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KHWPHUI (pancada noxkropu (PhD) nuccepranusicn aHHOTAIHASICH)

JAuccepranmsi MAB3yCHHMHI 10J13ap0Juru Ba 3apypartu. /[yHé mukécuma
o0 OopuiaeTran Kymiad UIMUN Ba aMavil TaAKUKOTIAp 3aMOHABUN TMHAMUK
cUCTEMajap Macajajapura XycycaH ailJlaHa JIMHAMHKacCUHU  YpAaHMILTa
KEeJITUpWIaId. 3aMOHABU aiijlaHa AMHAMUKACH]Ia MAaXxCyCJIMKKa dra OYiraH aiiaHa
AKCIIAHTUPUIIUIAPUHHU, YIIAPHUHT WHBAPUAHT 3XTUMOJUIMK YIYOBJIAPUHHUHI COHJIU
XapaKTEPUCTHKATAPUHA Ba OPOUTATAPUHUHT TaCOMU(PHI CHIDKATIUTAPUHNA TATKHK
K 1om3apd macama xucoOnaHaam. Jlactmad XIX acpHMHT OXupHIa OCMOH
MEXaHMKAaCHU MYaMMOJIAPUHM TaAKUK JTUIN >KapaCHuAa HYHAIUIIHU CaKJIOBYU
aitiiana romeomMopdu3MIapUHU Ypranuii oomnianrad. Hounsukim sxapaéHiapHUHT
kymiab  Macanmanmapu, axOopoTiap Hazapuscuia yupalauradH —Tacoau@uii
IIOBKMHJIAp, IOpaK KacaUIMKJIapuja PUTM Y3rapuild MyamMMoJiapu Ba OoIlka
Tabuuil (paHIapHUHT MyamMMoOJIapu aijlaHa roMeoMopdu3miapu OuiaH SKUHIAH
OOFIIHK.

Kaxonna AMHAMUK CUCTEMAlIap HAa3apUsCHMHUHI MYXUM MacallallapyuaH
oynran ailnana muddeomMopduzMapunm, OV IaKIIN-CUIIIUK, alijaHa
AKCIIAHTUPUIIUIADUHA ~ TAAKUK  KWIUII ~ Ba  HOYMBMKIM  >Kapa€HJIapHU
MOJICJUTAIITUPHUII OYitnya 4yKyp WIMHI u3laHuniap oaud OopwiMokaa. bynaai
*Kapa€Hap XaoTHK Ba CTYPYKTYpacH KUXATJaH Mypakka0 kapaéH OYJIraHd y4dyH,
Oy MacajlaJapHU €4MILIJA SXTUMOJUIAp Ha3apusCU METOIapuaaH (hoiganaHuiira
ajoxuja >pTH00p Oepunmokaa. bynna, onu0 Gopunaérran TaaAKUKOTIAp JUHAMUK
CUCTeMAJIADHUHT  yJI4aM  XapaKTEePUCTUKAJIAPUHM TONUII Ba  Tacoauduit
CWDKHIIJIAP YYyH JUMHUT TeopeMajiap HMCOOTIAIIHUHT aJoXHUaa axamusT Kacoh
STUIIMHU Kypcatu® Oepmokaa. by Oopana: aiinaHa axciaaHTHUPUIILIAPHUHT
AXTUMOJIMK UHBAPUAHT YITYOBJIAPUHU COHJIM XapAKTEPUCTUKATAPUHU TAIKUK THIII
Ba aiiJlaHa JUHAMHKACH EpAaMuia KUK Tacoau(puil XaToJUKIapHA OaxoJiail Kadu
Macajanap MakcaJjy WIMHN TaAKUKOTIapJaH XMOOIaHa IH.

MamnakatuMu3aa MaTeMaTUKaHUHT (PyHIaMEHTall Ba aMalluid TaA0UKUTa Ara
Oynran HSXTUMOJUIAp Ha3apusicH Ba JUHAMUK CHUCTeMaiapra 9JbTHOOP
Kydatupunau. KyminaaaH, CYHrM WWLIapJa JAHAMUAK CHUCTEMAJIap 3aMOHaBHM
MaTeMaTUKAaHUHT MYyXUM TalllKuil JTYBYMCH cudaTuia, Ha3apuil Ba aMalui
MacajlaJlapHd  €UUIIJa CaJIMOKJIM HaTwkanapra spumungu. IlyHuHraex,
OXTUMOJUIAp HA3apusiCM Ba MaTEeMaTUK CTaTUCTUKA (PaHUHUHT  yCTYBOP
HyHanumapu Oyinua Xalkapo CTaHAapTiIap Japakacuja WIMHA TaJKUKOTIIAp
o6 Gopum acocuii Basudanap a dpaomusaT >tub Genrunanau’. By 6opana aiinana
AKCIAHTUPHUIUIAPUHU TAJIKUK OJTHII Ha3apuid Ba aMalWil JKUXATAaH ajoxuja
axaMuATra srajup.

V36exucron Pecniy6nukacu Ilpesuaentununr 2017 iiun 7 despangaru
“Y36ekncTOH Pecny6aukacuHH SHAga PHBOXIIAHTHPHIN Oyitnya XapakaTmap
crparerusicu Tyrpucuaa’ rtu [1D-4947 dapmonu, 2019 iun 9 wuronmaru
“MartemaTuka TabiuMU Ba (GaHJIApPUHU SIHAJA PUBOXKJIAHTHUPUIIHU JABIAT

1 V36exucron Pecniy6mukacu Basupnap maxkamacuuusr 2017 iinn 18 maiinary “Y36exucron Peciy6nukacu dannap
AKaJIEMUACUHUHT SHTMAQH TAIIKWI OSTHITAH WIMHHA TaAKMKOT Myadccacatapu (AomMATHHM TAIIKWI 3THII
TYFpUCUAA TH 292-COHIM KAPOPH.
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TOMOHM/IAH Ky/L1a6-KyBBaT/IAll, IyHHHIEK, Y36eKknucTon Pecrybnnkacu ®anap
akageMmusicuiHUHr  B.M.PomaHoBckui  HOmuzaru MaremaTtvka  UHCTUTYTH
daomuATHHY TyOJaH TaKOMWUIAIITHPUII 4yopa Tanoupiapu tyrpucuaa’tu I[1K-
4387-connm Ba 2020 #inn 7 maiinaru ‘“‘MaTeMaTriKa coXacuiard TabJIiuM cudaTuHu
OIIMPUII Ba WIMHNA TaJKUKOTIAPHU PHUBOXKIAHTHPHUII  4YOpa-TaaOupiapu
tyrpucuaa’tu [1K-4708 connmu Kapopmapu xamaa maskyp (aojusrra TEruIiuiu
OOIlIKa HOPMATUB-XYKYKHH XyxoKaTiapja OenrwiaHrad BasudanapHU amaira
OLIMpHUIITA YIIOY JUCCepTAIUs TAAKUKOTH MYyailsiH Japakaja Xu3MaT KUJa/Iu.

TagKuKOTHUHT pecny0/uKa (paH Ba TEXHOJOTHSJIADH PHUBONKJIAHHUIIA
YCTYBOp HyHaJIMULIApUra OOFJIMKJINTA. Ma3Kkyp TaAKUKOT peciyOnuka (aH Ba
TEXHOJOTWsUIap  puBOXJIaHummHuHr [V,  “Marematuka, MexaHukKa Ba
uH(pOopMaTHKa” yCTUBOP MYHAIMIIY aillaHacu1a OaskapuiraH.

MyaMMOHMHT  VPraHWITAHJIMK  JAPAjKACH.  YIUOBIAPHMHT  YIrdaM
XapaKkTepucTUKatapy Ouinad OOFJIMK Macaiajiap YI4oBiIap Ha3apHusCH, IXTUMOJLIAP
Ha3apusiCH, IMHAMUK CHUCTEeMajap KaOu MaTeMaTUKaHUHT KYTu1ad coxallapu y4yH
MYXUM aXxaMHSTra ra. YII4aM XapakTepHCTUKaIapu Humnaa Xaycaophd yrdaMunau
Vypranuiira oJuMJIap TOMOHHUJAH KaTTa KU3UKUII OwinupuiaMmoja. ANiTaHaHUHT
WYHAIMIIIHA ~ CaKJIOBYM ToMeoMop(u3MiIapy Y4YyH OXTHUMOJIJIMK HHBApUAHT
VITUOBUHUHT PETYJIAPINK MacajlaCh SIHU a0COJIIOT Y3IIYKCHU3JIUK €KUM CUHTYJIAPIUK
Macajacu JIMHaMHUK CUCTeMallap Ha3apusIchaa MyXUM axaMusiTra sra. Yoy macana
Ownan uyamOapuac OOFnuK OYyiran, yiadyam XapaKTEpUCTHUKAJIApU MacaJlaCUIUp.
AliaHaHUHT aHAIUTUK audeomopdusmiaapu yuyH OupuHuM HaTwxkanap B.J.
ApHOJIBIHUHT (yHIaAMEHTaldb uIulapuaa oJuHrad. JuddeomopduzmmapHuHr
CWJUIMKJIUTY Oyiinya kenHru pyHaameHTan Hatuxaitap M. Opman, FO. Mosep, K.
Nokko3, X. Karumenscon, JI. Opucrenn, . I'. Cunai, K.M. XanuH Ba
OOLUKAJIApHUHT MUUIapUIa OJNMHIaH. byryHru kyHra keian6 auddeomopdusmiap
Y4yH UHBapUAHT YTYOBHUHT a0CONIOT Y3ITYKCH3JIUTH MacaiacH SIXIIU YpraHuiTaH.
Cynrru >HT MyxuM HaTwxkanap X. Kaunencon Ba JI. OpHcreiin, S. I'. Cunaii Ba K.
M. XaHUH 15000021 0) 20 B:] UCOOTIaHTaH. Ailtnanaaunr C>' —
muddeoMopPu3MIapUHUHT OypHIl COHM TUIHMK WpPpAIMOHAT COH Oynrasna,
WHBApUAHT YJIUOBHU ainaHamaru Jleber ymuoBura HuUcOATaH aOCONIOT Y3JIYKCH3
AKAHJIMTH UcOOTIaHTaH. byHaan sca 1y mHBapuaHT YIYOBHUHT Xaycaopd yimuamu
1 ra Tenr sxkanu kenu6 yukanu. B.CamoBckas Tomoanaan uxtuépuit 3 €[0,1] conn

Ba JlroBun tunmparn uxtu€puin uppauuoHan p e (0,1) yuyyH, cwmukiauru C~,
OypHIlI COHU p T'a TEHT OYJIraH Ba MHBAPUAHT YITHOBUHUHT Xaycaoppd ymuamu (3

ra TeHr Oymamauran aimaHa romeoMmopdusmiapu Kypwirad. CuUHUIIUIapra sra
Oynran, OYIakIU-CUIUIMK aiylana romeoMopdusmiapu nuddeomopduzmaapHuHT
Tabuui ymymianmMacuaup. AMIaHaHUHT OYJIaKIN-YU3UKIH ToMeoMopduzmMiapu
M. Opwman, U. JInoyc, U. Koeno Ba A. Jlonec nnutapuna ypranwirad. bynakmnu-
CHWJUTUK ToMeoMOp(hU3MIIApHUHT UHBapHUaHT yiuoBiapu A. [[xammios, K. XanuH,
. Maitep, U. JInoycce, 1. Maiiep, V. Cadapos, A. TennmuHckuii Ba O0NIKaTIapHUHT
nnutapuaa ypranwirad. K. Xanuun Ba C. Kommuiap ToMoHuIaH aespiu Oapua
UppalMoHan OypHII COHJapW Y4YyH CHUMKJIMTH C** Oyirad, OWUTTa CHHUII



HyKTara odra ailana TOMEOMOP(U3MIIAPUHUHT WHBAPHAHT YITYOBIAPUHUHT
Xaycnopdd Yauamu 0 ra TEeHr SKaHU UCOOTIIAHTaH.

