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KHUPUII (panacada noxkropu (PhD) qucceprauusicu aHHOTAUMSACH)

JuccepTanus MaB3yCHHUHT 10/13ap0Juru Ba 3apypartu. JKaxoH Mukécuaa
o6 OopmiaéTraH Kymiad WIMHA-aMalluid TaAKAKOTIAp aKcapusT XoJuiapaa
anreOpavik Macajajgapra, >KyMmJIaJlaH —oleparopyap aiareOpaiapyu Ha3apHsIch
Macanajapura Kentupuinaau. AunreOpauk Macaiajgap KBaHT MeEXaHHUKAacHJa
JJIEMEHTAp 3appajapHH, KAaTTUK Ba KpHUCTAUIap XOCCAJapUHU YpraHMIIja,
UKTUCOIUETAQ MOJCIUTAIITUPUII MyaMMOJIADUHU TaxJIWJ KWIUIIIA, OMOJIOTHsIA
axoJau COHU OujaH OOFJIMK MyaMMOJIApHM VpraHuiiga KeHI TaJ0WuK KHIMHAIU.
MabiyMku, KBaapaT MaTpulaiap oOJaTHUil KYMaWTUpUIN amaiura HucOaraH
accollMaTuB  aireOpajiapHu  Tamkuil  Kwiaad. KeilmHuanuk — maTpumaiap
anreOpanapuaa SHIM aMaJJIapHU aHUKJIAIl OpKaju OUp-Oupu OuiaH y3BUN OOFIIMK
6ynran antepHatuB, JIu Ba Mopnan anre6panapu Hasapusiapd SIpaTHIAM Ba
PHBOXKIAHTUPWIAN. Y3 HaBbaTHma Oy anrebpaqap MaTeMaTHKAHHHT TypIHd
coxajJlapy OujaH XaMm y3BuM Oornmukaup. Jleionun anreOpanapu Jlu
anreOpajapyuHUHT yMymJlaliMacu xucobnanuO, Jlu anreOpanapu HazapUsICUHUHT
KynruHa HaTwxkanapu JlelOuuil anreOpanapura xam TatOuK sTunanu. JlelOHui
anreOpajapy Ha3apUACUHU YpraHuill OuiaH OOFIMK TaJKUKOTIAPHUHT YCTYBOP
nynanunuiapuaadn oupu Jlu anreGpanapu Hazapusicuia YpuHiId OYJraH xocca Ba
HaTwxanapuu Jleitouul anredpanapy y4yH TEKIIUPULIIAH HOOpATIUD.

Xo3upru KyHJa >kaxoHjaa auddepeHuaianuiap Hazapuscu Owiadn Oup
KaTtopaa, omepartop aireOpaiapuja Jokal Ba 2-mokai auddepeHiuamansiap
Hazapusacu XaM MyxuM xucoOnanamu. CYHITH Wurupma Wun gaBomuga (oH
Heiiman anre6panapu, C*-anreOpanapu Ba JB*-yunukiapaa ymokan Ba 2-jokai
mudepeHnmanIanIiap Ha3apusICUHU Ypranumn Oyiinda camapaiu HaTKajlapra
spummmnan. Jlokan muddepennuannanmapau ypraaum 1990 iinnmga P.B.Kagucon
Ba JI.PJlapcon, xamma A.P.Cypypnap TtomoHugan Oonutanran. Jlokan
muddepeHunamIaniapHi yprauira Oyiral KU3UKUIL TYpJId XWil ajreOpanap
yuyH XOXWWIA KOIOMOJOTHSACUHUA YpraHull OpKajdd XaM Maiao Oyniras.
P.B.KanucoH nokan akcClIaHTUPHUILIAp Y3WUra XOC XycycusiTiaapra sra Oyirax
nuddepeHnnanIanuiapay Kypumiaa goiganu OYIuImmM MyMKUHIUTHHA KYpcaTo,
yJlIapHU YpraHuin ycysuiapuHu sipatrad. Kymnanan, ¢pon Heiiman anreOpacuHUHT
kyimma banax M -Oumoaynu yuyH Xap Oup jokan guddepeHuuamiam oaaun
MabHOMA  auddepeHnuamiam — JKaHIUTMHE —~ ucOboTiaraH. by  HartwkaHu
b.E.Jl:xxoncon C *-anrebpanaru auddepeHmauianiapad  YpraHuiira TaaouK
kb, C*-anreOpaHuHr UXTHEPUN Y3IyKCH3 JIOKal auddepeHuamansiapu
onmuit  MabHOMA auddepeHMaiam dKkaHmurd ucoornarad. IllyHuHrmex,
b.E.J[>xoHcoH TOMOHMIaH C *-anrebpanaru UXTUEPUN JIOKaJI
muddepennmamianmap y3nykeu3 0ymummu ncootrnanrad. 1997 mnna [1.1Hempn 2-
Jokan aBromopdusm Ba 2-jokan auddepeHnuamian TyuryHdaJapuHil KUPUTIN Ba
y B(H) - gekcus ymuamnum cemapaben H ['munbepT da3zocuaa Gapua yerapajgaHTaH

YU3MKJIM  omeparopiap anrebpacuma xap Oup 2-mokan  aBTomMopduzm(mMoc
paBumiga, 2-nokan  guddepeHnmamiam)  aBTOMOpPU3M(MOC  PaBUIIA,
muddepennmamiam) OyaumuHu ucbotiaaau. Tavkupmam sxousku, [L.Iempn
I0Kopuaaru reopeman H ¢azo dyexniu ymuamiiy Oyaranaa XaM YpuHIM Oy TUIIMHA



tabkuanarad. Kevmauanuk ¢on Heitman anreOpamapu  ydyH  2-JOKal
muddepenumannanuiapan  111.A.AronoB, K.K.Kynaii6epreno, @®.H.Ap3ukyinos,
C.0.Kum, XK.CKum, O.b.HypxkanoB Ba A.K.AmayaguHoBiiap VpraHUIITaH.
Hoaccoumaros anrebpanap sxymnaznas, JleiOuuil anredpanapy ydyH JoKai Ba 2-
jJokan  guddepeHIMATIANLIAPDH  YPraHWIl — XO3UPTrd  KyHHUHT  J1013ap0
MyaMMoJiapJaH OUpH XUCOOIaHaH.

Mamnakatumuzga GyHaamenTan GaHIapHUHT WIMHA Ba amManuii TaaOUKura
sra OynraH aMmanuii MaTemaTuka, HH(GOPMaTUKa, paKaMiIu UKTUCOAUET (aHIapura
bpTHOOp Kyuadtupunau. JKyminagaH, HoaccouaTHB anreOpajiap Ba yJIapHHHT
orepaTopiapura aoup (QyHIaMEHTAl TaIKUKOTIAPHUHT PHUBOXJIAHUIIUTA XaMm
anoxuga 9IbpTHOOp Kapatwiad. by QyHmamenTtan TaakuKoTiIap Aoupacuia
JleitOnuny anreOpaJapuHUHT JIOKad Ba 2-Mokanl audQepeHnuamianiapuHa
ypranum Oopacuia CaJMOKJIM HaTWXkanapra HSpullwiad. «AnreOpa Ba
byHKIMOHAT aHaW3» (DAaHIApUHUHT YCTUBOP WYyHanumnuiapu Oyinya Xaikapo
CTaHAapTIap Japa)xacuaa WIMHANA TaIKUKOTIap oiub Oopuill acocuil Basudanap Ba
daonuaT HyHATHILIAPH STHO OeirHIaHTaH’ Kapop MKPOCHHU TabMHHJIAIIIA XaM
oreparopiap anredpanapu auddepeHmamiansiap Ha3apusiCUHU PUBOKIAHTUPHUII
MyXHUM aXaMUATTa Jra.

