;

study generalized weighted backward shift operators over non-Archimedean
sequence spaces;

describe the set of all solutions of the monomial equation over the field of p-
adic numbers;

construct generalized p-adic Gibbs measures for the p-adic Ising model on a
semi-infinite Cayley tree and describe the set of all translation-invariant Gibbs
measures for the model;

study a phase transition problem for the p-adic Ising-Vannimenus model on a
semi-infinite Cayley tree;

study the asymptotical behavior of the trajectory for p-adic Potts-Bethe
mapping;

describe the set of all periodic generalized p-adic Gibbs measures for the p-adic
Potts model on a semi-infinite Cayley tree.

construct p-adic Gibbs measure for Solid on Solid (SOS) model. Obtain some
conditions on parameters such that there exists a unique Gibbs measure for the
model;
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obtain necessity and sufficiency conditions on surjectivity of Polynomial
Stochastic Operators in infinite dimensional simplex;

describe the omega limiting sets for Polynomial Stochastic Operators.

The research object: p-adic numbers, hypercyclic/supercyclic operators,
Cayley tree, lattice models, p-adic Gibbs measures, chaos, non-linear Markov
operators, Hammerstein integral operator, omega limiting sets.

The research subject: Theory of groups and graphs, Algebra and number
theory, Gibbs and non-Archimedean measures theory, theory of discrete dynamical
systems, symbolic dynamics, non-linear Markov processes and integral equations.

Research methods: In the research the methods of functional analysis, group
theory, measures theory, theory of dynamical systems, stochastic processes and
nonlinear integral equations theory are used.

The scientific novelty of the research consists of the following:

criterions for the hypercyclicity, supercyclicity and cyclicity of generalized
weighted backward shift operators over non-Archimedean sequence spaces were
obtained;

a set of all translation-invariant generalized p-adic Gibbs measures for the p-
adic Ising model on a semi-infinite Cayley tree was described and the existence of
phase transition for the p-adic Ising-Vannimenus model was shown;

it was proved the chaoticity of dynamical system for p-adic Potts-Bethe
mapping and the set of all periodic generalized p-adic Gibbs measures for the p-adic
Potts model on a semi-infinite Cayley tree was described;

p-adic Gibbs measures for Solid on Solid (SOS) model were constructed and
the exact values of parameters for the uniqueness of such kind measures were found;

necessity and sufficiency conditions on surjectivity of Polynomial Stochastic
Operators in infinite dimensional simplex were obtained;

the strong and the weak omega limiting sets for some class of Polynomial
Stochastic Operators were described.

Practical results of the research consists of the following:

The description of the set of all solutions of the monomial equation over the
field of p-adic numbers can be used to describe the set of all translation-invariant
generalized p-adic Gibbs measures for lattice systems;

The methods of checking chaotic characters of the p-adic Potts-Bethe mapping
have been used to construct infinitely many periodic generalized p-adic Gibbs
measures.

The reliability of the results of the study. The results have been obtained by
using the methods of functional analysis (especially, non-Archimedean functional
analysis), methods of discrete dynamical systems, Gibbs and non-Archimedean
measure theory, methods of nonlinear operator theory, and theorems on fixed points.
The obtained results are mathematically strongly proved.

Scientific and practical significance of research results. The scientific
importance of the results of the research work is explained by the fact that various
models of p-adic statistical mechanics with at most countable set of spin values on
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the semi-infinite Cayley tree can be used in the studying of thermodynamic
properties by finding p-adic Gibbs measures.

The practical significance of the research determines by obtaining chaoticity
criterion for the p-adic Potts-Bethe mapping using the solution of the monomial
equations over the field of p-adic numbers, it gives opportunity to construct infinitely
many generalized p-adic Gibbs measures.

Implementation of the research results. The scientific results obtained during
the research of the dissertation are implemented in the following research projects:

The description of the set of all periodic p-adic Gibbs measures for Potts model
were used to find periodic points of p-adic rational functions in papers of foreign
scientific journals (p-Adic Numbers, Ultrametric Analysis and Application, 2021,
13(4); Results in Mathematics, 2020, 75(3); Chaos, Solitons & Fractals, 2017, 105;
Mathematical Physics Analysis and Geometry, 2015, 18(1)). The application of the
scientific results made it possible to analysis considering thermodynamics of physics
systems.

The chaoticity of the p-adic Potts-Bethe mapping were used to study
asymptotical behavior of the trajectory of p-adic rational mappings in papers of
foreign scientific journals (Reviews in Mathematical Physics, 2021, 33(10); p-Adic
Numbers, Ultrametric Analysis and Application, 2020, 12(3); Entropy, 2019,
21(11); Science China Mathematics, 2018, 61(12)). The application of the scientific
results made it possible to decompose the p-adic dynamical systems into minimal
subsets.

The description of the set of all translation-invariant generalized p-adic Gibbs
measures for the p-adic Ising-Vannimenus model on a semi-infinite Cayley tree and
the existence of phase transition for the model were used in the finding non-
Archimedean measures in papers of foreign scientific journals (Journal of
Mathematical Physics, 2022, 63(1); Journal of Mathematical Physics, 2020, 61(1);
Journal of Statistical Physics, 2018, 171(6)). The application of the scientific results
made it possible to construct non-Archimedean unbounded measures.

Approbation of the research results. The main results of the research have
been discussed in 5 international and 10 national scientific conferences.

Publications of the research results. On the topic of the dissertation 25
research papers have been published in the scientific journals, all of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the DSc thesis, in addition 1 of them were
included in the Chapter of the p-adic Methodology in STEAM-H “Advances in Non-
Archimedean Analysis and Applications”, Springer, Switzerland, 2021.

The structure and volume of the dissertation. The dissertation consists of an
introduction, four chapters, conclusion and bibliography. The volume of the thesis
Is 193 pages.
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THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and
correspondence to the priority research areas of science and technology of the
Republic, we present a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulate our goals and
objectives, identify the object and subject of study, and state scientific novelty and
practical results of the research. Moreover, we reduce the theoretical and practical
importance of the obtained results, and give information on the implementation of
the research results, the published works and the structure of dissertation.