[y coxanaru ssHa Oup MyXUM MacayiajiapJaH Oupu Tacoauuit CUIDKUILILIN OUp
ymuoBau aAuHamuka Macanacunup. Jactnabku Hatmwkanap K. Kpyuadenn,
b.lllaupman Ba Oomikanap TomoHugaH dDeureHOayMm akCIAHTUPHUILIAPH YUYyH
KYIIMIa€Tral CUJKUII Tacoauduili MUKIOpiapu OOFIMKCU3 Ba CTaHIApT HOpMaJ
TaKCUMOT OWjaH TakcuMaHraH xonataa ohuHrad. E.Byn, S.Cunaii, K. Xanunmnap
deureHbaymM akCIAHTUPUIILIAPU YUYH KUUYUK CHIDKUIUIN KapaHHUHT CTallMOHAP
ymuoBn Ba @DeureHOayM aTTpakTOpu OpacuIard MyHOcabaTiapHU OUpUHYU
Mapotaba TepMOAMHAMUK (GOpMAIM3MHU KYJUIall OpKadk YpPraHMIITaH.
O.Ocrmaoca Ba P.JInmaBemap peHopMmanmzanus ycysutapujaH — ¢oiimananuo
Taconuuil CHDKUIUIA OWp YIOBIM CUIUIMK aKCIAHTHUPUIIUIAP YYYH MapKazui
JUMUT TeopeMajiap HCOOTIAILTaH.

[yHn TabKkuajaml JIO3UMKH, IOKOpUJa caHa® VTWIraH KyIuad MyXum
HaTWXajapra KapamacjaH OYIakiIu-CHJUIMK aiiaHa romMeomMopdusmiapu y4yH
Tacoauuil CHIDKUII >Kapa€Hiap Y4YyH JUMUT TeopeMajapHHU, XamJa CHHHII
HyKTaJapu COHM OWTTaJlaH Kyn OYyJraHna WHBApUAHT AXTUMOJUIMK YIYOBUHUHT
ya4aM XapakTEepUCTUKATapUHU TaAKUK KWIMII Macajajapyu oXupuraya Xxail
kuinaMarad. [y Hykrau HazapaaH, Oy coxaaard TaaKuKoTiaap 1013apoaup.

JIuccepranmnsi TAAKMKOTHHHMHI JUCCePTANUA 0a:KAPUJITAH OJIHI TABJIUM
MYacCaCACMHMHI MJIMHUI TAAKMKOT MILIAPH pexajapu OwiaH OOFJIMKJIUIN.
Hucceprauus Ma3ycu B.M.PomaHOBCKMII HOMUJarn maTeMaTUKa HWHCTUTYTH
nnvuil KeHrammaa TacAuKIaHTaH Ba MAaT€MaTHWKa MHCTUTYTUHUHT ‘“OXTUMOJIIAP
Ha3apusiCli Ba MaTeMaTUK CTaTUCTHKA® Ka(eApacUHUHT pexaIallTUPUITraH
MaB3ycHura MyBo(UK Oa>kapuiras.

TagKUKOTHUHT MAaKCAAU CUHUII TUIIHIard MaxCyCIMKKa dra OyiraH aijiaHa
rOMEOMOP(PUIMIIAPUHUHT 3XTUMOJUIMK WHBAPUAHT YIIUoBIapUHUHT Xaycaophd
VuaMiapyuHu XUcoOJIall Ba aiylaHaard aCUMIITOTHK Tacouduii CHIDKUALIIApUHA
TONUIIIAH HOOpaT.

TaagkuKoTHUHT Basudasapu:

MKKUTA CHUHUIITA 3ra ailjlaHa roMeoOMOP(GU3MUHUHT IXTUMOJUIUK WHBAPUAHT
VmuoBnapuHUHT Xaycaopd yiruamiaapuHu XucoOmarn;

aiiana romeoMoppu3Mu EpJlamMujia KypuiraH CUMBOJIMK (a3oa aHUKJIaHTaH
TpaHcdep ONEepaTOpJIApUHUHT OOl XOC KWMaTiapu Ba 10y aidjaHa
rOMEOMOP(PU3ZMHUHUHT JIamyHoB byHKUMSIIapU opacuaa OOFIMKJINK
MyHOcCa0aTIapyuHu aHUKJIAlIL,

OWTTa CHMHUIITA 3ra ailllaHa roMeoMop(Hu3MU Y4YyH ailllTaHAHUHT UXTUEPUI
HYKTACUHUHT OOFJIMKCU3 TacoAu(Uil CUIMILIN TPACKTOPUSICH YUYYH JIMUMHUT
TeopeMajap ucOOTIallL;

CWDKHII MHKJOpJapu OOFMUK OynaraH Tacomuduil CUDKHIILIM aijaHa
roMeoMopu3MIIApH YUYH MapKa3uil TUMUT TeopemMasap ucOoTiall.

TaaKMKOTHUHT 00BEKTH. bYIakin-cUIINK, CHHUII HyKTajgapura sra 0yiraxn
roMeoMoppu3MIIap, AXTUMOJUTMK HHBApPHAHT YiI4doBiap, Xaycaopd ymuamu Ba
MapKa3ui JIMMUT TeopemManap.



TagKUKOTHUHT MpeaMeTH. DXTUMOJUIAP HA3apUsCHU, TMHAMUK CUCTEMAJIap,
aitmana romeoMop(u3MIapy HA3APHUSACH.

TagKuKOTHUHT ycysuiapu. [uccepranus umga 3XTUMOJUIAD Ha3apHsCH,
SProJvK Ha3zapus, IWHAMUK CHCTEMajlap Ha3apusICM Ba MATEMaTUK aHaJIu3
yCyJIIapu KyJUIaHUJITaH.

TagKMKOTHUHT WIMMIA SIHTWJINTM KyHugaruiapaad uoopar:

MKKUTAa CHUHMII HYKTaJapura sra aijlaHa roMeoMOpP(OU3MUHUHT CHUHTYJISP
MHBApPHAHT SXTUMOJUIUK YITYOBIAapUHUHT Xaycaopdd ymuammapu XUcoOIaHraH;

aiimana romeomMopu3Mu TpaHCceEp onepaTopIaApUHUHT OO XOC KHMAaTIIapu
Ba 1y ainaHa romeoMopbu3MUHUHT JlsmyHOB (yHKIuMsmapu opacuia
TEHICU3JIMKIIAPU XaMJla TpaHc(ep OMepaTOpIApUHUHT OOIl XOC KUHMAaTiIaph
GYKIUSICHHIHT MOHOTOHJIMKITUTH HCOOTIaHTaH;

OWTTa CHUHUIIra dra aiylaHa roMeoMoppu3MuIa aillaHaHUHT HUXTUEPUN
HYKTACUHUHT OOFJIMKCH3 Tacoau(uil CUIUIUIA TPACKTOPUACH YUyH MapKazuid
JUMUT TeopeMa UCOOTIIaHTaH;

CWDKHII MHUKJOpJapu OOFIUK OYyiaraH Tacoaupuil CUWDKUIUIA —ailjilaHa
roMeoMoppu3MIIApH YUyH MapKa3uil JUMUT TeopeMa UCOOTIIaHTaH.

TagKUKOTHHHT aMaJIMii HATHXKAJIapH KyHuaaruiapaad noopar:

alJTaHaHUHT CUHHUIII TUINHIATA MaxCyCIUKKa ara oynran
AKCIAHTUPHUIUIAPUHUHT HMHBAPUAHT HXTUMOJUIMK YII4oBIapuHUHT Xaycaopdd
Yynuamiapu OyilMda OJIMHTaH HaTHXKajlap CHHIYJIAp 3XTUMOJUIMK YIYOBIAPHUHHHT
XapakTepUCTUKAJApUHU TYyIIyHHINra €paaMm Oepaayd Ba AMHAMUK CHUCTeMaap,
AXTUMOJIJIAp HA3apUsICH Ba YJIApHUHT TafOuKIapuaa dhoigaiaHuIagm;

Tacoquduil CHWDKUILIM aillaHa roMeoMopdu3MiIapu Y4YyH HMCOOTIIAHTaH
MapKa3uil TUMHUT TeopeMajap aijiaHa JuHaMUKacu OujiaH OOFJIMK OYJraH aManui
MacaJlaJlapHUHT €4YMMU XaTOJUKIIApUHM OaxoJialllja Ba 3XTUMOJIIAP Ha3apusiCH,
JUHAMUK CHCTEeMallap Ba yJIapHUHT TaaOuKIapuaa Gpoiaananuiaiy;

TagkuKOT HATHKAJTAPUHUHT MINOHYWIMJIMIM MaTeMaTuk (UKpIam Ba
UCOOTIIAPHUHT KATHUUIIUTH, 3XTUMOJUIAD Ha3apusiCH, AUHAMHUK CHCTeMaiap Ba
MaTeMaTHUK aHAIM3HUHT MablIyM yCyJUapuaad oiifasanuin OuiaH acocaaHaIu.

TaagKUKOT HATHXKAJIADMHUHT WIMHMH BAa aMaJIMid aXaMUSTH.

TaaKuKOT HATHKATAPUHUHT WIMHH aXaMmMHsITH IIyHAaH UOOpAaTKH, OJIMHTaH
HaTWXanap Oup YIYOBIM aKCIAHTUPUIIIAPHUHT WHBAPUAHT YIYOBUHHMHT YiIdyaMm
XapaKTepUCTUKATIAPUHU TOMHUIIA Ba TacOAU(MUN CHUIDKUIIUIM CUHUII TUIHMIATA
MaxcCyclIMKKa »3ra OynraH aillaHaHUHT romMeoMop(du3MIapyd Y4yH JIMMHT
TeopeMaJlapHu TAJIKUK KU GoiljaiaHuiaan.

Amanuid axaMUsITH [IYHJIAKHA, JUCCEepTAalUMsd HaTWKAIApUAAH ailiaHa
AKCIIAHTUPUIIUIADUHUA ~ MOJISJUTAIITUPHINIA, Tacoauduil CWDKUILIM — aijaHa
aKCJIIAHTUPUIILUIAPY YUYH TemoTe3ajlapHU TEKIIMPHUIIAa Ba JacTypiam €paamMuja
WHBAPUAHT YITMOBHUHT COHJIM KYypCAaTKUWIAPUHU Xucooamaa ¢hoiiananuiaim.

TagKMKOT  HATHXKAJAPUHMHI  SKOPMHA  KWIMHMINM.  AlJaHaHUHT
MaxCyclIMKKa 0dra OynraH axcIaHTHUpUILIapu EpAamMuaa XOCWI KHJIMHTAH
Tacoauduil MUKIOpJIAp YUyH JUMHUTHK Teopemanap Oyinya OJIMHTAaH HaTHKajap
acocua:



CIUDKUII MHKAOpJIapu OofnuK OynraH Tacoguduil CHWDKUIUIM aiiaHa
romeomMopdusmiIapu ydyH ucOOTIaHTaH Mapkaszuil duMuT teopemanan OT-F4-40
pakammu “YioBmn (QyHKIMSIAp CHHOMAA MHACKCIAHTAH WMHTErPal SMIIEPUK
NPOLIECCTAPHUHT ACUMIITOTHUK XOCCaJapUHM TaJKUK KWIMII® ~ MaB3yCHAaru
dbyHaamMeHTaNn JIoMnXana UHJEKCIAPHUHT aCUMITOTHK XOJIATUHU Oaxojianl y4dyH
doiimananmran  (Y36exkucton Muummit  yHuBepcuteTHHHHr 2022 dimn 30
cenradbpaaru  Ne04/11-5971-connu  MabiymOTHOMAacH). MIiMuUH  HaTH)KaHUHT
KYJUTAaHWIMIIY WHAEKCIAHTaH WHTETpal AMIEPUK TMPOLECCIAPHUHT HUHICKCIapu
OOFIIMK OYNraH XoJaT y4yH TernoTe3alapHi TeKIIUPHUII UMKOHUHH OepraH;

WMKKUTa CUHUII HyKTajapura sra aillana roMmeoMop(pU3MUHHHT WHBApUAHT
HXTUMOJIIUK YITYOBIapuHUHT Xaycaophd ymuamnapu ydyH oJMHTaH YI4OBIapAaH
MRU-OT-9/2017 pakamumm “Kym yiadoBinm KOMIUIEKC aHAIW3”  MaB3yCHJATH
dbyHnamenTan JaoWuxana IUTIOpUCYOrapMOHUK (GYKHIUSUIApAaH XOCHUa Oyirad
TUTIOPUIIONAP TYIIAMIAPHH XOCHI KWIMII yuyH doiinananmiran (V36exncton
Mwumit  yauBepcutetn 2022 viun 4 oktabpmarn  Ne04/11-6044-conmu
MabJyMOTHOMacH). VMuii HaTW)KaHUHT KYJUIAHWIMIIA MaxCyCJIMKKa 3ra KyII
VI4aMiii KOMIUIEKC Y3rapyBUWIM (DYHKIUsUIapaH XOCKI OYiraH TYIrjiaMIapHUHT
CUFUMHUHU XHCOOJIalll UMKOHUHU OepraH.