V36exucron PecryGmukacu Ipesunenturunr 2017 #iun 7 despangarn I1d-
4947 «Y36exucTon PecryOnHKacuny sHAIA PUBOKIAHTHPHIN OYiiiua Xapakatiap
crpaterusicu Tyrpucuaantu ®dapmonn, 2017 wmn 17 depangarn [1K-2789
«®Dannap akameMusicu (paonMATH, UIAMHUN TAAKUKOT HIJIAPUHU TAIIKWI JTHII,
OOImKapuIll Ba MOJMSJIAIITHPUIIIHA SHAJAA TAaKOMWUIAIITHPHUII YOpa TaaOupiapu
tyrpucuaarru, 2018 ¥wun 27 anpenpmarm 11K-3682 «MHHOBanmmoH rosap,
TEXHOJOTHSIap Ba JIOMMXaTapHU aMaluéTra XOpUi KWINII TH3UMHUHH sHaJa
TaKOMWUIAIITHUPUII ~ 4Yopa-Taabupiapu  Tyrpucuaanru  Ba 2019  iun
9 wuronmarn IIK-4387 «Maremarnka TabpJIuMU Ba  (aHIapuHU  sSHaAjJA
PUBOKIIAHTUPUIIIHU ~ J1aBJiaT TOMOHMJAH  KyJIaO-KyBBaTjiall, UIyHUHTJEK,
V36exucron PecryGmukacu ®anmap Axamemuscuuar B.A. PomaHoBckwmii
HOMHUJard Marematuka WHCTUTYTH (AOMUATHHU TyOJlaH TaKOMUJLIAIITUPHII
qyopa-Taa0upiapy TYFPUCHIA»TH Kapopiapu Xamja MasKyp (aosdarra TerHIILTi
OoIlIKa HOPMATHB-XYKYKHH XyxoKaTiapaa Oenrwianrad BasudamapHu amaira
OLIMPUIIIA YIIOY AUCCEePTAIUs TAAKUKOTA MyailsiH Japakajaa Xu3MaT KAJIaau.

TanKuKOTHUHT pecny0iauKa (aH Ba TEXHOJOTHSJIAPH PUBOKIAHUIIU
YCTYBOP HyHaMILIapura O0OFJuKIMru. Maskyp TaaKukoT pecnyOivka (aH Ba
TEXHOJOTHSJIAp  pUBOXJIAHUIIMHUHT [V «Marematuka, MeXaHHKAa  Ba
nH(pOpMaTHKa» YCTYBOP UYHAIHUIIM JOMpacHia Oakapuira.

MyaMMOHMHI YpPraHWJIraHjJuk aapaxkacu. CyHITM HWapaa KIACcCHK
TU3UMJIAQPHUHT aCCOIMATHUB OyJMaraH aHajorjapd MaTeMaTuka Ba (PU3MKaHWHT
Ky1T1ab coxanmapuaa KyuranuinO kenmokaa. Jlu Ba JleiOuu anreOpanapu kabu
0ab3u HOACCOIMATUB ajireOpaiap y4yH JIOKaj orepaTopiap, XycycaH JIOKal Ba 2-

V3bekucton Pecnyonmukacn Basupiap Maxkamacuauar 2017 vmn 18 maiimarn “Y36exucton PecmyOmumkacu
®dannap akaJeMHUCUHUHT SHTUIAH TANIKWI STHITaH WIMHNA-TaIKAKOT Myaccacanapu (aoJMSTHHH TAIIKWI STHUII
TyFpucuaa’ru 292-coH Kapopu



Jokan nuddepeHuamiansiap TyuyH4aaapu XaM KeHr ypranuia oonuiaan. Yoy
TyllyHYaJlapra ajoKaJop acocuii mMyammomap Xap Oup Jsokan (Exku 2-JoKan)
apToMopdu3M Ba auddepeHImamiam oAU  MabHOIA aBTOMOpPGU3M Ba
mubdepennmaniam OYinaaurad mapTiapHU TOMUII, IIYHUHI/EK, aBTOMOp(u3M
oynMaran (Moc paBuiiaa guddepeHuanian) Jokal Ba 2-I0Kajl aBToMopdu3mra
ara anreOpanap cuHGIApUHU aHUKIAIIIAH uOopaTAup. TabKuIaml KOU3KH,
HOACCOITMATUB ajredpanap y4yH JOKajd akclaHTupuiuiapuu Yypranum, 2014
punmarn  Kamadoprus — mratmaa  6ymm6  yrram AKII-V36ekucton
koH(pepennusacunarn npodeccop III.A.AromoB Ba mpodeccop E.3eamanornap
(Kamudopuust  yamBepcuretn, Can-Jluero) ypracumarm cyxOaTmgaH CYHT
OOLTaHTaH.

XapakTepucTUKacH HOJITa TEHT anreOpauk ENuK MaiJaoH YCTHIA YeKId
Vmuammm Jlu  anreOpanapuna Jjokan Ba 2-mokain aud@epeHnuanianuiap Ba
aBToMop(du3Mra ouJi PTUMH3JA OUp KATOp WIMHUHN W3NaHULUIAp 0MubO OOopuiuo,
nactiabku Hatwkanap IIIL.A.Aronos, K.K.KynaiiGeprenos, W.C.Paxumosnapra
TErUIUIAIUD. YIap TOMOHUAAH sipuM cojda Jlu anreOpacuparu xap Oup 2-mokai
nuddepennuanam oaauid MabHoAa aud@epeHIamiam dKaHIUT Ba YIIdaMH
UKKUJaH Karrta uxTuépuil HwimoteHT Jlu anrebpacuna mauddepennnaniani
Oynmaran  2-nokan  guddepeHnMaIAl  MaBXKYUIMTMHA  UCOOTJIAHTaH.
Keitnnuanuk II.A.AronoB Ba K.K.Kynpaitbeprenopmap sipum coxna Jlu
anreOpanapuaaru xap Oup jokan guddepeHuMaIa XaM OJJUM MabHOJA
nuddepeHnuananm KaHIMruH ucooTnaauiap Ba nuddepeHnuanmiai oyimarad
jokan auddepeHmamiamy MaBxKya OVIraH 4Yekiau yadaMiad HUIbNoTeHT JIu
anrebpamapura mucomnap kenrupaunap. Comma Jlu anrebpamap ydyH 2-jokai
asroMopduzmiap 3.Uen Ba JI. Banrnap TomoHugaH ypranuia OonuiaHuO, ynap
tomonuaan A,D, éxu E,,(k=6,7,8) amrebpamap yuyH xap KaHmail 2-1okan
aBToMop(du3M aBTomMophu3M dKaHIuru ucootinanrad. Kennnvanuk, [I1.A.Aromnos
Ba K.K.KynaiiGeprenonap ToMoHuJaH ymi0y HaTWkKa yMyMIAIITAPUIHO,
XapakTepUCTUKAcu HOJ Oyiran anredbpavik €nuK MaljoH ycTyaa Oepuiras
UXTUEPUN YeKIH Ymdamiu sipuM coida JIum anreOpacHHUHT Xap KaHAai 2-JIoKai
aBTOMOphU3MU aBTOMOP(PU3M HKAHJIUTUHU HCcOOTIaHau. byHman Tamkapu,
UXTUEPUN YeKSIU Yauamiii HWIbNOTeHT JIu anredpacuaa aBromopdusm OyiMaran
2-moKan  aBTOMOpPU3M  MaBXymruHu  kypcaruiamu. IIILA.AromoB  Ba
K.K Kynaiitbeprenosnap ©Oaw3u dYekiu yadamiaum copda Jlu Ba  JlelOHuI
anreOparapuHUHT JIOKaJ aBTOMOP(GU3MIIApUHU YpraHraHiap.