The first chapter of the thesis, titled “Linear dynamics on non-Archimedean
normed vector spaces and applications of monomial equation” consists of two
main parts. The first one is devoted to the dynamics of linear operators over non-
Archimedean vector spaces. The second part is the foundamental base of the
chapters 2 and 3. The first section contains the basics of non-Archimedean vector
spaces. In the second section it has been proved non-Archimedean analogues of the
well-known theorems about hypercyclicity and supercyclicity of the linear operators
on topological vector spaces. It has been proved that the hypercyclicity of linear
operator is infinite dimensional phenomenon. In the third and fifth sections it has
been considered linear operators like as generalized weighted shift and identity plus
weighted shift operators on non-Archimedean c, space. We notice that such kind
operators are the generalizations of the well-known shift operators over sequence
spaces. In the real case, only weighted shift operators were studied by many. In the
sixth section it has been considered an equation of the form x? = a over p-adic
number fields. In last section of the chapter it has been provided applications to
solving some nonlinear equations over Q,. We observe that the result obtained in
the last sections of the chapter makes it possible to investigate the dynamical
behaviour of p-adic Potts-Bethe type functions (particularly, p-adic Ising-Potts
mappings in Chapter 2) for certain values of the parameters. The chaoticity for such
kind functions will be investigated in Chapter 3.

Let X and Y be topological vector spaces over non-Archimedean valued field
K. By L(X,Y) we denote the set of all continuous linear operators from X to Y. If
X =Y then L(X,Y) is denoted by L(X). In what follows, we use the following
terminology: T is a linear continuous operator on X means that T € L(X). The T-
orbit of a vector x € X, for some operator T € L(X), is the set

O(x,T):={T"(x);n€Z,}

An operator T € L(X) is called hypercyclic if there exists some vector x € X
such that its T-orbit is dense in X. The corresponding vector x is called T-
hypercyclic, and the set of all T-hypercyclic vectors is denoted by HC (T). Similarly,
T is called supercyclic if there exists a vector x € X such that whose projective orbit

K-0(x T):= {AT"(x);n € Z,, A € K}
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Is dense in X. The vector x € X with a dense projective T-orbit, is called T-
supercyclic vector and the set of all T-supercyclic vectors is denoted by SC(T).
Finally, we recall that T is called cyclic if there exists x € X such that

K[T]x:= span O(x,T) = {P(T)(x): P polynomial }

Is dense in X and such kind of vectors are called T-cyclic vectors. The set of all T-
cyclic vectors is denoted by CC(T).

Theorem 1. Let X be a separable F-space and T € L(X). Then the following
statements are equivalent:
(i) T is hypercyclic;
(i) T is topologically transitive; that is, for each pair of non-empty open sets
(U,V) there exists n € N suchthat T"(U) NV # 0.

Theorem 2. Let X be a separable F-space, and T € L(X). Then the following
statements are equivalent:

(i) T is supercyclic;

(if) For each pair of non-empty open sets (U, V) there exist n € N and A € K such
that AT™(U) NV # @.

Let us consider an infinite dimensional upper-triangular matrix W =
(w; ;)i =1 over anon-Archimedean field KK, such that

sup{|w;j[} <o, wg; =0, Vk=L (1)
Lj

For a given W with (1), we define the following linear operator on ¢, by

if n=1;

By (en) ={ "l e, if n>2. @

The linear operator (2) is called the generalized weighted backward shift
operator. Recall that if matrix W has the following extra condition w; ; = 0 for all
k + 1+ 1, then the corresponding linear operator By, is reduced to weighted
backward shift. In this setting, the operator acts as follows: B,,(e;) =0 and
B,(e;) =wy_,e,_4 if n>2, where w,_;:=w,_1, is called a weighted
backward shift. Here, w = (w,,),en. The operator B, is called a backward shift if
w, = 1 foralln > 1, and such a shift is denoted by B.

Theorem 3. Let W be a matrix given by (1). Assume that wy x4 # 0 for all
k > 1. Then the generalized weighted backward shift operator By, is supercyclic on
Co-

Corollary 1. Let W be a matrix given by (1). Assume that wy, ,;, # 0 for all
k > 1. Then the generalized weighted backward shift By, is cyclic on c,.

Theorem 4. Let W be a matrix given by (1) with an extra condition,
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su_p{|wk’j|} = |Wk,k+1| +0, forany k=>1. (3)
j

Then, By, is hypercyclic on ¢, if limsup [[i2; |w; ;41| = co.
n—-oo

For a given W with (1), we denote
Tyw:= I + By, (4)

that is, for any x € ¢,
(Tw (X)) = X + Xjzgs1 WijX, Yk EN.

Theorem 5. Let W be a matrix given by (1). If sup{|w, ;|} = 0,
j=1

then the following statements are equivalent:
(i) Ty issupercyclic on cy;
(i) Ty, is hypercyclic on co, where W' = (W} ;){%=1 and wi ; = Wy,q j41, Vi,j €
N.

Theorem 6. Let W be an infinite dimensional matrix (1) with the extra
condition (3). Then for the operator Ty, given by (4) the following statements hold:

(i) HC(Tw)# @ if lim [T}, W) j1]| = o0;
(i)  SC(Tw) # @ if im [T}, [Wjj11] = .

Let Q, be a field of p-adic numbers. Recall that any x € Q5 can be uniquely
represented in the canonical form

x = p"®(xg + xp + x,p% + -+, (5)

where y(x) € Z and the integers x; satisfy: x, > 0, 0 < x; < p — 1. In this case,
x|, = p—y(x)_

In what follows, to simplify our calculations, we are going to introduce new
symbols “O” and “0” (Roughly speaking, these symbols replace the notation
“= (mod p*)” without noticing about power of k). Namely, for a given p-adic
number x by O[x] we mean a p-adic number with the norm p~ Y™ j.e.
|x], = 10(x)|,- By o[x], we mean a p-adic number with a norm strictly less than
pY® ie. lo(x)|, < |x|,. Forinstance, if x = 1 — p + p?, we can write x = O[1],
x—1=o0[1] or x — 1+ p = o[p]. Therefore, the symbols O[-] and o[-] make our
work easier when we need to calculate the p-adic norm of p-adic numbers. It is easy
to see that y = O[x] if and only if x = O[y].