TagkMKOT HATH:KAJIAPUHUHI anpodamusicn. MasKyp TaJKUKOT HaTHXKa-
mapu 9 Ta xankapo Ba 4 Ta pecnyOnMKa WIMHM-aMalluid aH)XXyMaHJapuiaa
MYXOKaMaJIaH YTKa3WJITaH.

TagKuKOT HATHKAJAPUHUHI JbJOH KHIHHTaHJauru. Jluccepramus
TaJIKUKOTU MaB3ycu Oyiinua xamu 19 Ta wiaMuil Wi 4yonm STWIraH, IIyJapjiaH,
V36exncron Pecny6mukacn Ommii  ATTecTamusi KOMHCCHSCHHMHT — (ascada
JOKTOPJIMK AMCCEPTAIMUIApH aCOCUW WIMUN HaTHKAJIAPUHHU YOI STHUII TaBCHUS
ATWJITaH UMUK HalIpiapaa 6 ta, »kymiaaaH, | Tacu XOpH»Kuid Ba 5 Tacu peciyOinnka
KypHaJjulapuja, MIyHUHTIEK, 13 Ta mabpy3a Te3ucCiHapu WIMHN KOHGpEpEeHITUs
MaTepuaiapuia Hallp dTHIITaH.

JuccepTanMsiHUHT TY3WJIMIIM Ba Xa:kMM. J(uccepranusa kupuil Kucmu, 12
naparpadra Oymunran 0ynuO, yura 600, xynoca Ba (oWganaHwirad agaduetiap
pyiixatuaan Tamkuwi Tonrad. JluccepraiussHuHT yMmymMui Xaxkmu 91 GeTHU Tamkui
STraH.

JINCCEPTAIIMSIHUHT ACOCHUM MAZMYHH

Juccepranuus Kupuil KUcM, yuta 000, Xysioca Ba (oiiaiaHuiarad agaduétnap
pyiixatugan uoopar.

Kupum xucmuga aumccepranus MaB3yCMHUHI JOJ3apOJIMUryd Ba 3apypaTu
acoCJIaHTaH, TaAKUKOTHUHT pecmyOauka ban Ba TEXHOJIOTUsLJIapU
PUBOXJIAHUIIWHUHT YCTYBOP HWYHAIMIUIAPUTA MOCJIUIM KypcaTWJIraH, MaB3y
Oyiinua XOpWXKUN WIMUNA TaAKUKOTIAp IapXW, MYaMMOHMHT VPTaHUJITAHJIUK
Japa)xacll KeATHPWITraH, TAAKUKOT MakKcalau, Basudanapu, 0ObeKTH Ba MPEIMETH
TaBcU(IaHTaH, TAAKUKOTHUHI WIMHM SIHTWIMITM Ba aMajuil HaTwkantapu OacH
KWJIMHTaH, OJIMHTaH HaTH>KaJapHUHT Ha3apuil Ba aMaiuii axaMusTd 0uub Oepuiirax,
TaAKUKOT HATW)KAJIAPUHUHT JKOPUA KWJIMHUIIM, Hamp OSTWIraH HIUlap Ba
AUccepTalys Ty3WINIIK OYinya MabIyMOTIap KEITUPHUIITaH.



JuccepTauussHUHT “AWJIaHA JTMHAMHUKACH Ba JIMMHUT TeOpeMasap” HOMIH
OupuHun O000uAa ainaHa romeomopdumiIapu, ynap €paamuaa XOCHJI KUJIUHTaH
TEPMOJMHAMUK (HOpMaKM3M, CUHUII TUMNHAATU aijaHa ToMeoMop(HU3MIapUHUHT
CUHUII HYKTaJlapy >KOWJAllyBU, yhap €paaMuja XOCWI KWIMHTAH WHBAapUAHT
ymdoBnapHuHr Xaycaopdd yauamiaapu, Mapkazuii JUMUT TeopeMaiap Ba MapkoB
3aHXKUpJIapU YUyH 3apyp Oyiran AactiadKd MabIyMOTIap KEJITUPUITaH.

bupunun 606HUHT OupuHuM Taparpaduia ainaHa romeoMopduMIapu Ba
JUHAMUK OYJIMHUILIAD JACTIA0KU MabIyMOTIap KEATUPHUITAH.

Avitaiinuk S'=R/Z =[0,1) Gupnuk aiinana OyiacuH. Alnana OGViinua coar
MWJINA WYHAIMIIWTA KapaMa-Kapiuy WyHaIUI Mycoam uyHaiuul NeUiain.

1-Taspud. Y3apo 6up Kuiimamau, y3u 6a mecKapuci y3ayKcu3 y3uyKcus 6yean
T :S' — Stakcranmupuw aiinana 2omeomopgpuzmu 0eb6 amanaou.

AMTaHaHUHT WYHAIMIIMHU CakKJIOBUM romMeomMopdusmMu T HU KyHWuaarua
dbopmysa opKaJld aHUKJIAIl MyMKHUH:

T(X)=F(x)modl, V¥xeS',
oy epna F:R'— R'yskuus Kyiugara xoccanapra ara:

e F ¢ynkumsa R'1a karbuil yeyBYM Ba Y3IIYKCH3;

e xap Kaumaii X € R' yuyn F(X+1)=F(X)+1 6ymann.
Yoy F ¢ynkuus T yuyH anuknosuu pynxkyus nedniaau.

Arap F, Ba F, OuTra roMeoMOp(pHM3MHHU aHMKIIOBYM (yHKLIMsAIApU Oyica, y
xoina Vx € R* yuyn F(x) =F,(x) +k 6¥manu, K 6yTyH coH .

T romeomopdusmuunr F anukioBun dyHKIwsicu OYicuH, y xonna T" yayH
F", neZ anukimoBun GpyHknus 0ynaam, Oy epaa T" Kydumarnda aHUKIaHaId:

T°0)=x, T"()=T(T"*(x)).

2-tappud. T:S'—>S' ainana eomeomopuszmunu  Kapaiimuz. Aeap
TOMX)2TP(x,), 0<i<j<k-1.k>1e6a TY(x)=x, 6ynca, x,eS" nygkma
K— oaspau oaspuii nykma oetiunaou.

Ymoy T(X,) =X, Oyiaran xonga, X, HyKTa | aKCIaHTUPUILIHHHT K)32a1MAcC

HyKmacu NeUnIain.
A. IlyankapeHuHTr (pyHIaMEHTaa TEOpEMACUHU KEeITUPaMU3.
1-reopema (Ilyanxape). Atimaiinux T : S* — S*- dpnaruwmnu cakiosuu ainana

comeomoppuzmu 6a F —  ywby ecomeomopuszmHumne uxmuéputi aHUKIO8YU
pyuxyuscu 6yacun. Y xonoa uxmuépuit X € R* nap yuyn kyiuoazu
F® x

lim —— = p, (F)
n

n—oc

JUMUM MABXHCyO 6a YHuHe Kuumamu X € R' nykmanu manna6 onuwea 602nuk smac.
pr (F) payuonan con 6ynuwu yuyn T O0aspuii mpaexmopusiea sea 6ynuwiu 3apyp 6a

emapiu.
Arap F(x)=F,(X)+k, keZ 6¥ynaca, y xonna paBiiasky,

pr(FR)=pr(F)+k
oynmanm.
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3-tabpud. Avimaiiiux T UyHAIUWHY CAKIO8YU AUIAHA 2OMEOMOPPUIMU 8A
F — yuby comeomopdusmuune anuxnosuu hyukyusacu o6yicun.y xonoa
n
ol :IimF—(X) (modl)
N—o0 n
coHu T 2omeomopghuzmHune 6ypuw conu Oetiunaou.

T romeoMophU3MHU aHUKJIOBYU byakmusutapy wunga 0<F(0) <1
OONUTAHFUY TIAPTHU KAHOATIAHTHUPYBYM STOHA aHUKJIOBYM GyHKIMS F MaBxKyI.
Keitnaru ypunnapaa romeoMophU3MHN aHUKIOBYM (QYHKIHMSICH XaKuaa JCTaH/a,
aitHaH ymly QyHKIMAHU HA3apAa TyTaMu3.

bypwnmuin conun p wuppanuonan Oyinran T ainaHa ToMeoMOp(PU3MHUHU

KapaiiMHU3. p COHMHUHI Y3IyKCU3 Kacpra €imnumu Kyhungaru p =[K,K,,...,.K ,...]

KYPHHHIITA 3ra. &:[kl,kz,...,kn],nzl ne6 Oenrmmaiimus. By epma g ,n>1

COHJIapM OMPHHYM KATHII BaKTJapW Jeiwiagm Ba KyWJard peKypeHT
MyHOca0aTHU KaHoaTinaHTupamu g, =1, g, =k Ba ¢, =k .9, +0Q,, n>1

Arap p=I[k,k,,...,K ,...] conn yuyn mynnaifi C >OxoHcTaHTa MaBXy[
Oyncakn uXTHEpPU NHaTypan coHU yuyH K < CTeHrcusnmk ypuniu Oyica, y
X0J/Ia p COHHU 4YerapajaHraH THIJArd UPpAlMOHANl COH JeHMIIaau, akc Xoimaa
YyerapajJaHMaraH THIAATH UPPAIMOHAII COH JICUUTIAIN.

UxTtuépuit Hykra X, €S' yuyn |V(x,) Ounan ueTkm HyKTamapu X, Ba
X, =T™x, 6ynaran énuk kecmManu Oenrunaiivus. Arap N Tok Oyiica, X, HyKTa

X, HUHT 4Yam TOMOHHMJA >KOimamraH, Ba N xyhprt Oyica VyHraa.

0
1) =T 1"(x,) , i>1 ne6 6enrmnaiimus. OpOoutaHuHr Oup KucMH OyiaraH
x =T"x,0<i<q,+0q,, ailaHaHH KeCHIIMalauraH (OXUPIW HyKTajapjaH
Tamkapu) cermentiaapra axparamd: |[V(x), 0<i<q,,, 1"(x), 0<j<q,.
Onunran OynunumHM P (X,) Ownan Oenrwnanaau. P,(x,)OyauHMII N -4uM
AMHAMMK OYJIMHUII JECUNITIAIN.
P(x,) Oymuammmmnar z€S' uykra érran onementunn | (z) kabm
OenrunanMus.
bupunun 00OHMHT MKKUHYM Taparpaduma OMTTa CHHUII HyKTara sra Oyiaraxn
aitmana romeoMopdusmiiapu €paamuga CUMBOJUK (aso KypwiuO, mry ¢azona
TepMOAMHAMHUK (popmanu3M Kypuiran. [lactnab, Oup Ya4oBnu AUHAMUKA
Macananapuan E.Byn, .Cunaii Ba K. XaHuHmap TOMOHMAAH TEpPMOJIWHAMHK
dbopmanm3m Macananapura kentupuirad. Keinapok A. JlkamuiaoB Ba Oomrkanap

TOMOHHUJIAH ailjlaHa aKCIAHTUPHUILIAPU YUyH TEPMOAMHAMUK (opMain3M KypuoO
YHUHT XOccajlapy ypraHuiras.

X, €[0,1) nykra T akCIaHTHPHIIHUHT CHHWII HYKTacH JCHHIAIH, arap Ioy
HYKTaJla YHUHT OMPUHYN TapTHOIU XOCUIIACH cakpailira sra 0yca.