HoaccommartuB anreGpaiapaa jokan Ba 2-iokan auddepeHnuanianuiap Ba
apToMopdu3MIapHu Ypranuim Oyiimdya >kaXxoH MUKECHAA XaM Oup Karop
u3nanunuiap onud OGopunmoraa. XKymmanan, T.bekep, K.Ockobap, C.Canac Ba
P.TypaubaeBnap yu yaaamiu cogia JIu anreOpacuHUHT JToKasl aBToMopdusmiapu
TYyIUTaM#u aBToMopdu3mIap Ba aHTU-aBTOMOp(du3MIap rpymmacu OWiaH ycMma-ycT
TYIIUIIAHA Kypcatuirad Oyinca, kevnnuanuk, M.Kocrantuau uxtuépuii comna
JIn anrebpacujary YM3MKJIM AKCIAHTUPHUII JIOKald aBTOMOP(PU3M OYIUIIN Y4yH
YHUHT aBToMopdu3M EKM aHTU-aBTOMOp(dU3M OYnuinu 3apyp Ba eTapiu
OKAHJIUTUHU ucOoTinaau. Jlu cynepanreOpanapuaard Jokan Ba 2-JOKal
aBTOMOp(U3MIap Ba audhepeHiraIanapra 1oup Harmkanapan X. Yen, 1. Banr
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Ba JK.Haunapuunr unmapuna kypum mymkut. [I.A.Aronos, K.K.Kynaitbeprenos
Ba b.A.OmupoBnap coana JleliOuun anreOpanapujia Jokaldl Ba 2-JOKal
nuddepennpanam Ba apTomopdusmiiapau ypranuo6, JIu anrebpanapuaaru kadbu
HaTWXKanapHu wucOommanunap. Kaija STl KOW3KH, HWIBIOTEHT, €YWUIIyBYaH
JletiOuun anreOpanapu Ba yekcus yadamiau Jlu anrebpanapu ydyH JIOKal Ba 2-
Jokan auddepeHuaianuiap MyaMMOCH [Ty MaiTraya o4uK MyaMmMo XucoOaaHap
DM,

JMuccepTanus TAAKUKOTHHUHT JAUcCCepTALMS 0a’KapUJITaH OJUIH TabJIUM
MYaccacaCHHUHT WIMHH-TAKUKOT UILJIAPH pekajapu OWIaH O00FJIMKIUTH.

JlvccepTarus TagKuKoTH Mup3o YiayrOek HoMmuaru ¥Y30eKucToH Mummii
yauBepcuteTHHUHT OT-D4-31 “HoxommyTaTuB Moaysuiap, JIeiOuui anrebpanapu
Ba CHMIUICKCAAa noiauHOMHan  kackammap”  (2017-2020  #wmiap) Ba
B.N.PomanoBckuit Homugarn Matematuka nHCTUTYTHHHHT Y 0OT-Ftex-2018-79,
JleiiOnun anreOpamapuHuHr TacBupiapu” (2018-2019 iimmiap) MaB3ycuaaru
WIMHUHN TaAKUKOTIIap JOMKUXacu Joupacua OakapuiraH.

TaakukoTHUHT Makcaau JlelOHuIl anreOpaJapyHUHT JIOKal Ba 2-JIOKal
nudepeHnnamIaniapuHy Yprauiiiad noopar.

TaagkKuKOTHUHT Baszudasapu:

YEeKJIU YIuaMiIn HUWINOTEeHT JleOHul anreOpatapuHUHT JIOKal Ba 2-JOKal
nudepeHnuanIaniapuHu Yprasuiii;

YEeKJIM yiuaMiii eduiyBuaH JlelOHuI anreOpaidapUHHUHT JIOKad Ba 2-JOKal
nuddepeHnnanIanuIiapuHl TaCBUpIIAI,

yekcn3 ymuamun Jlu  anreOpanapaa  2-nokan  aud@epeHunamianiapHu
aHUKJIaII.

TagkukoTHUHT 00bekTH JleiOHUIl anreOpajapuHUHT JIOKAJT Ba 2-JOKal
mupdepeHumamianmapy, 4Yekcus ymuamiau Jlu  anreOpanmapuHUHr  2-J0Kan
nudepeHnnamiamniap.

TaaKuKOTHUHT npeaMeTH HWINMOTCHT JIeHOHUIT anreOpanapu, e4nIyBYaH
JlentOuuiy anredpanapu, ymymiamradn Butt anreOpanapu, Bupacopo anrebpacu,
muddepennuanian, gokan quddepennnamian, 2-mokan ruddepeHianian.

TaakukoTHUHT  ycyaapu: Jluccepramusga acconuatuB — OyiamaraH
anreOpanap Ha3zapusCH yCyJ/UIapu, HWHBApUAHTIAp HAa3apwsiCl  yCyJulapu
KYJUTAaHWJITaH.

TaaKMKOTHUHT WIMMI SSTHIWJINTH KyHuaaruiapaad noopar:

Hos-punudopm Jlebuury anrebpacuga xap oup 2-mokan auddepeHiuaianil
onauii MabHOIA MU depeHnnaian KaHIurd ucOOTIaHTaH,

p -buwmdopm Jlehbuun anredpacuna auddepeHnuaniam Oyiamarai JoKal

Ba 2-nokan auddepeHimaiain MaBKy I KYpCcaTUiraH,

eurntyB4aH JleOHuil anrebpamapuHuHr JoKan auddepeHumamianuiapu
ypranunaran Ba Huipaaukanu AOen anreOpacuman mbopar OYiaubd, TYIaupyBUd
dba3oHUHT YayamMu MakcuMman OynraH eunnyBuad JlenOHuI anreOpanapuma Xap
KaHaal jokan nuddepennuanian quddepeHnnanian 3KaHIurd KYpcaTuiras;

HUJIpaAuKaId Mojen aiarebpacu OYiamO, Makcuman TYJIaupyBuu (azora sra
eunnyBuaH JlelOHuiy anreOpamapupa Xap KaHAaild Jokal Ba  2-JOKal
nuddepenuuannam auddepeHimamian 3KaHIurd KypcaTuiraH;



ymymiamrad Butt anre6panapu Ba Bupacopo anreOpanapuna xap kanaan 2-
nokan guddepenimamiam auddepeHnraian 3KaHIurd ucOOTIaHTaH.