Leta € Q, and r > 0. The set B(a,7): = {x € Q,: |x — a| <} is called the
open ball with radius r about a. We recall that Z, = {x € Q,: x|, < 1} and
Ly, = {x € Qp: |x|, = 1} are the set of all p-adic integers and p-adic units,
respectively.
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We are going to describe all solutions of the following equation
x¥=a, keN, aeQ, (6)
in Q,. Let us first notice that the equation (6) can be considered over Z,. Indeed,

any nonzero p-adic number x has a unique representation of the form x = ﬁ where
14

x* € Z;. After substituting the forms x = % a= ﬁ into (6), we can get that
p p

k
(Izl ) = IZI . This means that Eq. (6) has a solution in Q,, whenever a € Q,, if and
P P

only if |a|, = p** for some I € Z and the equation x¥* = a, has a solution in Zj,.
Hence, we may always assume that a € Z,, when we consider the equation (6).
Recall that b € Z is called an m-th power residue modulo p if the congruence
equation x™ = b(mod p) has a solution in Z. In the sequel, we always assume that
p = 3. Itis well-known that b € Z is an m-th power residue modulo p if and only if
p—-1
b a = 1(mod p), whered = (m,p — 1). For a given a € Z;,, we denote
Sol,(x* —a) ={¢ € F,:&¥ —a = o[1]} and k,, = card(Sol,(x* — a)),

where [F,, is a ring of integers modulo p. We notice that 0 < k,, < k. We observe
that the condition Solp(xk —a) # @ is equivalent to a, is k-th power residue
modulo p.

Theorem 7. Letp = 3 and k = mp®, where (p,m) = 1, s = 0. Assume that
a € Z, has the following canonical form

a=ay+a;p+ap* + -,
and Solp(x" — a) # @. Then the followings statements are equivalent:
(i) the equation (6) has a solution;
(ii) a = ags + o[p?];
(iii) forany ¢ € Solp(x" — a) Eq. (6) has a unique solution in B(¢, 1).
Recall that the p-adic exponential is defined by

le

exp, (X) = T =,
which converges for every x € B(0,p~*/®~1). Denote
& ={x € Qulx—1|, <p~V®-D}
We notice that £, is the range of the p-adic exponential function.

Corollary 2. Letp > 3 and k = mp?®, where (p,m) = 1, s = 0. Then for any
a € Zj, with canonical representation a = a, + a;p + a,p® + -+, there exists x, €

Z;, such that x¥ = a + o[k?] iff the following statements hold:
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1) Sol,(x* —a) # ¢;
2) a= ags + o[p°].

Corollary 3. Letp = 3 and a € &,. Then the following statements hold:
(i) if |k[, < |a — 1], then (6) has no solution.

(ii) if |k[, >|a—1], then (6) has exactly k, solutions x; € B(¢;, 1),
i €{1,2,..,Kk,}, where &; € Sol,(x* — a).

Remark 1. Thanks to Corollary 3, every a € &, with |a — 1|, < |k|, has a
single k-th root on &,,, which is called the principal k-th root and it is denoted by

Va. In what follows, when we write /a for given a € £, we always mean the

principal k-th root of a.

In the second chapter, titled “p-Adic Gibbs measures for the Ising type
models on semi-infinite Cayley tree” it was constructed generalized p-adic Gibbs
measures for the Ising type statsitical models (especially, Ising model and Ising-
Vannimenus model) on semi-infinite Cayley tree of arbitrary order. It was analyzed
the occurrence of a phase transition by the use of a p-adic probability theory. To
carry out this research, generalized p-adic Gibbs measures were investigated for the
Ising model on the semi-infinite Cayley tree owing to the fact that this specific model
has broad theoretical and practical applications. To explore translation-invariant
generalized p-adic Gibbs measures, we described the set of fixed points of the Ising-
Potts mapping which appears by means of renormalization group. This description
allowed us to establish the phase transition. In the real setting, the phase transition
yields the singularity of the limiting Gibbs measures. However, it was shown that
the generalized p-adic Gibbs measures do not exhibit the mentioned type of
singularity; this phenomena is called a strong phase transition. In the second part of
the chapter, a p-adic analogue of the Ising-Vannimenus model is considered.
Moreover, it was also shown the existence of the phase transition depending on the
order k of the Cayley tree and prime p. We point out that in the p-adic setting there
are several kinds of phase transitions such as strong phase transition, phase
transition. Here, by the phase transition we mean the existence of at least two non-
trivial generalized p-adic Gibbs measures such that one of them is bounded and the
second one is unbounded.

By I'F = (V, L) we denote a semi-infinite Cayley tree of order k > 1 with the
root x° (whose each vertex has exactly k + 1 edges, except for the root x°, which
has k edges). In this notation, VV stands for the set of vertices and L is the set of edges.
Two vertices x and y are called nearest neighbors if they are joined through an edge
(x,y) € L. A collection of the pairs (x, x), ..., {(x4—1, V) is called a path from x to
y. The distance d(x, y) on the Cayley tree, is the length of the shortest path from x
to y.

Let us set
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W,={x€eV:d(xx)=n}, V,,=U%_o W, L,={xvy)EL x,y€V}

Recall a coordinate structure in T'¥: for the vertex x° we put (0) and for a vertex
x € Wp,,n=>1weput (iy, ..., i), here i,, €{1,..,k}, 1 <m < n.

For x = (i4, ..., i) We denote
S(x) ={(x,i): 1<i<k} (7)

here (x,i) means that (i, ..., i, 7). This setis called a set of direct successors of x.
Let us define on T'¥ a binary operation o: TF x ' — T'F as follows: for any two
elements x = (iy, ..., i) and y = (jy, ..., jm) put

X0y = (ig,wrin) © G osJm) = (1 ooy Ty J1o ooes Jim),s
x0x©® =x@ox = (i, ..,i,) 0 (0) = (iy, ..., ip).

By means of the defined operation I'* becomes a noncommutative semigroup
with a unit. Using this semigroup structure one defines translations z,: Ik —rk,
g ETF by 1,(x) = gox. Itisclear that 7o) = id.