Kylingarn 1mmapTiaapHM  KaHOATJIAHTUpaAWraH (QyHKcHsuap  KyQTImMrua
(f(x), xe[-1,0],9(x),x€[0,a]), &« >0nn X, Ounan OenrunaitMus
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e f0)=9(0)=-%
e f(=D=g(a);
o (9(0)=f(-D)<0;
f(9(0)) >0;
. F(x)eC*([-10]), g(x) eC**([0,a]) bapua € > 0;
. F0=90).
by maprmap [-1l«a) ma cuamm Hykracu X =00ynran airana
roMmeoMop(hU3MHUHYU aHUKJIAIITa Epiam Oepaiu.

f (X) aeap x €[—1,0),
Tf .9 (X) =
g(x) acap x €[0,).
L X+1
By romeomopdusmun | :[—1,a) — S umsukin axcmantupuin |(X) = e
Q

aiimana romeomopdusmu | oT, ol ra yrkasamm. X, (w) 6uman (f,g) € X, Hunr

5-1 _. o
OypHIll COHH W = J_T Oynanuran sJeMeHTJIapuiaH UoopaT KUCM TYIUIAMUHU

oenrmnaiimus. Iy tynnamaa penopmanusanus oneparopu R X, (w) — X, (w)
HU KyWujarndya aHuKJIanMu3
R, (f(x),900) = f(x),xe[-10]; §(x), x€[0,&'T,
Oy epna
f(X)=—a*f(g(—ax)), §(X) =—a *f (—ax), o’ = —a *f (=1).

1993 #un E.Byn Ba K.Xanunmap TtoMoHugaH Oy peHOpMaIU3aIus
OTICPAaTOPUHMHT Ky3FaIMac HyKTacH MaByKy I IMACIIUTH Ba (haKaTTHHA TaBpU UKKUATA
TeHT OyiraH sroHa naBpuil Hykranap xxydrmuru (f,9,) Ba (f,,9,)

R(,9,) = (f,,9,)8a R(f,,9,) = (1,,9,)
MaBXYJIJTUTY UCOOTIIAaHTaH Ba YIAPHUHT KYPUHHILIN TOMUJITaH.
My sxydTnuknapiadH uWcCTairaH OWPUHU TaHJIAaWMU3 Ba y €paamuaa
IOKOPHJATrueK aHUKJIaHraH ainana romeomoppusmunu G, ne6 Oenrunaiimus. Iy

aitmana romeomopdusmu G, Omman  C'°  okBHBaJeHT OyiaraH  aiiiaHa
romeomopdusmiaapu tymiamunu B(G, )O6unan Oenrmnaiimus. A.J[xanuioB Ba
K Kapumosmap 2020 ihwmnma  B(G,) Tymnamra  Termmum - alinana

romeomopdusmiiapu €paamusia CUMBOJIMK (azo Kypud, my ¢aszoa MOTEHIHAI
GyHKUIMS MaBXyJJIUTH UCOOTIIAILTaH.

bupruHun OOOHMHI yuyMHYM maparpaduia MapKa3uil JUMUT Teopemasap Ba
MapkoB 3aHXupiapu TYFpUCHAA AacTiaOKu TyllyHYajgap Ba (yHIaMeHTal
TeopeMaiap KeITHPUITaH.

bupunun O600HWUHT TYpTHHUM maparpaduna YmuoBiaapHUHT Xaycaopbd
ynuamMu Ba  ailylaHa  TOMEOMOP(PU3MIIAPUHUHT HMHBAPUAHT  YITYOBJIAPUHHUHT
Xaycnopd yiauaMu Ba HyKTaJId YJIYaMUHHU TONUII OyilMua JacTinaOKu HaTv»Kajiap
KEJITUPUJIITaH.
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Auitaitiuk g Oupop X MeTpuk (a3zomard 3XTUMOJUIMK yiauoBu Ba E C X
UXTUEPUN KUCM Tymiam OyncuH. bepunran d Ba r HOMaHUil COHJIAp y4YyH

Kyitiunarn 6enrunaniay kupuramus H° (E) == inf ird ‘EC LXJB(Xi r),r<r,
i=1 i=1

Oy epna B(X,r) Mapkasu X HyKTaja paJdyCcH I Ta TeHT OYyiraH map. E TYImaMHUHT
d ymuamam  Xaycaopdpd  ymuoBm  ge6  Kydugard — coHra  aWTWiIaad
HY(E)= sup HY(E). E tymuiamaunar Xaycaopdd yauamon ne6 Kyiingara conra

r>0
aiitunaan dim, E:=inf d:H(E)=0 . p ymuoBuuar Xaycaopdpd yiruamian ie6
KYWHUJIar¥ COHra anTWiagn
dim, pu:=inf dim,E:u(E)=1.

A.Cunaii Ba K. Xanunnap tomornman 1989 vwn cummkmurn  C*, o € (0,1)
oynran, Oypum coHu JluodaHT TuUnugaru aijgaHa romMeoMOophU3MIIAPUHUHT
WHBapuaHT YymyoBinapu JleGer ymuoBura HucOAaTaH aOCANIOT Y3IYKCHU3 SKaHUHU
ucOoTnamran Ba OyHaaH 11y ”HBapuaHT Ym4oBHUHT Xaycaopdd ymyamu 1 ra TeHr
AKAaHU KeJIHO YMKAJIH.

VYHunan cysr, B.Canosckas Tomonuan 2009 i uxtuépuii 3 €[0,1] coHn
Ba Jlnodant Tunuma 6ynamaran uxtuépuit p € (0,1) yuyH, cwumkiauru C*, Oypuiil
COHHM p ra TeHr OyiraH, myHaai aijgaHa romeoMopdu3MIapu KypUITaHKH YHUHT
MHBApUAHT YITHOBUHUHT Xaycnopdd yimuamu (3 ra TeHr Oyiaau.

2017 vun K. Xanun Ba C.Kommunap TOMOHUAAH Jieapiau 6apya uppairoHan
OypuIi coHNapu y4yyH CWLMKUAra C*, o€ (0,1) OynraH, OMTTa CHHMII HyKTara

Jra aillaHa roMeoMOp(pU3MIIAPUHUHT MHBAPUAHT YIYOBIAPUHUHT Xaycaophd
Vauamu 0 ra TEHT SKaHU UCOOTJIAHTaH.

bupunun 606HUHT OermuHYM naparpadumaa OYIakiu YU3UKIH UKKUTA CHHUIIT
HyKTara sra OyiraH aiiaHa romeoMopgusmMu T yuyH, T* HHMHI CHHUII HyKTajapu

/
YKOMJIAIyBU YpraHWiraH Ba alJlaHAaHUHT Xap OMp X HYKTacu yuyH T%(X) HuU

XHCOOJIall y4yH TeopemMasiap KeITUPHIITaH.

JluccepTaurstHUHT “Alls1aHa AKCJIAaHTUPHULLIAPHU HHBAPUAHT
YAYOBJIAPUHUHT YJI4aM XapaKTePpUCTUKAJAPU~ HOMIM UKKUHYM OOOM MKKHUTA
CHHUIITa Ba OypHIl COHM HppanuoHal OyiaraH, OVIaKIM-CHILIMK aijiaHa
roMmeoMoppu3MIapuHUHT Xaycaoppd yruaMuHu yprauuiira OaruiiaHr aH.

NkxkrHun OOOHMHI OMpUMHYM maparpaduua CHHUII HyKTajlapu opOuTanapu
épraMmia XOCWJI KMJIMHTaH JUHAMUK OYJIMHUIIAA 1y CHHMII HYKTa opOuTacuia
€TManUrad UXTUEPUN HYKTAaHUHT )KOUAIIUIIMHNA YpraHamus.

4-tabvpud. Aumaiinuk, [a,b]— S* atinananune étiu 6y1u6, c < (a,b) 6yrcun, ¢
Hune [a,b] Odaeu Gappucenmpux xoIghpuyuenmu oe6 |[a,c]|/|[a,b]| Hucbamea
aumunaou. by epoa || é3y6 | élinune y3yHaueuHu oOunOupaou.

bupop commm kerma-ketmuk  {a} yuyn A<c<C<B maprtan
KaHoaTyIaHTUpyBuu C Ba C connapu MaBxyn 6yiau6 a < (c,C) 6yica, y xonga {a }
KeTMa-KeTJIMK A Ba B connap/ian yHuBepcaJi yerapajaHrad Jeiuiiaay,.
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2-teopeMa. Aumatinuk, T oOumma cuHuw HyKmaza 32a Oynean UYHANUWHU

caknoguu Oypuwl COHU YeeapanlaHean munoazu UppayuoHal CcoH Oyreaw
var InT! <oo wapmuu xanoamianmupyeuu auiHa 20MeoMoppuMu  OYICUH.

Cunuw nykmacu X, 6ymub ynumne opbumacuoa émmauouean uxmuépui Z, € S*
Hykma onauaux. Y xonoa wynoau {n_} wuamypan cownap kemma-Kemiauu
maexncyoku 2, =T“z,  mykmanapnunz 1" (z)€P_(X,) unmepeanrapdazu

bappucenmpux xoegguyernnapu 0 6a 1 dan ynusepcan weeapaianean 6yiaou.
WNkxkuHun OOOHMHT WKKHHYM Taparpaduga MKKUTa CHUHHUINra sra Oyira
Oynak-uM3WKIM  ailllaHa  TrOMEOMOP(GU3MUHUHI  HHBAapUAHT  YIUOBUHHUHT
Xaycaophd ymaamu xucobiaHTaH.
3-Teopema. Aumaiiiux, T uKKUmMa CuHuwl HyKmaza 32a Oynean UYHATUWHU

CaKn08uU QUIHA 20MEOMOPPUIMU 684 YHUHZ [L'= [l UHBAPUAHM VIYO08U OVICUH.
Aeap 6ypuw conu p€S 6a mypau opoumamu 0, ea b, cumuw nyxmanapu
p [b,b,] €G wapmuu kanoamnanmupca, y xonoa dim, pu=0.

by epna SBa G, Jleber ymuoBu 1 ra TeHr OynaraH WppalMoOHAN COHIApP
Tyriamnapu 0ymuod, G, dakar pra OOFIHK.

NkkrHun OOOHMHI y4yMHUM mnaparpaguaa Ou3 ailylaHaga LIyHJal ViI4oB
KYpPraHMHU3KH Y CUHTYJIap Ba YHUHT Xaycnopd yayamu 1 ra TeHr 0ynaau.

M.Opman tomMoHuaaH 1979 iinn Oypuil COHM HppalUoOHaNl OYJIraH MKKUTA
CUHUIITAa 3ra OYJIakiid YW3UKIW aijaHa TOMEOMOP(PU3MIIAPUHUHT HHBApUAHT
YI4oBNapu CUHTyJap OYIMIIM Y4YyH YJApHUHT CHHUII HYyKTajlapu TypJid
opbuTtanapra sra OYIMILIY 3apyp Ba €Tapiiv YKAaHUHU UCOOTIIAHTaH.

bus mynaait akcnantupunuiap épaamuaa Xaycaopd yimuamu 1 ra TeHr Oynraxn
CUHTYJIAp YJIYOB KypaMHu3.

4-teopema. Aumatiiux, T UKKUMA CUHUW HYKMA2a 32a 0Y1eaH UYHATUWHU

CaKI08YU AUIHA 20MEeOMOPPUIMU 84 YHUHZ [L'= [l UHBAPUAHM YIHUO8U OYICUH.
Aeap Oypuwi conu p uecapananmazan munoa 6y, mypau opoumanu b, ea b,
cunuw wygkmanapu f4 [0,b,]1 & G wapmnu kanoamranmupca, y xonoa dim, p=1.

JucceprauMsiHUHT  y4uHUYM 000M  “AiljIaHa aKCJIAHTHPUILIAPWUHUHT
Tacomuduii cuwirxumIapu” 160 HOMJIAHTaH Ba TacoAU(UN CUIDKUIUIMA aijlaHa
JUHAMUKACH YYyH MapKas3uil JUMUT TeopeMainap ucobotianrad. by Teopemanapau
ucOoTialm y4yH MyXMM poJl YilHaliauraH, aiylaHa akCIaHTUPUIUIAPU YUYH
TEpMOJAMHAMHUK  (opMaiU3M Ba YHJIArd TpaHcep OMNEpaTOPHUHHHI  XOC
KUHAMAaTJIapUHUHT XOCCAIApU YPraHUITaH.

Yyunun 600HMHT OuMpuHYM maparpaduia aijgaHa roMeoMOpPU3MIAPUHUHT
JIsmyHOB (yHKIMsUIapH Ba TpaHC(ep OnepaTOPUHUHT XOC KUHMATIapu opacuaaru
OOFJIaHUIII YPraHUJITaH.