TagkKuKOTHUHT aMaauii HaTHKaJapu. JleliOuul anreGpanapuaa Jokan, 2-
gokan auddepHnuaianap Ba auddepeHnHaianriap ypracuga - y3apo
OOFIMKJINK YPHATUIIN.

TaagkukoT HATHKAJAPUMHUHI WIMOHWIMJnrn. Hartwxamap anreOpa,
muddepeHnMaIanUIap Ha3apusACH Ba MaTeMaTUK  (DUKPIAIHUHT  KAThbUU
ycyiutapuian ¢oinananrad Xoiaa oauarad. ONMMHATaH HaTWKaJapHUHT HCOOTIapu
MaTEeMaTHK KUXATIAaH TYFpPH.

TagKUKOT HATWKAJIAPMHUHI WIMHHA Ba aMajuMil axamMusiTH. TaaKuKOT
HATWKATAPUHUHT  WIMHA ~ axaMUATH  IIyHJAaKW, JIOKadl  Ba  2-JIOKAl
mudpepennmamianuiap (azocuHUHT O0ab3u JleOHul anredpaiapuHUHT Triao0a
mudepHunamianuap gazocu OuiIaH MOCIUTMHU aHUKJIALI.

TagKMKOTHUHT aMalliidi axaMHSITH HUIMOTeHT JlelOHuil anreOpanapuia
mubdepennuaniam Oyamaran Jiokan Ba  2-mokan  auddepeHnumamansiap
MaBXYJIMTUHU KypcaTtuijgan ubopar. Jluccepranusna OJIMHraH HaTWXKajlaplaH
Jleitouuny anrebpanapunu auddepeHnnamIanmap Hazapusicuaa (HongamaHuI
MYMKHH.

TaagkuKOT HATHKAJAPUHMHI sKOpUi KujauHuimm. OJMHTaH HaTHXanap
KyHH1ard WiMuan JJonuxanapuaa GoiaraHuiras:

Burr anreOpacuHuHr uXTUEpHM 2-mokan auddepeHnuamiamm - aud-
dbepenrmannam 6ynumm Xakumard Hatmwka OT-4-27 «MopnaH y4mukimapu om
Kymma dazonapu, curumiap (azonapu tapcudaapu Ba GyHKUHUUIAPHU TOJIOMOPGh
JAaBOM ATTUPHID» JoMuxacuaa KymnaHwiran (Onuii Ba ypTa Maxcyc TabliuM
Basupiauruauar 2020 ¥wmn 30 wmronmarm  89-03-2339-coH  MabiyMOTHOMACH).
Nnmuit  Hatwkanuur — kywtadwmmu AW *-anreOpanapuHunr — 2-JIoKau
aBToMOp(HU3MIapu aHUKIalll IMKOHUHH O€praH;

€4IITYyBYaH JleitOouwmI anreOpanapuHUHT JIOKaJ Ba 2-10Kan
muddepennmamianuiap TacHudapu Oyiinua onuHraH HaTwkanap OT-04-82 +
OT-®4-87 «Omepatopinap Ba  HOACCOIMATHUB  alreOpajapHUHT  JIOKaJ
muddepennanianiapy Ba aBTOMOpPU3MIAPH, YM3UKIW OYIMaraH JUHAMUK
cucremana (azoBuil yTuin Ba TapTuOcu3mukiap» + «EBkiua Ba rceBaa-EBkimmn
dazonapaaru r106as1 ATpU YU3UKJIAP Ba CUPTIAPHUHT WHBAPUAHTIIAPU Ha3apUsICH
Ba YHUHTI MEXaHMKaJa KYJUIAHWIMIIWY JIOWMXacuaa KYJIaHUIUO (5736eI<HCT0H
Pecniyonmukacu dannap Axkagemusicuauar 2020 vinn 3 uronnaru 2/1255-1389-con
MabJiyMoTHOMacH). Hatmxkanap sipum cozana JIleiOHMI anreOpaiapiHUHT JOKal Ba
2-11oKaJl aBToMop(pu3MIIapuHu TaBcU(IIaira UMKOH OepraH.

TaaKukoT HATHKAJTAPUHUHT anpodanuscu. Maskyp TaIKUKOT
HaTWXKanapu 3 Ta Xallkapo Ba S Ta pecnyOinka WIMUKA-aMaluil aHXKyMaHIapua
MYyXOKaMaJlaH YTKa3WJIraH.

TaakuKOT HATHXKAJAPUHUHT JIBJOH KWIMHranauru. J[lucceprarus
MaB3ycH Gyiuua sxamu 23 Ta WIMHMI HID 9O 3THITAH, IIyJapiaH, Y36eKHCTOH
PeciyOnukacu  Onmit - ATrtectamusi KOMHUCCHSICMHUHT  Qancada JAOKTOPH
JTUCCEPTANMSUIApA aCOCHM WJIMHMA HATWO)KAJIIADUHU YOT OTHUIN TaBCHUS ATWITAH



WIMHUI Hampiapaa 9 ta Makona, )KymutaznaH, 4 Tacu XOPYIKUAN, S TacH pecmyOnnka
KypHayiapua Ba 14 Ta Te3uc HaIIp ITHUITaH.

JluccepTaMsIHUHT TY3WINIIN Ba Xa:XMH. JlrccepTamnusi KUPHIIT KUCM, ydTa
000, xynoca Ba doHganaHuiIraH anaduérnap pyWxaTuIaH TalIKWJI TOITaH.
JlucceTanussHUHT YMYyMHA Xa)KMH 82 OSTHH TaIIKUII STTaH.

JIACCEPTALIMSIHUHT ACOCUN MASMYHHA

Kupnm kucmzaa auccepranuss MaB3yCHHUHI JI0JI3apOJIMTH Ba 3apypaTH
acocjaHraH, TaJKAKOTHUHT  pecnyOnumka  ¢aH  Ba  TEXHOJOTHsUIAPH
PUBOXJIAHUIIVMHHAHT YCTYBOP MYHAJIMIUIAPUIa MOCIMIHM KypCATWITaH, MaB3y
Oylinya XOpPWXKHUI WIMHI-TaIKUKOTIAp MIAPXH, MYaMMOHHUHI YPraHWJITaHJIUK
Japa)kacll KeNTHUPUJITaH, TaIKUKOT Makcaau, Basudaiapu, OObEKTH Ba MpPEAMETU
TaBCU(JIAHTaH, TAAKUKOTHUHI WJIMUN SHIWJINTH Ba aMajuil HaTwxkanapu OaéH
KWIMHTaH, OJIMHTaH HAaTWKaJapHUHI Ha3apuil Ba aMaluid axamusiTh O4H0
Oepwirad, TaIKUKOT HATWKAIAPUHUHT KOPUN KWJIMHUIIN, HALIP 3TWITaH WIUIAp
Ba JMccepTalysl TY3WIHILIN OYHnYa MabIyMOTIIap KEJITUPUIITaH.