Let G  I'* be a sub-semigroup of I'¥ and h:T¥ — Y be a Y-valued function
defined on T¥. We say that h is G-periodic if h(t,(x)) = h(x) forall g € G and

x € T'k. Any I'F-periodic function is called translation invariant.
For each m = 2 we put

G, = {x € TF: d(x,x°) = 0(mod m)}. (8)

One can check that G,, is a sub-semigroup of T'¥.

By ® = {—1,1} we denote the state space and it is assigned to each vertex of
the tree TX = (V,A). A configuration o on V is then defined as a function
x €V » a(x) € ®; inasimilar manner, one defines configurations o, and wy,; on

1, and W, respectively. The set of all configurations on V (resp. V,,, W},) coincides
with Q=®" (resp. Q, =", Oy =®"r). For given configurations
Op-1 € Q. and wpy € Qy, we define their concatenations as follows:

B O-n—l(x)’ if x€ Vn—l;
(Op-1V w[n])(x) - { Wpp] (%), if xeW,.

One can see that g,,_; V wy) € Qy, .
The p-adic Ising model’s Hamiltonian on Qy, is defined by
Hn(0) = N Xixyjer, 0(x)o(y), Vo €Qy, (8)

where N € Z (N # 0) is a coupling constant.
Now, we are going to provide a construction of generalized p-adic Gibbs
measures of for the model (8) on I'F. To do so, let h:V — Qg’ be a function, i.e.
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h, = (h_14, hy ), Where hy;, € Q,, x € V. Given p € Q,\{—1,0,1}, we define a

p-adic probability measure #1(17,2 on Qy,_ as follows:
1
Hl(xn,z (0) = WPHH(G) erWn ha(x),x' (9)
np
here Z,(Lg Is the corresponding normalizing factor (which is called partition function)
Is given by

h
Z7(1;2 = ZO’EQVn pHn(O) erWn ha(x),x- (10)

Remark 2. Note that, in general, Z,(Z‘B could be zero for some h. In that case,

formally, we may assume that M,(,ng (o) = o for all o € £y, . However, such kind of
measures are not interested. Hence, when it occurs we say there is no measure, for
that h.

To establish a phase transition, the existence of an infinite volume distribution
with given finite-dimensional distributions is important in a p-adic setting. Namely,
one needs to find a p-adic probability measure uy, , on Q such that

,uh,p({a € Qaly = O'n}) = ugg (on), Vo, €Qy, VneN. (11)

We point out that to find such kind of measure uy, ,, we are going to employ
the non-Archimedean Kolmogorov's extension Theorem which is based on the
compatibility condition. Namely, the measures #1(:2, n > 1 satisfy the compatibility
condition if

-1
S e, Ha(@no1 Vo) = iy Y (001), Vo1 €Qy . (12)

This condition yields the existence of a unique p-adic measure py, , defined on

Q with a required condition (11). Such a measure uy, , is said to be a genaralized p-

adic Gibbs measure corresponding to the model.
The function fy , is called Ising-Potts mapping and is defined by

k
fox@®) = (25) . 6=p* € Q\{~1,0,1}. (13)

In what follows, Fix(fy,) denotes the set of all fixed points of fy,(h). The
following result shows a relation between Fix(fy ;) and the set of all translation-
invariant generalized p-adic Gibbs measures for the Ising model.

Ox+1
x+0

Proposition 1. Let h # —1 be a fixed point of fg, (h). Then up:= py , is a

translation-invariant generalized p-adic Gibbs measure of the Ising model, where
h, = (1,h) for every x € V. Moreover,
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Hp(0) p2xew ala(x)
) _ _ p n h n
,uh({a € (: O'|Vn = an}) = "D , vn € N,
(p~Nh+pN) k=1 (h+1)

where §;; is a Kronecker’s symbol.

Propositon 2. Let p*Y € Q,\{—1,0,1} and pu, be a translation-invariant
generalized p-adic Gibbs measure of the Ising model. Then the following statements
are true:

(1) if|pl, # 1, then up, is bounded,;
(1) if|p], = 1, then py, is unbounded iff 0 < |h + p?V|, < 1.

By TIGG,M we denote the set of all translation-invariant generalized p-adic
Gibbs measures for the Ising model.

Theorem 8. Let k = 2 and |p"|, > 1. Then for the Ising model on I it
holds card(T1GG,M) = 3. Moreover, if |p™"|,, < |k — 1|, then
Npk-1+2, if k is even;
Nok-1+1, if k is odd.

Theorem 9. Let k > 2 and [p"|, < 1. Then for the Ising model on rkit
holds card(TIGG,M) = 1. Moreover, if |p¥|, < |k + 1|, then

card(TIGG,M) = {

Nok+1 + 1, if k is even;

card(TIGQpM) = {]\[i,’k_l_l’ if k is odd.

The third chapter, titled “Chaos in p-adic statistical lattice models” devoted
to the study dynamics of the mappings associated by p-adic statistical models (Potts
model and SOS model). In the conclusion, it is worth to mention some brief
description of the differences of behavior between classical (real) and p-adic Potts
models on the semi-infinite Cayley tree. In the real case, for the ferromagnetic g-
state Potts model there are g + 1 distinct translation invariant Gibbs measures.
Moreover, there are two critical temperatures 0 < T, < T, such that: if
T € (T;; T.,) there are g+ 1 extreme Gibbs measures; if T < T,, there are q
extreme Gibbs measures coexist; if T > T, then there is only one Gibbs measures.
In the p-adic setting, for the same model there are several p-adic Gibbs measures
when k = 2 and p > 3. If g is not divisible by p, then there is only one p-adic Gibbs
measure. If g = 2 (then model resuces to the Ising model), there is only one p-adic
Gibbs measure, i.e. there is no phase transition. If q is divisible by p, then it appears
several several regimes for the existence of phase transitions. These are the
interesting differences between real and p-adic Potts models. In the present chapter,
we reviewed a phase transition problem and its connection with chaoticity of the RG
transformation, for the p-adic Potts model over the Cayley tree. A more general
notion of p-adic Gibbs measure is considered which depends on parameter p € Q,,.
Such a measure is called generalized p-adic Gibbs measure. When p equals to p-

adic exponent, then it coincides with the usual p-adic Gibbs measure. We have
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considered two regimes with respect to the values of [p[,. Namely, in the first
regime, one takes p = exp, (J) for some J € Q,, in the second we let |p]|, < 1. In
each regime, we found conditions for the existence of generalized p-adic Gibbs
measures. Moreover, it was studied a p-adic SOS model with a m + 1 spin values.
It was found conditions under which a phase transition does not occur in the model.
We showed that if p | im + 1), then a phase transition occurs. A criterion for the
boundedness of p-adic Gibbs measures is found.