Alttaitmuk, T eC?** (S'\{x,}),£>0 cuHMII HyKTacH X, oynran
T'(x)>=Const >0,x € S, =[x,, X, +1) mapTHu KaHOATIAaHTUPYBYH aimana

romeomopuzmu  6yiacun. Uxtuépuit z, € S'\{T'(x,),i=0,~1,-2,...} Hykra Ba
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$s>0,n>1 conmapu yuyn A,(z,,n) Ba A(Zo,n) JIsmyHOB  (pyHKIMSUTApHHA

KyWuJarnya aHuKJIanMu3
n-1 n-1

Adzen) =1+ T

k=1 j=k

/A\(ZO, n) = max IZH

I<i<n-1 k=1 J:k

T'(z;)|

T’(zj)‘.

®apa3 kumaiauk THuHr Oypumr conun o =[k,k,,...k ,1,1,..], m>1
KypuHuga 6yncuH. CHHMII HyKTa X, OpPKaJIM XOCHJ KWIMHTAH N- JMHAMHK
Oy uHUIII P.(x,)=A{l }”)(Xb), 0<j<q,; 1™(x), 0<i<q}um  xapaiimmus.
1 (x,;2z,) Ounman P,(X,) HUHr Z,€S' HyKTaHu Y3 Wudra OJyBUM EHHHH
OenrunaimMms.

5-reopema. Mxmuépuii >0 conu 6a z, € S*\{T'(x,),i =0,-1,-2,...,—q, +1}
HYKmanap yuyH uiynoau N, = N, (F) > M namypan con masoxcyoku, uxmuépuii N >N,
J1ap YYYH KYUUOacu meHeCu3iuK YypuHiu

& 11006 2) P A7 <A, (20,0, SC 11O (%32 P A7,

6y epoa A_, conu D_, mpancghep onepamopunune dow xoc Kuumamu éa C,,C,

nap gpaxameuna var(InT") ea 6oznux 6ynean koncmanmanap.

6-Teopema. Uxmuépuii N>1 conu 6a z, € S'\{T'(x,),i =0,-1,-2,...,—q, +1}

HYKMAnap y4yu Kyuuoaeu meHeCusuiuK YpuHiu
A(z,9,,,) <Const - A",

oy epoa A, conu D_, mpancghep onepamopunune 6ows xoc xuimamu éa Const
gaxameuna var(InT') 2a 60znux 6yrean koncmanma.

7-Teopema. Mxmuépuii 1<6< [ wapmuu xanoamiaumupysuu O 6a [3
COHUNLAPU YYYH KYUUOA2U MEH2CUIIUK YPUHIIU

A0y <A,

oy epoa A, conu D, mpancghep onepamopunune 6ow xoc Kuiimamu.

YuyuHur OOOHUHT MKKMHYM maparpaduia aiigaHa roMeoMOop(pu3MIapUHUHT
CHUHMII HYKTaCHHUHT MaHQuil opOuTacWIaH TallKapuaard HyKTaJlapy YyYyH
TacoAU(pUN CUIDKUILIN KapaéH YpraHwiral Ba 1Iy jKapa€H y4yH MapKa3ui JTUMUT
TeopeMa UCOOTIaHTaH.

(Q,F,P) sxrumommuk dazocu Ba T:S'—S' aiimana romeomopduzmu
oepunran Oyicun. Kylinnaru Tacoauduii MUKIOpIap KeTMa-KETIIUTUHA KapaliiuK
X ,=T(X)+0&,,,, X =xeS

Oy epna (&) OormuKkcu3, P> 24YeKId MOMEHTra dra, Kylujaaru mapTapHH
KaHOATJIaHTUPYBYH TacOAU(PUI MUKIOpIIap KETMA-KETIUTHU:
EE =0; (1)
const <(E| & [)* <(E|&, |P)P <Const. (2)
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Tacognduil cUIKHUILICH3 KeTMa-KEeTINKHU KylHarnia OenruianmMus
—_ n
X, =T"(X), n=1.
Yusukiau >pPUKTUB IOBKUH 1€ ataayBuu KyHuaaru Tacolui MUKJIOpiap KeTMa-

KCTJIIMIT'MHU KUPHUTaAMU3
n-1 n-1

Ln(x) = é:n + ZékHT'(Xj)! Xe Sl'

Kyinnaru o, (X,0) Taconnpuil MUKI0OpIap KeTMa-KETJIUTMHA KUPUTAMU3

o (x,0)=— 20 %0
a\jvar( L, (X))
8-teopema. @apas kunainuxk T e C**(S'\{x }), € >0, cunuw nygkmacu X,
oypuw COHU or =k, K.,k ,1,1,...], m>1 Oynean ea
T'(x)=Const >0, xe[x,,%, +1] wapmuu KAHOAMIAHmMupyeuu auina

comeomopghuzmu oyacun. (&) macoouguii mukoopnap kemma-kemaueu 60IUKCU3
6a P> 2uekiu momenmea 3ea 6yau6 (2), (3) wapmiapnu KaHoamIaHmMupCcum.
zeS'\{T'(x,), i=0,-1,—2,..} nykmanap yuyn

e [Illynoaii y >1 con masocyoku Kyuuoaeu

Iimanny = O!

N—o0

Wapmuu  KAQHOAMIAHMUPYSYU  UXTMUEPUU O, KemMa-Kemiukiap Y4yH

@y (z, an) Kemma-Kemauxk maxkcumom oytuya cmaoapm Hopman macooughuui

MUKOOp2a UHMULAOU.

e Ilynoai p ea 6oenux t,k>0 connrap ea C,>0 xoncmanma masdcyoxu
o, <CN"" wapmuu KAHOAmMIAHMUPYEYU UXMUEPUL O, KemMa-Kemuukiap
VUYH Kytuoacu MyHocabam YpuHiu

sup P(coqn (z,aqn) <t)-d(t) <Cq,",

teR

by époa C>0 ¢pakam 17 2a 6oziux con sa D) cmaoapm Hopman

macoouguii MUKOOpHUH2 MaKCUMom QYHKYUsCU.

Vuurun GOOHMHT yuuHunm naparpadpuma  ze{T'(x,),i=0,-1,-2,.}
HyKTajap y9yH IMapTiId TAKCUMOTIAPHUHT SKUHJIAIUIIN YPraHUITaH.

®apa3 kuwnaimk T € C*(S'\{x }), £ >0 cunum Hykracu X, Gyiras aiinana
(%)
T, (%)
Genrunaiivus. Bupop | €N wmarypan conmnn ¢ukcupna6 2z =T '(X,) HyKTaHu

romeoMopu3Mu OYJICMH. X, HHUHI CHHUII KaTTaJUTUHH C = Ounan

OonuiaHfuy HyKTa cudaTuga oJaluK. YHr Ba dYan 4Yu3UKIW 2I(PUKTUB

H_IOBKI/IHJ'IapHI/I MOC paBHmna Kyﬁnﬂamqa 66J’IFPIJ'I&I>1MI/I3
n-1 n-1 n-1 n-1

L)=&+ 2 &1 1) Ba L=&+> & [T(x).

k=1 j=k k=1 j=k
VYHr Ba yan JIsanyHoB pyHKUIMSUTApUHY XaM Kylugaruda OenruaiaiMus:
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[LEN
LN

AL (xn) =1+ 5T TP,

[EkN
=~

S x
[LEN
L

J
AT =1+ STTITI)

k=1 j=k

j
Xap 6up n>0Hnarypain conu yuyH @, (X,0) Ba @, (X,0) Taconuduii MUKI0pJIapHU
KHPUTaAMU3.

X —X X —X
. (X,0) = n__n . (X,0) = n__n

' o, ,var(L;(x)) T o, /var(L;(x)) |
Kyinparn xoaucanapHu Xam aHUKJIAWIAK
H ={&§ <0} u{& =0, <0}u...u{g=0,...,5,=0& <0lu
U{&=0,...,5=0,¢, <0},

H'={&>0}U{& =08, >0} u...u{g=0,...,5,=0,& >0l U
U{& =0,...,5=0,&,>0}.

Kypum oconkn Q=H; UH,.

9-teopema. Papas xunatnux T € C**(S'\{x.}), € >0, cunuw nyxmacu X,
oypuw conu p=[1,1,1,....) 6ynean ea T'(X)=Const >0, Xxe[X,,X, +1] wapmmnu
KAHOAMAAHMUpY6eyu atiina comeomopgusmu oyacun. (&) macoouguii muxoopaap
Kemma-kemaueu 60o2nuxcu3 ea P> 2uexknu momenmea s2a oxau6  (2), (3)
wapmiaapHu KAHOAMAAHMUPCUH. ze{T'(x,),i=0,-1,-2,..} HYKMaHu

Quxcupraiimuz. Ilynoan o >0 con masdxcyoku limo,n"* =0, wapmuu

Kanoamaanwmupyeuu uxmuépui o, kemma-kemaukiap yuyh P(e, (2,0, )<t/ H[),
P(a);n(z,aqn) <t/H,), P(a)q+n (z,aqn) <t/H) ea P(a)q+n (Z,an) <t/H,) wapmnu
maxcumomuap napamempaapu moc pasuwoa (0,1/c), (0,1), (0,1) ea (0,c) 6yrean
Hopman maxcumomea unmunaou.

YyuHur OOOHMHT TYpPTUHYHM maparpaduia CHDKUAII MUKIOpIapH OOFIUK
(koppenanmanadrad) OynaraH  xojaTda, Tacoaupuil  CHDKUNUIM — ailiaHa

roMeoMOp(pU3MIIApH YUYH MapKa3uil TUMUT TeopeMa UCOOTIIaHTaH.
@apa3 kunaitmuk (&) cranMoHap Tacogu(pUi MHKIOpJiap KeTMa-KeTJIUTH

O0ynu0 Kylnaard mapTiapHU KaHOATJIaHTUPCUH:

|EXY - EXEY|
Al. p(n)= sup <
Xel, (M), Yel, (M) \fvarx varY

Cn™, 0>1, 6y epra MP-

& &y &, T1ap XOCUII KWITaH O — alredpa;

(0-1)° 4+26.
0 0

A2. EE =0,E|& '<oo, By eprna 2<5<5,(0) = (99_1+\/
A3. ES2=E(& +...+&,) > unEE?, 11> 0.
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10-reopema. @apasz xuratiiux T € C*(SY) ainana 2omeomopusmu éa {&}
Al-A3 wapmaapru KanoamiaHmupyeuu CmMayuoHap macoouui MuKoopiap
xemma-kemaueu Oyncun. Azap 6upop Xe€S' myxkma ea {n} mamypan comnap
Kemma-Kemaueu yuyyH Kyuuoazu
im AZ(X’nk) :0
ke var(Lnk (x))

wapm ypuHau o6yiaca, y xo10a Kytuoacu
Us

sup(T"(X)|:| Emax & [P | (A(x,n))?
lim == — G, =0
o var(L, (X)) ‘

wapmuu Kahoamaanmupaouean uxmuépuii {o, } Kemma-Kemiaux yuyH @y (X,O'nk)

macoouguii Muxooprap Kemma-kKemaueu maxkcumom oyuuva cmanoapm Hopman
macoouguii MuKkoopea UHMuIAoU.
XVJOCA

JuccepTraiysi MITMHUHT MaKCal CUHUII TUTIMIATH aiijlaHa aKCIIaHTUPHUIILIApU
JUHAMUKACHUHM  DXTUMOJUIAD HA3apusCM HYKTaW Ha3apuJaH YpraHuiira
OarumuiadTrad. XycycaH ailaHa aKCIaHTHPHUIUIAPUHUHT WHBAPHAHT DXTHUMOJUTHK
VIYOBIAPUHUHT y9aM XapaKTepUCTUKAIAPWHU XucoOJam Ba Tacomuduid
CWDKHIIUIM ailaHa JWHAMHKaJIapu YYyH MapKa3uid JUMUT Teopemaliap
ucOOTIAIIINP.

TagKMKOTHUHT aCOCUM HaTWKallapu Kyhduaaruiaapaad noopar:

1. UkkuTa CHUHMIN HYyKTajlapura sra aillana romMeoMop(u3miapu CHUHTYISP
WHBapUaHT SXTUMOJUIUK YITYOBIAPUHUHT Xaycaopd yauamiapu XUCOOJaHTaH.