Hucceprauussauar “HuianorenTt JleitOHuI ajaredpajapuHUHT JIOKAJI Ba 2-
Jokaa audpdepeHumanganuiapu” ae06 HoMIaHyBuUM OupuHuM  OoOuma
JUccepTalys MIIMHUA Ma3sMyHUHHM EPUTHIN Ba MAaB3YHHU TAJKUK ITHUII YUyH 3apyp
Oynaran Myxum TyuiyHuanap kentupuirad. llyHuHraek, nucceprauus MaB3ycu
JoUpacuiard TaJAKUKOTJIap OOIUIAaHTYHIra Kajap Iy coxajaa TagKWuK OJTUJITaH
UIITIap Ba OJIMHTaH HaTWXKayap mapxu 0aradcuil KenTupubd yTUIraH.

Tavpugh 1. F maiiioH ycTuaa aHUKIaHTad L aireOpaHuHT UXTUEpUi X, Y, Z

AJIEMEHTIIapHU yuyH Kyiuaaru Jleiouui aitHusTi Oaxkapuiica,

[y, zII =[x yI.z1-[[x. 2], y],
L anrebpa JleitOuun anreOpacu nedwnamu, Oy epma [--] — L anrebpana
AHUKJIAHTaH KYMAUTUPUILL aMaJlu.

Tabkuam >Kou3ku, ymoy Tabpudaa KeaTupwirad ainredpa YHr Jleronuil
anrebpacu OYynuO, yHra cuMmMmeTpuk Oynran yan JleiOuuil anrebpacu Kyhdujgaru
alfHUSTH OpKAJIA aHUKJIaHA U

[[x, vyl zZI=[x[y. zZI1-[y.[x z]]

Yan Ba VYur JleitOuuiy anrebpaisapu CHUMMETPUK Xoccajapra odra
OyAraHiIMKIapu y4yH yjaapJaH OMTTacMHU Kapaml etapiau. busz ymOy umga YHT
JleitOaMI anrebpacuHu KapaiMus.

Cyurru ¥urupma Oem  ¥Wwin  gaBoMmuaa  dekid  yadamuid  JIeHOHUIL
anreOpaJapuHUHT TacHU(pU Ba CTPYKTYpaBUil HazapusicUra OaruIIaHTaH Oup
KaH4Ya WIMHK unuiap 4domn Stuigu. by ummapaa JIu anreGpamapuparu kymiad
HaTwKanap Ba reopemainap Jleronur anredpanapu yuyH KEHIaUTHPUIIIN.

Wxtuépuit L JleliOuui anreOpacu ydyH KyHugarn KyWH Mapkasuii Ba
XOCHUJIaBUM KETMA-KETJIMKIIAPHUA KapaniMus:

=L, LY=L k=1,
LU=, cBH=[cB P, s>1.
Tavpugh 2. JleniOuun anreOpacu yuyH myHpad peN (QeN) con Mapxyn

6ymi6, L° =0(moc pasumma, £=0) 6ynca y xomma £ HUIIOTEHT(MOC
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paBuIa, edriryBuaH) JleiOuui anredpacu aeiimnanu. AHa mIyHaal XycycHsTra
ora Oynran muHHMan P (Moc paBuinaa, () coHu L anreOpaHWHT HUIMOTEHTIHK

(Moc paBuIIAa, CUNITYBYAHIINK) HHICKCH JICHIIIA/IH.

Wxtuépuit L JleitOHun anreOpacCHHUHT MakCUMall €diTyBYaH(HIJITIOTEHT)
WJIeaTi YHUHT paJuKaiu(HUIPAAUKAIHN) JCHHIIa N,

Tavpugp 3. L wwmotent JlelOHu anreOpacu Oepuiran OYicuH,
L=L1L71<i<n-1Ba gr(L)=LOL ®@...® L, , Genrmnab onamus. Y xonjga
[£,L]1c 4., 696, gr(L) rpanywpnanran anreOpa 6ymanu. Arap gr(L) sa L
uzomopd Oynca, y xonma L anrebpa TabWii ycynga TpaayupiiaHraH anredpa
neuniIaau.

Tavpugh 4. L JleiOuun anrebpacuga D:L — L 4YW3UKIN aKCIaHTUPHIIT
Kyhnaaru JlelOHuIl KongacuHu KaHOATJIaHTUpCa!

D([x, yD) =[D(x), y1+[x,D(y)] Vvx,yeLl
y XoJia yily akciantupuiira gaddepeHnuanian aeiuiaim.

L Jleitouun anredpacumaru 6apya mquddepernmammianviap Tymiamu Der (L)
kaOu Oesrviaa”amgu.

L Jletibuun anredpacuHuHT HXTHEPUN a€ L snemeHtn yuyH R, :L— L,

+]

R,(X) =[x,a] yHrmam kymaiitupuin omepaTopuHM aHuKIaiiMus. Mabaymxu R,

oneparop nuddepennuamam O6yau6, OyHmait auddepeHMaIaluIapHd HUKH
nuddepennpanian aed aranaiy.

Tavpugh 5. A 9UM3UKIM akCIaHTHpUII OYnuO anreOpaHuHT uxuépuit X e L
snemeHTH yuyH myHgad D, :L— L (X ra Oormuk xomma) nuddepenipamiam
o A(X) = D,(X) Tenrnauk Oaskapuica, y Xoiaga A aKCIAHTHPHIITA JIOKa
nuddepennmanianm aeiuaagm.

L narm 6apua ysokan nuddepennuananiap tymiamMmuan LocDer (L) Ounan
oenruanMms.

Tavpugh 6. V:L— L (u3uKIA OYJIMINN IIapT dMac) aKCIAHTUPHII OYIHO
anreOpaHuHr uxu€puii X,y € L onemeHtiapu ydyH wyHnaii D, e Der(£)

muddepenuramian Tonumo

V(x)=D,,(x), V(y)=D,,(y)
TEHIJIMKIIap Oakapwiica, y Xoijaa V akcilantupuinra 2-jgokain guddepeHuyanian
JeunIaau.

L nmaru Oapua 2-mokan auddepeHnnamianuiap tymiamuan TLocDer(£)
Owian OenruIanmMus.

PaBmanku, JleiiOnum anrebpacmma xap Oup muddepenmuaman(Moc
paBumiga, aBToMopdusM) Jokan auddepeHnHaIIAN(MOC pPaBUIIAA, JIOKAT
apromopdusm) Ba 2-mokan auddepeHnuaian(Moc  paBuiga,  2-JoKal
aBTomMopdu3m) O6yanu.