We consider p-adic Potts model on a semi-infinite Cayley tree, where the spin
takes values in the set ®: = {1,2, ..., q}, and is assigned to the vertices of the tree.

The Hamiltonian of g-state p-adic Potts model on €, is

H(o) = ]Z(x,y)ELn 60'(x)a(y)r Vo € QVn (14)

where | € Z is a coupling constant, (x, y) stands for nearest neighbor vertices and
8;; is the Kroneker’s symbol.

Let us construct generalized p-adic Gibbs measures for the model g-state Potts
model on T¥.

Assume that h:V — Q7 is a function, i.e. hy = (hyy, hyy, ..., hgy), Where
h;x € Q,\{0} foreveryi € {1,2,...,q} and forany x € V. Given p € Q,\{—1,0,1}

let us consider a p-adic probability measure ug‘g on Q, defined by

1
uﬁ",} (0) = PO eew, hog VoeQ,. (15)

n,p

Here Z,(ll,‘g IS the corresponding normalizing factor or partition function.

The following statement describes conditions on h guaranteeing compatibility
of the sequence of probability distributions {u,(:g}nﬂ.

Proposition 3. Let A be a Hamiltonian of g-state p-adic Potts model on a
semi-infinite Cayley tree. For a given vector valued function h:V\{x°} - QZ a

sequence of p-adic probability measures {uﬁ,’fg}m given by (15) is compatible iff
for every x € V it hold the following equalities:

hi,x

=TI Stz P01y
- S
hqx YES(x)

ZZ:l Pjaqu hu,y ’

Theorem 10. Letp = 2, p € &, and m < [q/2]. Then the following statements
hold.

(A)  Thereexist 2C" of translation-invariant 2-adic Gibbs measures if at least one
of the following conditions is satisfied:

(A1) [4m], > max{|p/ —1],,|ql,} and p/ € {1 —q,1+ q};
(A2) [4m], = |p/ = 1|, = |q|;andp’/ ¢ {1 —q,1+ q};

i€{12,..,q—1} (16)
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(A3)|m|, > |p/ = 1], = |ql, > |4m|,, q * 2m, p/ ¢ {1-q,1+4q} and
q p’-1

there exists V1 — 2a + b2, wherea = —, b =52—.
2m 2m

(B) There exist Cg* of translation-invariant 2-adic Gibbs measures if at least one
of the following conditions is satisfied:

(B1) [4m|, > max{|p’ — 1|, 1ql,} and p/ € {1 —q,1+q};

(B2) [4m|, = |p/ = 1] =|qland p/ € {1 —q, 1 +g;

(B3) |m|, = |p/ = 1|, = |ql, > |4m|, and p/ & {1 —q,1 + q};

(B4) [m|, > |p) — 1], = |ql, > [4m|, and p/ € {1 = q,1 + q};

(B5) [p! = 1|z =lql; > Im|; and p’ € {1 —q,1+ q};

(B6)Iml, > |p/ — 1], = |ql, > |4m|,, g =2m, p/ € {1—q,1+q} and
there exists Vb2 — 1, where b = p]q—_l.
(C) Otherwise there does not exist any translation-invariant 2-adic Gibbs
measure.

Theorem 11. Letp # 2,p € £, and m < [q/2]. Then the following statements
hold.

(A)  There exist 2C4" of translation-invariant p-adic Gibbs measures if at least one
of the following conditions is satisfied:

(A1) |m|, > max{|p’ —1|,,1ql,} and p’ & {1 —q,1+ q};
(A2)|m|, = |p/ = 1], = |qlp, 0 <I(p! = 1? =, <lq?®ly, 0 <|q—2m]|, <
lq|, and there exists an integer number s = 1 such that

P~ ((p) = D* —4m(g —m)|, = 1;

(B) There exist C;* of translation-invariant p-adic Gibbs measures if at least one
of the following conditions is satisfied:

(B1) |m|, > max{|p/ — 1|, |ql,} and p/ € {1 —q,1 + q};

(B2) m|, < |p’ — 1], = lqlp, and 0 < |(p/ — 1)* = ¢°|, < 1q°|p;

(B3) Im|, = |p/ = 1], = |qlp, and 0 < [(p/ = 1)* = ¢*|, < |q*|p, lq —2m]|, =
191p;
I(||34)Im|p =|p/ =1, =1ql, and p/ €{1-q,1+q} and 0<|g—2m], <
Alp;

(B5) ¢ = 2m, |p/ — 1|, = |ql,, 0 < |(p’ — 1)? — ¢?|, < |q?|, and there exists
an integer number s > 1 such that [p=%*((p/ — 1)* — ¢*)|,, = 1.

(C) Otherwise there does not exist any translation-invariant p-adic Gibbs measure.
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Proposition 4. Let u; be a translation-invariant p-adic Gibbs measure for g-
state Potts model on I'’2. Then p,, is bounded iff p ¢ q.

We consider the following function

J _ k
@ =(E555) . pe@\-101} keN, (17)

which is called Potts-Bethe mapping.
Let us consider the case Solp(z" +qg—1)+ 0.
Foragiven g = 3 with |g — 1|, = p™°, s = 0 we define the set
X =U;?, B(z,7), (18)

s+k

which is a finite union of disjoint balls. Here, r = [p* (p/ — 1)| and z; is defined
P

by (19) if s = 0 and by (20) if s # 0.

71 —q, if & +q—1=0(nodp),

where n; be a solution of
ni(§i—1) + ¢ +q—1=0(modp),
for a given §; € Sol,(z* +q—1), i = 1,k,.

zi=1-q+p§(p) - 1) (20)
where ¢; € Sol,(z* +q—1), i = 1,k,.
Theorem 12. Let | — 1], =p~5, s =0 and y/1 — q € Q,. Let X be a set

s(k—-1)

defined as (18). If k, =2 and |k|, >p * |p/ — 1], then (X,]r, .. foi) IS @

transitive p-adic repeller, i.e. this triple is topologically conjugate to the full shift
dynamics of x,, symbols.