2. Alinana romeomophu3mMu TpaHchep onepaTopIapuHUHT 001l XOC KuiMaTiapu
Ba 1y aiinaHa romeomopdusMuHuHT JIamyHOB GyHKIMsUIApU opacujia
TEHTCU3TUKJIIAp UCOOTIIAHTaH.

3. Aiinana romeomopdusmu Tpancdep onepaTopIapUHUHT OOII XOC KHUMAaTIapH
GYKIMACUHUHT MOHOTOHJIMK X0CCACH UCOOTIIaHTaH.

4. butta cuHuUIITa Jra aigaHa romMeoMopdu3MAA aIAHAHUHT UXTUEPHIA
HYKTaCHHUHT OOFIMKCU3 TacoAuduil CHDKHILIA TPACKTOPHUSACH YUYH
MapKa3uil JUMHUT TeopeMa HCOOTIaHTaH.

5. Cumxuin MuKaopiaapu OOFIHK (KoppenamnuanaHrad) Tacoau(uil CUIDKUIILIN
aiiana romeoMop(U3MIIaApY YIyH MapKa3uil IMMUAT TeOpeMa UCOOTIIaHTaH.

18



SCIENTIFIC COUNCIL AWARDING OF THE SCIENTIFIC DEGREES
DSc.02/30.12.2019.FM.86.01 INSTITUTE OF MATHEMATICS NAMED
AFTER V.I. ROMANOVSKIY

INSTITUTE OF MATHEMATICS

ALIYEV ABDURAKHMON FARKHOD UGLI

LIMIT THEOREMS FOR RANDOM VARIABLES ASSOCIATED
BY CIRCLE MAPS WITH SINGULARITIES

01.01.05-Probability theory and mathematical statistics

ABSTRACT OF DISSERTATION OF THE DOCTOR OF PHILOSOPHY (PhD)
ON PHYSICAL AND MATHEMATICAL SCIENCES

Tashkent-2022



The theme of dissertation of doctor of philosophy (PhD) on physical and mathematical sciences
was registered at the Supreme Attestation Commission at the Cabinet of Ministers of the Republic
of Uzbekistan under number B2022.3.PhD/FM743.

Thesis has been prepared at Institute of Mathematics named after V.I.Romanovskiy.

The abstract of the thesis is posted in three languages (Uzbek, English, Russian (summary)) on the
website http://kengash.mathinst.uz and in the website of “ZiyoNet” Information and educational portal
http://www.ziyonet.uz/.

Scientific supervisor: Dzhalilov Akhtam Abdurakhmonovich
Doctor of physical and mathematical sciences, Professor

Official opponents: Sharipov Olimjon Shukurovich
Doctor of physical and mathematical sciences, Professor
Safarov Utkir Avlayorovich
Candidate of physical and mathematical sciences

Leading organization: Tashkent State Transport University

Defense will take place “ 6  December 2022 at 16:00 at the meeting of Scientific Council number
DSc.02/30.12.2019.FM.86.01 at Institute of Mathematics named after V.I. Romanovskiy. (Address:
University str. 9, Almazar area, Tashkent city, 100174, Uzbekistan, Ph.: (99871) 207-91-40, e-mail:
uzbmath@umail.uz, Website: www.mathinst.uz)

Thesis is possible to review in Information-resource center at Institute of Mathematics named after
V.L.Romanovskiy (is registered No 149). (Address: University str. 9, Almazar area, Tashkent city, 100174,
Uzbekistan, Ph.: (99871)-207-91-40).

Abstract of the thesis sent out on “ 16 ” November 2022 year
(Mailing report Ne 2 on * 16 ” November 2022 year)

e
-2 : M A.Azamov

& '[_‘;)éputy Chairman of Scientific Council
g on award of scientific degrees,
D.F.-M.S., Academician

J.K.Adashev
Scientific secretary of Scientific Council

i on award of scientific degrees,

t D.F.-M.S., Senior researcher

W
¢

Ya.M.Khusanbayev

Deputy Chail‘man of Scientific seminar under
Scientific Council on award of scientific degrees
D.F.-M.S., docent



INTRODUCTION (abstract of PhD thesis)

Actuality and demand of the theme of the thesis. A lot of scientific and
applied researches in the world have been devoted to the problems of dynamical
systems, in particular to the circle dynamics. Actual researches of modern circle
dynamics are related to the study of circle maps with singularities, dimensional
characteristics of their invariant probability measures, and asymptotical behavior of
their stochastic perturbation. Circle homeomorphisms were first studied at the end
of the 19" century in connection with the problem of celestial mechanics. To date,
we can say with full confidence that many problems of nonlinear processes,
abnormal rhythms in heart disease, random noise in information theory and
problems of natural sciences are closely related to circle homeomorphisms.

In the world, scientific research is being carried out on the study of circle dif-
feomorphisms, piecewise-smooth circle maps and modeling of nonlinear processes,
which are one of the actual problems of the theory of dynamical systems. Since such
processes are chaotic and have a complex structure, particular attention is paid to
use methods of probability theory in solving these problems. At the same time, re-
cent researches show that finding the dimensional characteristics of dynamical sys-
tems and proving limit theorems for random perturbations are of particular im-
portance. In this way, problems such as studying the dimensional characteristics of
invariant probability measures of circle maps and estimation of circle dynamics with
small random errors require purposeful scientific research.

In our country, special attention is paid to the probability theory and
dynamical systems, which have fundamental and practical application not only in
mathematics. Investigations on the international level in such important areas as the
functional analysis, mathematical physics, probability theory and theory of
dynamical systems considered as the main task of fundamental research?. Circle
maps and dynamical systems are important not only for natural sciences, but also for
economics, information theory, biology, for the study of various heart diseases, for
blood tests, etc.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees and Resolutions of the President of the Republic of Uzbek-
istan of February 7, 2017, PF-4947, “On the strategy of action for the further devel-
opment of the Republic of Uzbekistan”, PQ-4387 dated July 9, 2019 “On state sup-
port for the further development of mathematics education and science, as well as
measures to radically improve the activities of the Institute of Mathematics named
after V.I. Romanovskiy of the Academy of Sciences of the Republic of Uzbekistan”,
PQ-4708 of May 7, 2020 “On measures to improve the quality of education and
research in the field of mathematics™ as well as in other regulations related to basic
sciences.

2 Decree of the Cabinet of Ministers of the Republic of Uzbekistan dated May 18, 2017 No. 292 “On measures to
organize the activities of newly created scientific research institutions of the Academy of Sciences of the Republic of
Uzbekistan”
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Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of the Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. Problems related to dimensional
characteristics of measures are important for many branches of mathematics, such
as measure theory, probability theory, and dynamical systems. Scientists are
showing great interest in studying the Hausdorff dimension among dimensional
characteristics. The problem of regularity of invariant probability measure for circle
homeomorphisms, i.e. the problem of absolute continuity or singularity, is important
in the theory dynamical systems. The problem of dimensional characteristics is
closely related to this regularity problem. The first results for analytic circle dif-
feomorphisms were obtained in fundamental works of V.I. Arnold. Further funda-
mental results on the smoothness of diffeomorphisms obtained by M. Herman, Y.
Moser, J. Yoccoz, K. Katznelson, D. Ornstein, Y. G. Sinai, K.M. Khanin et al. To
date, the problem of absolute continuity of invariant measure of circle diffeomor-
phisms has been well studied. The last most important results were proved in the
works of K. Katznelson and D. Ornstein, Y. Sinai and K. Kanin. It is proved that the
invariant measure of C** — circle diffeomorphism is absolutely continuous with
respect to the Lebesgue measure, if rotation number of it is a typical irrational num-
ber. It follows that the Hausdorff dimension of this invariant measure is equal to 1.
For arbitrary 3<[0,1] and any Liouville number p<(0,1), V.Sadovskaya con-

structed C™ —circle diffeomorphism with rotation number p and Hausdorff dimen-
sion of the invariant measure equal to . Piecewise-smooth circle homeomorphisms

with breaks are natural generalizations of circle diffeomorphisms. Piecewise-linear
circle homeomorphisms were studied in the works of M. Herman, I. Lious, I. Koelo
and A. Lopes. Invariant measures of piecewise-smooth homeomorphisms were stud-
ied in the works of A. Djalilov, K. Khanin, I. Liouss, D. Mayer, U. Safarov, A. Tep-
linsky and others. It was proved by K. Khanin and S. Koci¢ that the Hausdorff di-
mension of the invariant dimensions of C* —circle homeomorphisms with one
break for almost all irrational rotation numbers is equal to O.

Another important problem in this field is asymptotic behavior of stochastic
perturbations of one-dimensional dynamics. J. Crutchfield et al. and B. Shraiman et
al. considered in their works heuristically a renormalization group - respectively a
field theoretic path-integral approach for weak Gaussian noise perturbing one di-
mensional maps with period doubling at the onset of chaos. E.\VVul, Y.Sinai, and
K.Khanin studied the effect of noise on the ergodic properties of these maps and
showed that for systems with weak noise at the accumulation of period doubling
there is a stationary measure, depending on the magnitude of the noise, which con-
verges for vanishing noise to the invariant measure of the attractor. O.Espinosa and
R.Llave studied stochastic perturbations of several systems using the renormaliza-
tion group technique and proved a central limit theorem for critical circle maps with
golden mean rotation number and some mild conditions on the stochastic noise.
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It should be noted that, despite the many important results mentioned above,
there are still some open problems, such as asymptotical behavior of stochastic per-
turbation for circle maps with breaks and dimensional characteristics of invariant
probability measure for circle maps.

The connection of the theme of the thesis with the research plans of the
higher education institute, where the research on the thesis is carried out. The
theme of the dissertation was approved by the Scientific Council of the Institute of
Mathematics named after VV.I.Romanovskiy and was carried out in accordance with
the planned theme of the Department of Mathematics Institute “Probability theory
and mathematical statistics”.

The aim of the research work is to calculate the Hausdorff dimensions of
invariant probability measures of circle homeomorphisms with breaks and to prove
limit theorems for stochastic perturbations of circle maps.

Research problems:

to calculate Hausdorff dimension of invariant probability measure of circle
maps with two breaks;

to investigate the relation between Lyapunov functions and the leading
eigenvalue of the transfer operators associated by circle maps with a break;

to study asymptotic behavior of stochastic perturbations of circle maps.

The research object: circle homeomorphisms with breaks, invariant probabil-
ity measure, Hausdorff dimension, central limit theorems.

The research subject: probability theory, dynamical systems, the theory of
circle homeomorphisms.

Research methods. In the work used the methods of probability theory, er-
godic theory, dynamical systems and mathematical analysis.

Scientific novelty of the research work is as follows:

Hausdorff dimension of invariant probability measure of circle maps with two
breaks is calculated;

relations between Lyapunov functions and the leading eigenvalue of the
transfer operators associated by circle maps with a break are found,;

the central limit theorems for stochastic perturbations of circle maps with a
break point and independent noise are proved,;

the central limit theorems for stochastic perturbations of circle maps with
dependent noise are proved.

Practical results of the research:

the results obtained on the Hausdorff dimensions of the invariant probability
measures of circle maps with breaks help to understand the dimensional
characteristics of singular probability measures and are used in dynamical systems,
probability theory and their applications;

the central limit theorems for stochastic perturbations of circle maps are used
in estimating the errors of solving practical problems associated by circle dynamics
and in the theory of probabilities, dynamical systems and their applications;

The reliability of the results of the study. The results have been obtained by
using the methods of probability theory, mathematical analysis, dynamical systems
and stochastic processes. The obtained results are mathematically strongly proved.
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Scientific and practical significance of the research results. The scientific
significance of the research results is that the obtained results are used to find the
dimensional characteristics of the invariant measure of one-dimensional maps and
to study the limit theorems for circle dynamics with external noise.

The practical significance is that the results of the dissertation are used in the
modeling of circle dynamics, in the testing hypotheses for circle maps with random
noise, and in the calculation of numerical characteristics of invariant measures using
programming.