DOHIM OM3 MyXMM HHBapHaHTIapAaH Oupu OYIraH XapakTEpUCTHK KeTMma-
KeTJIMK TYIIYHYaCHHW Kuputamu3. busra N — dexnmm VyimuaMiau HUIMOTEHT
Jleitonun anredbpacu Oepuiiran O0yicud. by anreOpagara uxtuépuii R, 4usukiu

akciIaHTUpUIIHUHT JKopaaH Marpunacu OJOKIApUHHUHT YIUaMJIapuHU KaMaiuil
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TapTuOuaa &3mnumuaad  xocun Oynran C(X) KeTMa-KeTIIMKHH —aHHKJIa0,
C(N) ={C(x)| x e N} tymnamna nekcuxorpaduk TapTud KUPpUTAMU3.
Tavpug 7. Kyhingaru keTMa-KeTIUK

( max C(X)J

XeN\N2

Oepwirad HWINOTEHT JIeHOHMII anreOpacMHMHT XapaKTePUCTUK KeTMa-KETJIUTH
JNEUNIIAJIN.

Tavpugh 8. Xapakrepuctuk kerma-keraura C(L)=(n-p,1,1,...,1) 6ynran

p

JleitOamI anrebpacu P — bunudopm JlerbHuUI anredpacu aeruIamm.

p=0 OYymran xomma, L anreOpanu HoA-Pmwmpopm anredpa p=1
oynranna dunudopm anredpacu Aed aTanaau.

bu3z OupuHun 00OHUHT UKKKUHYU Maparpaduna Hou-punrdopm Ba puaudopm
JleitOuui  anreOpanmapHUHT JIOKad Ba 2-Mokan  auddepeHuaianuiapuii
ypranamusz. Mabiaymku, uXTUEPUN N-Yymuamiau  Hod-Quiudopm JleiOHun
anredpacuna myHnait {e,e,,...,e } 6asuc mapxynku, Oy Oa3ucaa anreOpaHUHT
KyIaTMacHu KyWuJaru KypuHHUILIa Oyaaau:

NF, :[e.,e]=e, 1<i<n-1,

Oy epla KaTHaIIMarad KymaiTMasiap HOJra TEHT.

NF, anreOpanudHr auddepeHIUaVIAIUIAPUHUHT  YMYMUNA  KYPUHUIIH

Kyluaaruya Oymaau:

n
D(e) =i + > a; .., 1<i<n. (1)
j=i+l

Ky#tunaru teopemana 6uz Hon-punudopm JleitOuuir anreOpacuHUHT JIOKAI
nudepeHnuaniammmian TacHuQIIaiMus.

Teopema 1. Hon-pumudopm Jleitbnun anreOpacugaru A YU3UKIH
aKCIAHTUPUIL JoKal auddepeHnuamiam OYIUIIA Yy4YyH YHUHT KYpUHHUIIU
KyHuaaruda Oynviny 3apyp Ba €Tapiiu:

A(e) =Zn:7j’iej, 1<i<n. (2)

(1) Ba (2) MyHOcabaTapaH dim(Der(NF.))=n Ba

n(n+1)

dim(LocDer(NF,)) = OKAHJIUTH KeMnO dukanau. by TeHrnmukimapmaan HOJ-

bumudopm JleitOuunr anrebpacuHuHr Jokan auddepeHmamianuiap ¢Gazocu
muddepeHunamianmap (gazocugaH aH4ya KaTTa JKaHJIUTU KenuOd YUKaau, SbHU
NF, na muddepenunamnam 6yamaran jokan guddepeHnmamianiap MaBxy/.

Kyiiunarn teopemana non-dummudopm JleiOnuir anreOpacMHUHT 2-JOKal
nudepeHnuamianiapy Xakuaara HaTUKaH! KeITHPAMHU3.

Teopema 2. Hon-¢unudopm JlelOHul anreOpacHHUHT UXTUEPUN 2-TTOKaJ
muddepennmanianmm quddepernuannanm oyianu.
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Ouaun O6u3 Ttabuumit  ycynma rpagyupinanran  ¢uiaudopm  Jleitbnun
anreOpacugard 2-mokain auddepeHIuauialiHe - KYpuO YnKaMu3. MabiyMKu
UXTUEPUN N-YIUyamiIM KOMIUIEKC TaOMuM ycynaa rpaayupianraH Jlu Oynmaran
bumudopm  Jlebuury anrebpacu Kyhumard y3apo u3omMopd  Oynmarad
anreOpanapaad oupura usomopd:

1. — —_
Fn '[el’el] =&, [ei J el] =&
2. — —
Foilenel=e, [e.e]=e

2<i<n-1;
3<i<n-1.
Teopema 3. F! Ba F? anreGpanapaa auddepennumamanm Oyamaran 2-10Kain

nuddepennpanianiap MaBxy/i.
bupuHun  600HMHr yumHYM naparpaduga  p-puaudopm  JlenOHUIL

i+1?

anreOpalapuHUHT JIOKal Ba 2-1okan auddepeHIuaianiapuid  YpraHuiraH.
WUxTtuépunii JIn O6ynmaran, €dunmaiaurad Ba TaOUMWA ycyijaa rpajyupiiaHrad p -

bumudopm  JlelOuun anreOpacu Kydugarn y3apo uszoMopd Oyiamaran
anrebpanapaan Oupura u3omMopd SKaHIuru MabiiyMm (N— p>4):

arap p=2k,y xonna
. {[ewel]:em, 1<i<n-2k -1

Mo llen 1=,  1<j<k,
[ [e,e]=e,,  1<i<n-2k-1,
. [e, fl=e,+ fiu
#2:1 le, fl=e.,  2<i<n-2k-1,
e, f,]1=f,., 2< j<k,

arap p=2k+1, y xonna

e e]=¢,

[e.,e]l=¢.,, 1<i<n-2k-1,
[e,, fj]sz+j, 1< <Kk,
[ez,fj]zf 1< <Kk,

Oy epna {el,ez,...,enfp, f,, f,,...,f } anreOpaHuHr 6a3ucu Ba MIUTHPOK ITMAaraH

Hy -

k+j

KynauTmasap HOJIra TEHT.
Msox 1. w, p, Ba py anredpanapHuHr auddepeHnuamianuapyi GasoCHHUHT

yayamMu

dimDer () = n+2k* +K,
dimDer(u,) = n+ 2k? +1,

dimDer () =n+2k* + 2k +1,
oy epma ke N Ba n>2k +4.
Kyiiugarun teopemana g, anreOpaHuHr jokan auddepeHunanianiapuHuHT

TaCHU(UHU KEITUPaAMU3.
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Teopema 4. p, anreOpamaru A YU3MKIW  aKCIAQHTHUPUII  JIOKAJ
mubdepennamiam OYVIMIIA YYyH YHUHT MaTpUTIACH KyHUJaru KYpUHHINIA