Theorem 13. Letk = 2, |q|, < 1and z5 = 1. Then the dynamical structure of
the system (Q,, f, x) is described as follows:

(A) If [k|, < |q + pl — 1], then Fix(f, x) = {25} and A(z;) = Dom(f, ).

(B) Assume that |k|, > |q + p/ — 1|, and |p/ — 1|, < |q?|,. Then there exists a

non empty set J; , © Dom(f,x)\P ) Which is invariant with respect to f, , and
A(z5) = Dom (£, 0\ (P VT, )

Moreover, if (k,p — 1) is the greatest common factor of k and p — 1, then the
followings hold:
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(B1) if (k,p — 1) = 1 then there exists z, € Fix(f, ) such that z, # z; and
]fp,k = {Z*}’

(B2) if (k,p — 1) = 2 then (]fp,k,fp,k, | - |) is a transitive p-adic repeller, i.e.
this triple is topologically conjugate to the full shift dynamics of (k,p — 1) symbols.

The fourth chapter, titled “Surjectivity of non-linear Markov operators and
its dynamics” consists of two main parts. The first part (the first four sections of the
chapter) was devoted to the studying of surjectivity of Polynomial Stochastic
Operators. In the second part (the last three sections of the chapter) it was studied
the dynamics of such kind operators. | believe that all results of the chapter will be
useful in the theory of Gibbs measures for the statistical models with countable spin
values. A nonlinear Markov chain is a discrete time stochastic process whose
transitions depend on both the current state and the current distribution of the
process. The nonlinear Markov chain over an infinite state space can be identified
by a continuous mapping (the so-called nonlinear Markov operator) defined on a set
of all probability distributions (which is a simplex). In the first part of this chapter,
the surjectivity and orthogonal preserving property of the associated infinite
dimensional nonlinear Markov operators are investigated. An example of an
orthogonal preserving nonlinear Markov operator is provided which is not necessary
to be surjective (in finite dimensional setting these notions are equivalent), and
therefore, we found some sufficient conditions for the operator to be surjective.
Furthermore, an application of the obtained results has been given to the solvability
of certain class of Hammerstein integral equations. In the last three sections, the
ergodicity question for general infinite dimensional stochastic operators is
investigated. It was introduced two classes £* and £~ of nonlinear stochastic
operators acting on the simplex of [, -space. For each operator V from these classes,
the omega limiting sets w, and a)l(,w) are studied with respect to [;-norm and
pointwise convergence, respectively. As a consequence of the investigation, we
establish that every operator from the introduced classes is weak ergodic. However,
if V belongs to L7, then it is not ergodic (w.r.t [;-norm) while V is weak ergodic.
Besides, all linear stochastic operators belonging to the classes £* and L~ are
described.

Let E be a subset of N. For a given r > 0 we denote

Sf={x=0)ieg ER? : %, 20, Yjepx;=71}, Bi= Upelor] Sg'

For the sake of convenience, we always write S, instead of SN and B,. instead
of BN. We notice that S, c £, forany r > 0.

It is known that S; = convh(ExtrS,), where Extr(S;) is the extremal points
of S; and convh(A) is the convex hall of a set A. Any extremal point of S; has the
following form:

e, =(0,..01,00,..), Vk€EN,
k
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Recall that the set SE is called n — 1- dimensional simplex if |[E| = n and an
infinite dimensional simplex if E is countable.
Here and henceforth we denote

intS, ={x€S,:x;, >0, ke N}, 95, =S5,\intS,.

.....

ordered hypermatrix 2 is called stochastic if for any iy, i,, ..., i,,, kK € E if one has
P i x=0, XnpeePiy.in=1 (21)
For a given m + 1-ordered stochastic hypermatrix 2 we define an operator V on B¢
by
V(X)) = 2iyig,imeE Piyiy.i kX, Xi, X, Vk €E. (22)
The operator (21), (22) is called m-ordered polynomial stochastic operator (in
short m-ordered PSO). Without loss of generality, we may always assume that
Pi, it = Pingyy imomy k for any permutation r of (1,2, ..., m).
Lemma 1. Let V be an m-ordered PSO. Then one has
V(Sf) €S,  V(BI\Sf) < Bi\St.

Lemma 2. Let V be an m-ordered PSO. Then V is surjective on BE iff it is
surjective on SE.

Recall that two vectors x,y € S are called orthogonal (denoted by x L y) if
supp(x) N supp(y) = o. If x,y € SE, then one can see that x L y if and only if
Xy, = 0 forall k € E. In what follows, we denote x o y = Y ycp Xk Vk-

Definition 1. An m-ordered PSO V defined on Sf is called orthogonal
preserving PSO (OP PSO) if for any x,y € SE with x L y one has V(x) L V(y).

Theorem 14. Let V be an m-ordered PSO such that V(e;) = e; for every i €
N. The following statement are equivalent:

(i) VisanOP;

(i) Foranyiy,.. i,k €NonehasP;, ; ,=0ifk & {is,...,i}n};

(i) For any x€S; and k=1 it holds (V(x)), = x;xAr(x), where

Ap(x) = 2+ X! Cxg Limsrmjim#k Pl i oimkXimpa—j " Xigy:
Theorem 15. Let V be a m-ordered PSO such that V(e;) = e; for all i € N.

Then the following statements are equivalent:

(A) Vs orthogonal preserving;
(B) V issurjective;
(C) V satisfy the following conditions:

(Cl) V_l(ei) = e Vi € N,
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(CQ) vt (intT,, o, ) = intly, ¢, , ¥isiz €N,

12

(Cm) V2 (intly, e, ) = intTy, e, s Vil € N,

Proposition 5. Let V be a surjective m-ordered PSO on S;. Then there exists a
sequence {jx }x=1 € N such that P; = 1forall k € N.

JiJk--Jrk =
Next result gives a sufficient condition for the surjectivity of PSO.