Implementation of the research results. The scientific results obtained during
the research of dissertation are implemented in the following research research pro-
jects:

the central limit theorem proved for circle homeomorphisms with dependent
random perturbations was used to estimate the asymptotic behavior of indices in the
fundamental project OT-F4-40 “Research of asymptotic properties of indexed inte-
gral empirical processes in the class of measurable functions” (Reference No. 04/11-
5971 of the National University of Uzbekistan dated September 30, 2022). The ap-
plication of the scientific result allowed to test hypotheses for depend indices of the
indexed integral empirical processes;

the results obtained for Hausdorff dimensions of the invariant probability
measures of the circle homeomorphism with two breaking points were used to
generate pluripolar sets associated with plurisubharmonic functions in the
fundamental project MRU-OT-9/2017 on the topic “Multidimensional complex
analysis” (Reference No. 11-6044 of the National University of Uzbekistan, October
4, 2022). The application of the scientific result allowed to calculate the capacity of
sets formed from multidimensional complex functions with special features.

Approbation of the research results. The main results of the research have
been discussed at 9 international and 4 national scientific conferences.

Publications of the research results. On the topic of the dissertation 19 re-
search papers have been published in the scientific journals, 6 of them are included
in the list of journals proposed by the Higher Attestation Commission of the Repub-
lic of Uzbekistan for defending the PhD thesis; in addition 1 of them were published
in international journals and 5 papers published in national mathematical journals.

The structure and volume of the thesis. The dissertation consists of an intro-
duction, three chapters, conclusion and bibliography. The general volume of the the-
sis is 91 pages.
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THE MAIN CONTENT OF THE THESIS

The introduction part of the thesis includes the actuality and the demand of the
research, the relevance of the research to the priority areas of science and technol-
ogy. We showed the degree of study of the problem, formulates goals and objectives,
identifies the object and subject of research, sets out scientific novelty and practical
the results of the research, the theoretical and practical significance of the results
obtained is disclosed, information is given on the implementation of the research
results, on the published works and on the structure of the dissertation.

The first chapter of the dissertation, titled “Circle dynamics and limit
theorems” contains preliminary and necessary information for circle
homeomorphisms, the thermodynamic formalism associated by them, the location
of break points of circle homeomorphisms, Hausdorff dimensions of invariant
measures of circle maps, central limit theorems, and Markov chains.

In the first paragraph of the first chapter, circle homeomorphisms and
dynamical partitions are introduced.

Let S'=R/Z~[0,1) be a unit circle. The counterclockwise direction of the
circle is called the positive direction.

Definition 1. If T is one-to-one, T and T are continuous on S*, T is called
circle homeomorphism.

Consider the function F:RR — R with the following properties:

» F strictly increasing continuous function on R;
* F(x+1)=F(x)+1 forall xeR.

Using the function F we may define orientation preserving circle
homeomorphism T via the following formula:

T(X) = F(x)mod1,Vvx e S".
The function F is called the lift function of the homeomorphism T.
Note that, if F, and F, define the same homeomorphism, then they differ for
some constant, i.e. F(x) =F,(x)+k forall xeR, for some integer k (see [18]).
Let the function F be the lift of homeomorphism T, then F", neZ is lift of
T", where T" defined by the recurrent relation T°(x) = x and T"(x) = T (T "*(x)).

Definition 2. Let T be a circle homeomorphism T : S — S*. The point x, € S*
is called the periodic point with period k, k >1, if
T'(%,)2T'(%),0<i< j<kand T“(x,)=x,.

In the case T (x,) = X, the point x, is called fixed point of the map T.

Now, we formulate the classical theorem of A. Poincare.
Theorem 1 (Poincare). Let T:S—S be an orientation preserving circle
homeomorphism and F be its lift function. Then for any x e R,

SLING.

lim

nN—oo
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The limit exists and the value of the limit doesn’t depend on the point X € R. The
number o, (F) is rational if and only if T has periodic trajectory.

The number p, (F) depend on F lift of the homeomorphism T. However, if

F.(xX) = F,(X)+k, keZ, thenitis easy to see that o, (F) = o, (F,) + k.
Definition 3. Let T be an orientation preserving circle homeomorphism and
F be its lift function. The number g, := o, (F)mod1 is called the rotation number

of the homeomorphism T.
Let T be an orientation preserving circle homeomorphism with irrational
rotation number p, . Then p, can be uniquely expanded as a continued fraction i.e.

o =1/ (k, +1/ (k, +...)) = [k k,,....k.,...). Denote by p./q, =[k,k,,....k,], n>1,
its n-th convergent. The numbers g, n>1 are called the first return times of T
and satisfy the recurrence relations q.,,=k.,,d,+0d,,n=1, where q,=1 and
g, = k,. If there exists a constant C > 0 for the number p =[k,k,,...,K ,...] such that
k, < C for an arbitrary number n natural, then the number p is called an irrational
number of bounded type, otherwise it is called an irrational number of unbounded

type.
Fix an arbitrary point z,€S" Its forward orbit

O (z,)={z,=T'(z,), 1=0,1, 2...} defines a sequence of natural partitions of the
circle. Indeed, denote by 1{”(z,) the closed interval in S* with endpoints z, and

Z, =T™(z,). If 17(z,)=T'(1{"(z,)), i =1, denote the iterates of the interval

18" (z,) under T, it is well known, that the set P (z,) of intervals with mutually
disjoint interiors, defined as
P(z0) ={1{" (), 0<i<q, 3 {1 (), 0<j<q.}

determines a partition of the circle for any n. The partition P (z,) is called the n-
th dynamical partition of S* determined by the point z, and the map T .

Denote by 1™ (z) the element of the partition P (x,) which includes the point
ze S

In the second paragraph of this chapter, a symbolic space is constructed asso-
ciated by circle homeomorphisms with one break point, and a thermodynamic
formalism is constructed in this space. Initially, one-dimensional dynamical system
problems were introduced into thermodynamic formalism problems by E. Vul, Y.
Sinay and K. Khanin. Later, A. Dzhalilov and others constructed a thermodynamic
formalism for circle maps and studied its properties.

Let X, be the set of strictly increasing pairs of functions
(f(x),xe[-1,0],0(x),x<[0,cx] for some «>0) satisfying the following
conditions:

e f(0)=0a,90)=-1

o f(=D)=9(w);
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o f(9(0)=1(-1<0;
f“(9(0)) >0;

. F(x)eC™([-10]), g(x) eC**([0,a]) bapua € > 0;

o f(0)=9.(0).

These conditions allow us to construct a circle homeomorphism G, on
[-1,) fromapair (f,g) e X,, with break point x, =0 (and possibly with a second
break point x, = -1 if f/(-1)= g’ («)) as follows

f(x) if xe[-1,0),
Tf,g (X) = .
g(x) if xe[0,).

Using the map |:[-1,a]—S" with I(x):xii we get a circle
a+

homeomorphism 1-G; o I™* on S'=Rmod1, which we also denote for simplicity
by G, ,. We define the rotation number p(G; ;) of G, , by the rotation number of
this circle homeomorphism. Denote by X, (@) the subset of (f,g)e X,, with

—_ G' 0 '
p(G; )= wng—l . Recall the jump ration ¢ = f’g( ) = fj(O) :
’ 2 Gf,g (O+) g+(o)
It is clear that in the case ¢ =1 the homeomorphism G, , is a smooth map as

long as 0 is its only break point. We assume that c=1. Now, we define a
renormalization operator R, : X, (@) — X, (@) in the following way:

Ry (F (2, 9(x)) = (F(x), xe[-1,0]; §(x), x €[0,&]),

where
f(x) = —af (g(-ax)), §(X) = —a*f (~ax), o’ = —a*f (=1).

K.Khanin and E.Vul proved that R, : X, (@) = X,,(®) has a unique periodic
orbit {f.(x,c),q:(x,c),i =1,2} with the period two. By using the pairs of functions
(f,9,), i=1,2, we define circle homeomorphisms G, :[-1,a]—>[-1,«], i=1,2.
We rename the homeomorphism of the circle S* corresponding to G, by G,, and

denote by B(G,,) the set of all circle homeomorphisms which are C*** conjugate to
G, - In 2020, A.Dzhalilov and J.Karimov constructed a symbolic space using the
circle homeomorphisms belonging to the set B(G,,)and proved the existence of a
potential function in this space.

In the third paragraph of the first chapter, the basic concepts and fundamental
theorems about central limit theorems and Markov chains are presented.

The fourth paragraph of the first chapter presents preliminary results on finding
the Hausdorff dimension of measures and point dimension of invariant measures of
circle homeomorphisms.

Let x be a probability measure on a metric space X. For any set E < X, we
define the d- dimensional ~ Hausdorff  content  of E as
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HY(E):=inf {Zrid Ec| B(x.K).K < r}. The d—dimensional Hausdorff
i=1 i=1

measure of E is given by H®(E):=supH?(E). First we define the Hausdorf

r>0
dimension of the set E as dimuE :=inf{d : H? (E) = 0}. Next define the Hausdorff
dimension of the measure u: dimyu = inf{dimuyE : 4(E) =1}.
In the fifth paragraph of the this chapter, for the circle homeomorphism T with
two break points on disticnt orbits, the locations of break points of T* are studied

and it is given a theorem about T % (x) ' for arbitrary point x.

The second chapter of the dissertation, titled “Dimensional characteristics of
invariant measure of circle maps” is devoted to calculate Hausdorff dimension of
invariant measure of piecewise smooth circle homeomorphism with two break
points.

In the first paragraph of the second chapter, we investigate orbits of non
singular points on nth dynamical partition of a break point.

Definition 4. Let [a,b] be an interval in S* and ce[a,b]. The barycentric
coefficient of ¢ in [a,b] is the ratio |[a,c]|/|[a,b]|, where | | | denotes the length of
the interval 1.

We will say that the barycentric coefficients of c_ in the intervals [a,,b,] are

universally bounded in the interval (0,1) if there exist constants C, and C, such

a.,c . : :
that C, SHSCZ. The intervals [a,b]and [a,c] are comparable if and only if
Cn’ n
the barycentric coefficient of ¢ in [a,b] is universally bounded in (0,1).
Theorem 2. Let T be a circle homeomorphism with bounded type irrational
rotation number p. Suppose X, := x, € S* is the unique break point of T . Choose a
point z, € S* whose orbit Q;(z,) is disjoint from the one of x,. There exists a

subsequence of integers {n_} such that the barycentric coefficient of the points
z, =Tz, in I("m)(zk), 0<k< Oy 1 Is universally bounded in (0,1).

In the second paragraph of the second chapter, it is calculated that Hausdorff
dimension of invariant measures of PL circle homeomorphisms with two breaks.

Theorem 3. Let T be a piecewise linear circle homeomorphism with irrational
rotation number p, €S and two break points b, and b, on different orbits which

1 ([b,b,]) €G,. Then the Hausdorff dimension of invariant probability measure
L= u equals to zero i.e. dimyu =0.

Where S and G, are sets of irrational numbers with Lebesgue measure 1, and
G, depends only on p.

The purpose of third paragraph of this chapter is to construct an example such
that there exist a circle homeomorphism whose Hausdorff dimension is 1 and
invariant measure is singular. M. Herman proved that if piecewise linear circle
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homeomorphism with irrational rotation number has two break points with disjoint
trajectories, then its unique invariant probability measure is singular. So it is enough
to construct such piecewise linear circle homeomorphism with two break points on
different orbits which its Hausdorff dimension of invariant measure equals to 1.
Theorem 4. Let T be a piecewise linear (PL) circle homeomorphism with
unbounded type irrational rotation number p and two break points b, and b, on

different orbits which 4 ([lb,,b,]) G,. Then Hausdorff dimension of its invariant

measure is 1, i.e. dimpu =1.

The third chapter of the dissertation, titled “Random perturbations of circle
maps” is devoted to prove central limit theorems for circle dynamical system with
random nose. Also, it is investegated the properties of the leading eigenvalues
thermodynamic formalism for circle maps.

In the first paragraph of the third chapter, the connection between the Lyapunov
functions of circle homeomorphisms and the eigenvalues of the transfer operator is
investegated.

Let T e C**(S"\{x,}), € >0, be a circle homeomorphism with break point x,,

T'(x) >Const >0, x € S, =[x,, X, +1). We define Lyapunov functions A (z,,n) and
f\(zo,n) for an arbitrary z, e S'\{T'(x,),i =0,-1,-2,...} and each s>0, n>1, as

follows
n-1 n-1

0’ 0!

k=1 j=k <n=ly=1"j=k

Assume that rotation number of T is p, =[k, k2, Y m,1 1,...] for some m=>1.
In this case we have g, =q,+d,,, h=m, since k., =1 for n>m. Consider the
n-th dynamical partition P,(%)={1{"(x,), 0< j<q,.; 1/"(x,), 0<i<q,}
generated by the break point x, with the map T. Denote by 1™ (x,;z,) the interval
of the partition P,(x,) containing the point z,.