OynuIyM 3apyp Ba €Tapiu:
A, A
Z& — (: 11 LZ:j’
ZXZJ ZX2,2
n—2kn-2k

Ay = Z Z?ﬁ,jei,j’ Ay, = Z Via€ia t Z Vis128i,20

j=1 i=j i=n—-2k+1 i=n—k+1
n—k

A, = Z Vn-2k,i€n_2k.i1

i=n-2k+1

(A% o
=7 a8 a8

n—k n—k n—k n

1 = @ —
Az,z - 7i.i€. A2,2 - Z 7i.i€
j=n-2k+1j=n-2k+1 j=n—-2k+1j=n—-k+1
n n
3) —
Azz = Z Z 7ii8i,;-

j=n—-k+1lj=n-k+1
Hzox 2. w,, u, Ba u, anreOpajmapHUHT Jokan AuddepeHnnaianuiapuHIHT

Oy epaa

(ba30CHHUHT yITyamMu

2 2
dim LocDer () = n° +10k —4kn+n+6k’

2
2 2
dim LocDer (,) = n° +10k 4I;n+n+2k+4’

n® +10k? —4kn—n+12k + 4

dim LocDer(z,) = 5

oy epaa ke N Ba n>2k +4.

1- Ba 2-mu3oxJyap WIyHU KYpcaTaiuKH, p,, MU, Ba i, anreOpaJlapHUHT JOKAaJ
muddepenumannanuiap  ($azocaapuHUHT  Yadamiapu  auddepeHuunanianiap
dazocnapuHUHT Yiauamiapuaad katrapokaup. LyHWHT yuyH, Ou3 Kyiumaru
HaTWKara sra 6yaaMus.

Hamuorca 1. 1y, pt, Ba p, anredpanapHuHr auddepeHnuamiam oyiManurad

Jokan nuddepeHnuamianiapu MaBxKy;I.

bynman  rtamkapu ~— ymly — Teopemajna p-bunudopm  JlelOHUL
anreOpajapuHuHr  2-jokan  aud@epeHImamuianuiapy  Xakujgarda — HaTHKa
KEeNTUPUJIITaH.

Teopema 5. u,, u, Ba u, anredOpanapHuHr quddepeHumamam oyiMaiauran
2-nokai quddepeHnuanianuiapu MaBxKy.

Huccepranussaudr “EuniyByan JleiilOHML ajredpajsapMHMHT JIOKAJI Ba 2-
Jokan auddepeHnuasnanviapu” 1e6 HOMIAHYBUM HUKKMHYM  000uja,
HUJpaaukamaapu Alen €ku Mojen anrebpanapaaH uOopaT OYiraH edusyBYaH
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JleitOHu1  anreOpaidapuHUHT JIOKanm Ba 2-1okan  auddepeHuumanianmapu
YpraHuiIras.

Alitaiinuk a, — N-ymuamiau AGen anreOpacu, R 3ca Hupaaukaiud a,
Oynran eumnyB4yaH JleitOaumiy anreOpacu OyncuH. Mabaymku, dimR<2n
tenrcu3nuk ypunnu. JK.K.Anames Ba Oomkanap Tomonugan Oyaaa dimR =2n
MIAPTHU  KAHOATJIAaHTUPYBYM  euwminyB4aH JlelWOHury anreOpamapu  TYIHK
tacHUuGIaHTaH Ba OyHjaW anreOpanap WKKA YiauaBinu euninyBuaH JleitOnui
anreOpaapuHUHT TYFPU WUFUHAMCUATA M30MOP( HKAHIUTH HUCOOTIIAHTaH, SbHU
OyHaii anrebpaiapja KymnaiTMma Kyniuaarnda oynaau:

Lt x1=1, [x,fl=a,f, 1<j<n,
Oy epna «; e{-1,0} Ba t 5ca Hoira TeHr OyJraH nMapameTpiap COHH.

bynnan Tamkapu, Kyhummarm TeopemMama dimR=n+1 Oyaran Xxomma
euymtyBYaH JlelOHu1| anreOpasapuHUHT 0ab3u CUH(pIapU TaCHU(DU KEITUPUITAH.

Teopema 6. Airaiinuk R Humpamukamu N-ymuammm AOen anreOpacuuaH
nbopar Oynran (n +1) -ynamnu eanmyBuaH JlenOuut anredpacu O0yicuH. Arap R

naru {f,f,,.. X} Oasuc yuyn ad, |an ormeparop Kopman dopmacu Outra

9 n 1

onoknan ubopar Oyinca, y xonaa R Kyhdumaru ukkuTa y3apo uzoMmopd OyiMaraH
anredpanapaan oupura usomopd o6ynaau:
{H“ﬂ—f-+f 1<i<n-1,

i+11

[f x]=f

[f,X]=f +f.
[f.. x]= T,

[X, fl=—f —f, 1<i<-1,
[x, f,]=—f,

Kyitmnarn  rtacaukmapma, ©Ou3z L, R, Ba R, anrebpamapHunr

1<i<n-1

R,:

nuudpepeHnnamIanIapuHIHT YMYMUN KYPUHUIIIMHA KEITUPAMU3.
Tacoux 1. L, anreOpanuHTr uXTUEpHN TUUQQepeHraUIaK KyHuaaru
KYpUHUIIL1A OY1aau:
D(f;)=a;f;, D(Xx;)=ab;f,,

Tacoux 2. R, Ba R, anreOpanmapHunr uxtuépuil nuuddepeHramIamm

1< j<n,

KyWnaard KypuHuiiaa oyiaau:

Der(Rl) D(f)_ Zaj i+1 j+a1fi'

j=i+l

D(f,) Zal il taf, 1<i<n,

j=i+l

D(X) =iﬂjfj.

Oumu 6wz L,, R, Ba R, anreOpamapHuHr jokan auuddepeHnnamanuiapmu

Der(R,):

XaKuaaru HaTuxajJapHu KCJITUPaMu3.
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Teopema 7. L, anrebpanunr wuxtu€puii nokan auddepeHraIIaNIN
nuddepennpanianm oynaau.

Teopema 8. R, Ba R, anreOpanapna aunddepenuuamiam OyiMaran JoKal
nudpepeHnmmramIanap Maxy.

OHau  Om3  Hwipagukanum — AGen  Oynran  euwnyB4yaH — JIeHOHUIT
anreOpamapuHUHT 2-oKan auudQepeHmamianuiapy XakKuaard HaTrKalapHu
KEeTTHUPAMU3.

Teopema 9. L, anrebpama auuddepeHumamiam Oyamaran 2-J0Kaj
nuudpepeHnmanIan Maxy.

Tacoux 3. R, anre6panuHr wuxtuépuii 2-nokan auddepeHUAITAIIN
nurddepeHnnanian oyamiu.

Teopema 10. R, euwmnyBuan JlelOHun anredOpacuna auddepeHnmramian
OynmMaran 2-nokan auddepeHimanian MaxyI.