Proposition 6. Let V be an m-ordered PSO on S;. Assume that there exists a
sequence {j,}n>1 € N such that for any x € S; with supp(x) C {j,,},.1 One has

_ m—-1 ~j , m-1-j ey
Ve = x5, Ljzo CinXj, Limsr—jrim® i Ditciimst—joimokXimga—j """ Xiny

P;

Tk Jrok = 1, Vk € N.

Then V is surjective.

Theorem 16. Let VV be a surjective m-ordered PSO. If V is OP, then there
exists a permutation r of natural numbers such that for any i, ..., i,,,,k € N

Pi\ ik =0, if m(k) & {is, ..., Im}.
Every mapping V:SE — SE is called stochastic. We deal with such kind of
operators. For a given operator VV on Sy, by {V"(x,)}n=o We denote the trajectory of

a point x, € S; under V. By wy (x,) (respectively, w‘(,w) (x)) we denote the set of
limit points of {VV™(xy)}n=o With respect to #;-norm (respectively, pointwise
convergence). Namely, one has

wV(xO): = nnZO Uan Vk(xo)". .

Similarly, we have

d
w‘E'W)(xO): = Nnzo Uksn Vk(xo) )

here d is the metric given by

d(a,b) =¥, 27kl g pep, .

1+|ax—bgl’

Lemma 3. Let b € £, then the linear functional ¢, given by

Pp(x) = Yioq bxy, VX E 4L

IS pointwise continuous on B iff b € c,.
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Recall that an #,-continuous function ¢: S; — R is called a Lyapunov function
for stochastic operator V if the limit lim (V™ (x)) exists for any initial point
n—>0o

X € S;.
Obviously, if ¢ is Lyapunov function for V and lim (V" (x,)) = x*, then
n—>0o

wy(x) € @~ 1(x*). Consequently, to determine more precisely of wy,(x,) we
should construct as much as possible Lyapunov functions.

However, to investigate w§W>(x0) of stochastic operator usual Lyapunov
functions may not be applicable. Therefore, we want to introduce a notion quasi
Lyapunov function which is pointwise continuous rather than £,-norm continuity.

First, we denote by b, a non-increasing sequence {b;}, i.e.

b, = (by, by, b3 ...,), such that by = b, = by = -

A pointwise continuous function ¢: B; — Ris called a quasi Lyapunov function for
Vif lim (V™ (x)) exists for any initial point x € S;.
n—oo

We note that in Lemma 3 it has been described all pointwise continuous linear
functionals defined on B;. Based on that result, we introduce the following class of
stochastic operators. Given a sequence b, € c, let us denote

Pp, (X) = k=1 brxy.

Definition 2. We say a stochastic operator V belongs to the class £L* (resp. £7)
if for every b, € ¢, and for any x € S; the sequence {(p,,l (V”(x))}:;o IS increasing
(resp. decreasing).

Proposition 7. Let x, € S;. Then the following statements hold:

(i) If V € L* then 0™ (x0) € Sy;
(ii) If V € £~ then 0" (xo) © S, for some r < 1.

Theorem 17. Let x, € S;. Then the following statements hold:

() 1f VeLthen wy(xo) = 0 (x0);
(i) 1f Ve L, then wy(xo) = 0l (x0) iff wy (x0) # o.

Theorem 18. LetV € L* U L~. Then V is weak ergodic. Moreover, if V € L*
then V is ergodic.
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CONCLUSION

The dissertation is devoted to the study dynamics of linear and non-linear
operators over Archimedean and non-Archimedean vector spaces.

The main results of the research are as follows:

1. Non-Archimedean analogues of some well-known theorems on
hypercyclicity and supercyclicity of linear operators are proved. Some generalized
weighted backward shift operators on non-Archimedean c, space is introduced.
Criterions of hypercyclicity, supercyclicity and cyclicity of such kind of operators
are obtained.

2. A monomial equation over p-adic number fields is studied. The set of all
solutions of the equation is described. Moreover, as an application of the monomial
equation to a fixed point problem for the p-adic Lipschitz functions is given.

3. The set of all translation-invariant generalized p-adic Gibbs measures for the
p-adic Ising model on semi-infinite Cayley tree is described. Moreover, necessity
and sufficiency conditions on boundedness of such kind of measures are obtained.

4. For the p-adic Ising-Vannimenus model on a semi-infinite Cayley tree the
existence of p-adic Gibbs measure is proved. The studying dynamics of p-adic
rational functions allowed us to construct new Gibbs measures for the model.

5. The dynamics of p-adic (where p > 3) Potts-Bethe mapping is studies. It
was shown that under some conditions on parameters the dynamics of p-adic Potts-
Bethe mapping has a chaotic character. As a conclusion of that fact, we inferred the
existence of any periodic Gibbs measure for the p-adic Potts model on semi-infinite
Cayley tree.

6. A p-adic SOS model with m + 1 spin values is studied. It is shown that under
some conditions a phase transition does not occur in the model. It is showed that if
p| (m + 1) then a phase transition occurs for the model. As corollary, it was
formulated a criterion for the boundedness of p-adic Gibbs measures for the model.

7. The surjectivity and orthogonal preserving property of the associated infinite
dimensional nonlinear Markov operators are investigated. An example of an
orthogonal preserving nonlinear Markov operator is provided, which is not
necessary to be surjective (in finite dimensional setting these notions are equivalent),
and therefore, we found some sufficient conditions for the operator to be surjective.
Furthermore, an application of the obtained results has been given to the solvability
of certain class of Hammerstein integral equations.

8. Strong and weak omega limiting sets of Polynomial Stochastic Operators
(PSOs) are studied. New classes of PSOs (denoted by £* and £7) are introduced.
Weak ergodicity of the operators from the introduced classes is established. All
linear stochastic operators belonging to the classes £ and £~ are described.
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BBE/IEHUE (anHOTAIMS TOKTOPCKOI JUCCEPTAIMHI)

O0bekT wuccae0BaAHUA: [P-aJAYECKUE YUCIA, THUNECPUUKINYECKAE U
CYyNEPIUKINYECKUE OMepaTophl, AepeBo Kamu, pelieryarsie MOAeN, P-aANdYeCKue
ruO0COBCKHE MEpHI, Xa0C, HEJIMHEWHBIE MAapKOBCKHE OIEPaTOpPhbl, HWHTETPAIbHBIN
onepatop ["'amMmepiTelina, oMmera npeaeabHbIe MHOKECTBA.