Theorem 5. Forany g>0 and z, € S'\{T'(x,),i =0,-1,-2,...,—q, +1}, there
exists n, :=n, () >m, such that for every n> n, the following inequalities hold

G104 20) P Ay S AH(2,0,) SC TV (5 2) I A7,

where 1 5 is the eigenvalue of the D_, transfer operator and c,,C, are constants
that depend only on var(InT").

Theorem 6. For any n>1 and z, e S*\{T'(x,),i =0,-1,-2,...,—q, +1}, the
following inequality holds

A(z,,9,,,) <Const - A",

where A, is the eigenvalue of the D_, transfer operator and Const are constants
that depend only on var(InT").

Theorem 7. For arbitrary real numbers g and 6 with 1< < 3 the following
inequality holds
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2, < 2,
where 4, is the leading eigenvalue of the transfer operator D,.

In the second paragraph of the third chapter, it is proved that central limit
theorem for random perturbations of circle maps with a break point in case initial
point is not belong to orbit of the break point.

Let (Q, F,P) be a probability space and T : S* — S* a homeomorphism of the
circle S* — S*. Let the stochastic sequence X, be defined as

X =T(Xn) +G§n+1’ X = Xe s'
where (&) is a sequence of independent random variables with p>2 finite
moments satisfying the following conditions:
ES, =0; (1)
const <(E| & [)* <(E|&, |P)P <Const. (2)
In the following we set
X, =T"(x,),n>1,
where T" denotes the n-th iteration of T. The linearized effective noise is

defined as
n-1 n-1

Ln (X) = gn + kaHT,(Xj))( = Sl'

k=1  j=k

Let o, (x,0) be the stochastic process defined by
X, — X,

oyJvar(L, (x))

Theorem 8. Let T e C***(S*\{x,}), ¢ >0 be a circle homeomorphism with
break point x,, T'(x)>Const >0, xe[x,,%, +1] and irrational rotation number
o =k, ks, Kk, ,1,1,...], m>1. Consider a sequence of independent random
variables (£) with p>2 finite moments satisfying the conditions (1) and (2) for
some zeS*\{T'(x,), i=0,-1,—2,..}. Then
o there exists a constant y >1 depending on T, for all sequences o, satisfying

the condition:

o, (X,0) =

Iimo-nny = O,

n—o0

the process @y (z,aqn) converges in distribution to the standard Gaussian
random variable.

e furthermore, there are constants 7 >0 and x>0 dependingon p and T, and
aconstant C, >0, for all sequences o, satisfying the condition o, <C,n™", then

sup P(a)qn (z,o-qn) <t)-d(t)|<Cq,",

teR
where q, is the first return time of T, the constant C >0 depends only on z

and ®(t) is the distribution function of the standard Gaussian on R .
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In the third paragraph of the third chapter, the approximation of conditional
distributions for z e{‘l"(xb), i =0,-1,—2,..} points is investigated.

Let T eC'(S'/{x,}) be a circle homeomorphism with one break point x, .
T2(%)
/(%)

for some | e N. Left and right Iinearized effective noises are defined as
L, (x) =4, +Z§kHT (x;) and Li(x)=¢, +Z§kHT (x;),
k=1 = k=1 =

respectively.
We introduce the left and right Lyapunov functions A (x,n):

n-1 n-1

=1+ > [TIT (),
k=1 j=k
n-1 n-1

AL (xn) =1+ D TTIT/(x) [

k=1 j=k
For each n>0 we define the random variables w. (x,o) and o, (x,0):

_ X —X X —X
o, (X,0) = n__n o, (X,0) = n__n

o var(L, (%)) | o var(L;(x)) |
Next we define following events
T ={&<0}u{£ =0, <0}u...U{£=0,...,5,=0,¢ <0} U
U{&=0,...,4=0,4,<0},
H"={&>0}U{£=0,&,>0}u...u{&=0,...,5,=0,& >0}u
U{& =0,...,5=0,4,,20}.
One canseethat Q=H, UH, .

Theorem 9. Let T eC**(S*"\{x.}), £ >0 be a circle homeomorphism with
golden mean rotation number p=[1,11,..) and one break point x,,
T'(X)>Const >0, xe[x,,X%, +1] and {& } be a sequence of independent random
variables with p>2 finite moments and satisfies the conditions (2) and (3). Then
there exists a constant « >0 depending on T, for all sequences o, satisfying the
condition |imo,n™* =0, the conditional distributions P(coq‘n (z,oqn) <t/H/),

P(w, (2.0, )<t/H), P(a);n(z,aqn) <t/H/) and P(a);n(z,aqn) <t/H,)
converge to Normal distributions with parameters (0,1/¢),(0,1),(0,1) and (0,c),
respectively as n — oo,
In the fourth paragraph of the third chapter, the central limit theorem for circle
homeomorphisms with dependent random perturbation is proved.
Let (€2, F,P) be a probability space. Let (£ ) be a sequence of stationary
random variables satisfying the following conditions:

Rewrite jump ratio of T at x, as ¢ = . Letus take x =T~'(x,) as initial point,
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|EXY - EXEY|
Al. p(n)= sup
Xely (M), Yel, (M) \fvarx varY

the o —algebra generated by the random variables &,,&,.,,....&,.

<Cn™, 6>1, where M" denotes

_ Y
A2. EE =0,E|& < oo, where 2<s<5,(0) = ‘991+\/(9 01) +4+02(9;

A3. ES2=E(& +...+&,) > unEE?, 11> 0.

Theorem 10. Let T eC?(S') be a circle map and (&£,) be a sequence of
stationary random variables satisfying A1-A3 conditions. Suppose that there exists
an increasing sequence of positive integers n,, such that

A,(xny)
im =
= var (L, (x)
For all sequence {o, } satisfying the following
sup [T () (Emax |&; 1) (A(x )’ o,

condition lim 2<8 = =0,
ke var(L, (x))

the stochastic process Dy (x,ank) converges in distribution to the standard Normal

random variable.
CONCLUSION

This thesis is devoted to study dynamics of circle homeomorphisms with breaks
from the point of view of probability theory. In particular, it was investigated
calculation of dimensional characteristics of invariant probability measures of circle
maps with breaks and the proof of central limit theorem for circle maps with external
noises.

Main results of the thesis are followings:

1. calculated Hausdorff dimension of invariant probability measure of circle
maps with two breaks;

2. found relations between Lyapunov functions and the leading eigenvalue of
the transfer operators associated by circle maps with a break;

3. proved the monotonicity property of the the function under leading eigenvalue
of transfer operators of circle homeomorphism;

4. proved the central limit theorems for stochastic perturbations of circle maps
with a break point and independent noise;

5. the central limit theorems for stochastic perturbations of circle maps with

dependent noise.
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BBEJIEHUE (anHoTamusi Auccepranuu Jokropa ¢pusocodun (PhD))

Heanlo uccaenoBanms sBIsSeTCS BblUKclieHne XaycaopdoBa pazmepHocTen
WHBAPUAHTHBIX BEPOSITHOCTHBIX MEP TOMEOMOP(PU3MOB OKPY>KHOCTHU C TOUKAMU U3-
JoMa U J0Ka3aTeIbCTBO MPEJCIbHBIX TEOPEM JIJIsi CTOXACTUYECKUX BO3MYILIEHUN
OTOOPAKEHUM OKPY>KHOCTH.

O0beKT uccaenoBaHus: TOMeOMOP(PU3MbI OKPYKHOCTH C TOYKAMH HU3JI0Ma,
WHBApUAHTHAs BEPOSATHOCTHAsT Mepa, XaycaopdoBa pa3MepHOCTb, IpelelbHbIC
TEOPEMBL.

Hay4yHasi HOBU3HA HCCJIEIOBAHMS COCTOUT B CIEAYIOIIEM:

Brruncnena Xaycnop@oa pa3sMepHOCTh MHBAPHAHTHON BEPOSITHOCTHOU MEPHI
roMeoMop(hU3MOB OKPYKHOCTH C JIByMSI TOUKaMHU U3JI0Ma;

JlokazaHa cBsI3b MEXKIy QyHKIUSAMU JIATyHOBA U CTapIIUM COOCTBEHHBIM 3Ha-
YeHHEM TpaHC(ep-omnepaTopoB aCCOMUPOBAHHBIX OTOOPAKEHUSAMH OKPYKHOCTHU C
U3JIOMaMU;

JIoKa3aHO LIEHTpalbHBIE MPEAEIbHBIE TEOPEMBI ISl CTOXaCTUYECKUX BO3MY-
IIEHUH 0TOOpaKEHUI OKPY>KHOCTH € TOUKOM M3JI0Ma M HE3aBUCUMBIM IIIyMOM;

JIoKa3aHO LIEHTpabHBIE MPEACIbHBIE TEOPEMBI ISl CTOXaCTUYECKUX BO3MY-
HIEHUH 0TOOpaKEHUI OKPYKHOCTH € 3aBUCHUMBIM IIIYMOM.

Bueapenune pesyiabTaToB HcciaenoBanus. HaydHble pe3ynbTaThl, OJIy4EH-
HBIE B X0JI€ UCCIIEI0BAHUS JUCCEPTALMH, UCIIOJIB30BAHBI B CIEAYIOIINX HAYYHO-HC-
CJIEI0BAaTEIbCKUX MTPOEKTAX;

LEHTpaJbHAasl TpeAelibHasg TeopeMa, JOKa3aHHas i TOMeOMOp(pHU3MOB
OKPYXHOCTH C 3aBUCUMBIMH CIIy4allHBIMA BO3MYUIEHUSIMHU, MCIOJb30BAIACH IS
OLICHKM aCUMIITOTHYECKOTO MOBEACHUS MHAEKCOB B (PYHIaMEHTAIBHOM IPOEKTE
OT-®4-40 “UccnenoBanne aCUMITOTHYECKUX CBOWCTB, MHIACKCUPOBAHHBIX MHTE-
rpaIbHBIX SMIIMPUUECKUX MPOLIECCOB B KJIacCe M3MEPUMBIX (PyHKIMA™ (cripaBka No
04/11-5971 HamumonanbHOro yHHBepcHuTeTa Y30ekuctaHa ot 30 ceHTsiOops 2022
roga). [lpuMenenue HayuyHOTo pe3yibTaTa MO3BOJIMIIO IPOBEPUTH TUIIOTE3bI O 3aBU-
CUMBIX II0KA3aTENsIX, WHJIEKCUPOBAHHBIX MHTETPAIbHBIX ASMIIMPUYECKUX MpOLEC-
COB;

HOJTyYeHHbIE pe3ysbTaThl s XaycAop(POBbIX pa3MEpPHOCTEH NHBAPUAHTHBIX
BEPOATHOCTHBIX MEp roMeoMop@u3Ma OKPYKHOCTH C JBYMsI TOUKaMHU H3JI0Ma,
ObUIM HCIIOJIb30BAHBI JUJISl T€HEpAlMU TUIFOPUIIOJISIPHBIX MHOYKECTB, CBSI3aHHBIX C
IUTIOPUCYOrapMOHUYECKUMHU (DYHKIMSAMU B pyHIAaMeHTaIbHOM npoekte MPY-OT-
9/2017 no teme “MHOTOMEpHBI KOMIUICKCHBIA aHanmu3” (cmpaBka Ne 11-6044
HanuonanbHelii yHuBepcuteT Y30ekucrtana, 4 oktsOps 2022 r.). Mcnonb3oBanue
Hay4HOI'O Pe3yJIbTaTa MO3BOJUIO HAUTH MOIIHOCTH MHOXECTB, 0Opa30BaHHBIX U3
MHOTOMEPHBIX CIOKHBIX (PYHKIMI C 0COOBIMU CBOMCTBAMH.

Crpykrypa u 00beM auccepranum. luccepranys COCTOUT U3 BBEACHMUS, TPEX
IJ1aB, 3aKJIFOUEHUS] M CIMCKA MCIOJb30BaHHOW JuTepaTypbl. O0beM nuccepTainuu
coctapisier 91 cTpaHuil.
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