Hay4ynasi HOBU3HA MCCJIEIOBAHUS COCTOUT B CIICIYIOIIEM:

MOJTY4YEHbl HEOOXOIUMMbIE W JOCTATOYHBIC YCJIOBHUS THUIEPIUKIUYHOCTH,
CYNEepUUKIMYHOCTH M LHMKIMYHOCTH OOOOIIEHHOIO B3BEUIEHHOTO oOlepaTopa
JIEBOTO C/IBUTA HAJ HEAPXUMEIOBBIM IPOCTPAHCTBOM IMOCIEA0OBATEILHOCTEM;

OMKHCAaHO MHOYKECTBO BCEX TPAHCIISIIIMOHHO-WHBAPUAHTHBIX OO0OOIIEHHBIE P-
aaudeckux THOOCOBCKMX Mep s P-aaudeckol wmoxaenu M3uHra Ha
noyrybeckoHeuHoM JiepeBe Kanu u mokazaHo cyliecTBoBaHue (a30BOro rnepexoja
U1 P-aguueckor moaenu M3unra;

JI0OKa3aHa XaOTUYHOCTh JUHAMUYECKONW CUCTEMBI P-aIMue€CKOTO OTOOpakKeHUs
[lorTca-bere u omMcaHO MHOXECTBO BCEX IEPUOJAMYECKUX OOOOIIEHHBIX -
aqu4eckux THOOCOBCKMX Mep i pP-aaudeckod wmoxaenu Ilorrca Ha
noxyoeckoHeuyHOM jepeBe Kanu;

MOCTpOCHa P-aaudeckas TMOOcoBcKast Mepa st Mojend SOS U MogydeHbl
HEKOTOpBIE YCJIOBHS Ha MapaMeTphl, IPU KOTOPHIX JJISI 3TOW MOJIETU CYIIECTBYET
€IMHCTBEHHAs p-aaudeckas THOOCOBCKas Mepa;

MOJIy4YeHbl HEOOXOJUMBIE U JOCTATOYHBIE YCJIOBHUS CYPBEKTHBHOCTH
MOJIMHOMHUAJIBHBIX CTOXAaCTHUYECKUX OMEPaTOPOB B OECKOHEYHOMEPHOM CUMILIECKCE
U OIKCaHbl CWJIbHBIE M Cla0ble OMera IMpejelibHble MHOXKECTBA JUIsl HEKOTOPOTO
KJIacca MOJMHOMUAIIBHBIX CTOXACTUYECKUX ONEPATOPOB.

BHeapenue pesyabraroB ucciaeaoBaHusi. llonydeHHble B auccepranuu
pe3yibTaThl OBUIM HCTOJIB30BaHBI B CICAYIONIMX HAYYHO-UCCIEAOBATEIbCKUX
MPOEKTAaX:

OnucaHnue MHOXKECTBA MEPUOUYECKUX P-aTUYECKUX THOOCOBCKUX MeEp s
Mojenu [loTTca Ha mosyoeckoHeuHoM JiepeBe Kanmu ObL10 UCTIOJIb30BAHO B CTATHSIX
3apyOexHbIX HaydHbIx kypHasoB (p-Adic Numbers, Ultrametric Analysis and
Application, 2021, 13(4); Results in Mathematics, 2020, 75(3); Chaos, Solitons &
Fractals, 2017, 105; Mathematical Physics Analysis and Geometry, 2015, 18(1)) npu
HaXOXXJICHUM TIEPUOJAMYECKUX TOYEK [P-aJUYECKUX PpalMOHAIBHBIX (DYHKIWH.
[IpumeHeHne  HAy4HBIX  PE3YJbTAaTOB  IMO3BOJIMJIO  MPOBOAUTH  aHAIMU3
TEPMOJIMHAMHUKHN PACCMOTPEHHBIX (PU3UIECKUX CHCTEM.

XaoTUYHOCTD P-aauueckoro orodpaxenus [lorrca-bere ObITM UCTIONB30BaHBI
MpU HU3YYEHHH AaCUMIITOTUYECKOTO TIOBEJICHUS TPACKTOPUU P-aqUYECKOrO
pPaIMOHAIBHOTO OTOOpaXEHUSI B CTAThsIX 3apyOeKHBIX HAYYHBIX JKYpPHAJIOB
(Reviews in Mathematical Physics, 2021, 33(10); p-Adic Numbers, Ultrametric
Analysis and Application, 2020, 12(3); Entropy, 2019, 21(11); Science China
Mathematics, 2018, 61(12)). IlpuMeHeHHEe HAy4YHBIX PE3YJIHTATOB IO3BOJIHIIO
pa3IOKUTh  P-aAMYECKHE  JUHAMHYECKME  CUCTEMbl HAa  MUHUMAJIbHbBIC
MOJAMHOKECTBA.
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Onucanue MHOXXECTBAa TPaHCISAIMOHHO-WHBAPUAHTHBIX OOOOIIEHHBIX p-
aIMYeCKUX THOOCOBCKUX MEp M CyIIeCTBOBaHHUE (ha30BOTO MEpPEeXojia ISl MOJCIH
N3unra-Banaumenyca Ha moiybeckoHeuHOM jepeBe Kaiam ObLIM MCIOJIb30BaHBI
MIPU HaXOK/ICHUY HEAPXUMEIOBBIX MEP B CTAThSIX 3apyOCKHBIX HAYUHBIX KYPHAIOB
(Journal of Mathematical Physics, 2022, 63(1); Journal of Mathematical Physics,
2020, 61(1); Journal of Statistical Physics, 2018, 171(6)). IlpumMeHeHne HayIHBIX
PE3yJIbTAaTOB MO3BOJIMIIO MOCTPOUTH HEAPXUMETOBBI HEOTPAHUYECHHBIE MEPHI.

CrpykTypa m 00beM auccepraunmu. J[uccepramusi COCTOUT W3 BBEACHUS,
YEThIPEX TIJIaB, 3aKJIIOYEHUS M CIIMCKAa MCIOJIb30BaHHOW JHTepaTypbl. O0beM
auccepTanum coctapiseT 193 crpaHulibl.
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