WxxnHun OOOHMHI MKKUHYM naparpaduaa oOu3 R(le"_.’ms,s) CUMITYBYaH

JleitOuuiy  anreOpanapuaa Jiokalm Ba 2-mokan  aurddepeHmaianuiapaa
yprasamus.
XapakTepucTuk KetMa-ketaurd (M,,...,M.) OynraH Kydugard HWINOTCHT

JleliOHuIl anredpacuHu KapaMus:

Teopema 11. Awraiinuk R Hunpamukama N, Ba dimR-dimN, . =s

HIAPTHA KAaHOATJIAHTUPYBUM euniayBuaH JleiOHul anrebpacu OyicuH, y xonga R

Kyhuaaru anredpara uzomopd oynaau:

[el,e]=6,,  1<t<s, 1<i<m -1,

[ef,x]=ie}, 1<i<m,

RNy, +9): [ef,x]=(-De/, 2<t<s, 2<i<m
[ef,x]=¢, 2<t<s,  1<i<m

[x.e]=-¢,

Oy epaa {x,...X, }y1ap TyiaupyBcu (pa3oHUHT Oa3UCIapH.

t

------

YMYMUH KYPUHUIIN Kyluaaruda 0ynaau:
D(e) =ia€ + e, 1<i<m -1,
D(e,,) = mae;, ,
D(e)) = ((i -1, + B + a8, 2<t<s, 1<i<m -1,
D(e},) = (M -V, + B)e;, , 2<t<s,
D(x,) = —a.}.
Mzox 3. R(N,, .,S) eunnyBuan JlelOHMIl anreOpacMHUHT HXTHEPHI

muddepeHnmramamy vk qud depeHuamiam oyianu.
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nokan nuddepernuraniamm auddepeHnuanian 0ymam.

JuccepranussHUHT yuyuHund 6001 “Yekcn3s yayamiau Jiu anreGpajapuHuHr
2-nokan  auddepennuaiamsiapu” ge6 HomiuaHuO, Om3 ymlOy 06o0ma
ymymiamrad  Butr, Bwupacopo Ba “‘tonka” anreOpamapUHUHI  2-JIOKal
nuddepeHInauIaluIiapuHl ypraHaMus.

VYupHun OOOHMHT OMpHHYM Maparpaduia XapakKTepUCTHKACH HOJ OYyiraH
anredpavk €MUK MaiJIoH yCTHUJla aHUKJIaHTaH ymymJjamran Butt anrebpanapu 2-
Jokan nuddepeHnranianiapuHy YpraHuiras.

Aiiraiinuk A AGen rpynmacu, F 3ca HOJ XapaKTepPUCTHKAIW MaioH Ba T
yui0y MaimoH ycrugard BekTop (azo OyimcuH. A rpynmacuuuHr [FMmaiigoH

yetugaru tJ , JeA maxKjgara 3JCMCHTIIApHU OPKAJIU XOCHJI KUJIMHI'aH prr[l'IaBI/Iﬁ

— tJ+K

anrebpacu F.A naru xymaiitma t’t" opKau aHuMKnaHanu. F.A anreGpaHunr

OMpIUK eneMeHTH Oy t°.
Ymby TeH30p KynalTMaHu Kapalsiuk
W=FA®,T =span, {t' ®0:J e A0eT}.

W  muar osnementinapu t’ ® 0:=t'0 kypunmmpma OenrunaHamu. Arap
(0,J)>0(J): T® A>TF akcnantupuimu OupuHyu VY3rapyBuu OVitmua [F-
YU3HUKJIHM OYIHO, MUKKUHYM Y3rapyBuM Oyilmda aqauTuB Oyica, y Xoiaaa

(170,10, | =" (8,(K)?, - ,(3)2,),J, K€ A, 8,0, €T 3)
makjijgara kynaktma uyekcus Yymuamum Jlu  anreOpacunu anukmaiian. (3)

kymaiitmanu W JIu anrebpacu A AGeln rpymma opKaad rpaguypiaHrad T BEKTOp
dazo ycrumaru ymymiamrad Butt anrebpacu neinnaam.

Arap A=7" amnutus rpynmacu 6yica, y xonga F.A rpynmasuii anreopa F
Maiion ycruparn F[t™,...,t'] Jlopan kynxammapu anreGpacura H3oMopd

oymamm. J :(jl,..., jn) €Z" n-kypmMK y4yH OW3 KyHHIardaHd E3aMu3

t’ =tlj1---tnj”. Avtraiinuk T 0Oy 0, =ti§ oreparopynapHunr T = @PF0; 4n3ukimn
i i=1

Koourn Oyncun. Arap (6,J) >0(J): T®A—>F akcmantupumr 0;(J) = j;

TEHIJIMKHU KaHoaTiaHTupca, y xoiaa yara moc W =W (F) ymymnamran Wuatt

anrebpacu [ maiinon yctuparn F[t™,...,t°1] Jlopan kynxamnapy anre6pacHHUHT

nudpepennmamiamapuauar Der, (IE‘[tfl,...,trfl]) JIn anrebpacy KaOu aHUKJIAHUO,

Oy anredpa Jlopan kynxaaiapu BEKTOp MaliIoHIapuaaH noopar
. . .. - i 0
w(J:) = w( ..., jooi)=theth —,

|
oy epma (t,...,t.))eF" osca F" HuHr KaHOHMK KoopauHatamapu. Jlopan
kynxamiapu Bektop maiponnapuauar W, (F) JIu anrebpacura uzomopd Oyiran
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JIu anrebpa F" Bekrop ¢aszo ycrumaru Butr anredpacu aevimwnaau. W (F) Jln
anreopacu {w(a,i):aeZ",i e |} maknmaru 6asucra sra 6yam6, 0y 6asuc yuyH (3)
KyIlaiTMa KOWJacu KynWuaaruda €3usaan
[w(a,i),w(b, j)]=a,w(@+b,i)-bw(@+b, j), (4)
Oyepmai,jel Baa=(a)b=(b)eZ",
Teopema 14. W (F) anreOpanunr uxtuépuii V 2-nokan nuddepeHnuamnianm
nuddepennmanian oyaaau.

DOHOUM HON XapaKTepuCTHKanu anreOpamk €nuk [ MalaoH ycTHaaru
W =W (G,I) yMyMJIAIITaH Burr anreOpacHHUHT 2-J0Ka

muddepeHIMaUTaUIapHu KapaiMus, Oy epaa | 4yekcu3 WHASKCIap TYIIaMH Ba
G=@Z={a=(a),, :a =0 yexnu connarnuHAeKCIap yuyHi € | }.

iel

Tavkugnam sxousku, W (G, 1) JIu anre6pacu {w(a,i):acG,i € |} makngaru
Oasucra sra Ba W (G, |) aa kynaiitupum kougacu xyanu (4) kaOuamp.

Teopema 15. W(G,I) anreOpanwHT  uxTUépu V. 2-70Kan
muddepennmaniamm quddepeHnuranan oynaau.

HuxosT HOn xapakrtepuctukanu anreOpaumk €nuk [ MaljgoH ycTuaaru
W =W (G,I) ymymnamran Burr anre6pacunu bopen kucm-anrebpamapyuHUHT 2-

nokan auddepeHnuamianuiapay ypranamus.
Aitraiinuk 7, MaHQuii OynMaraH OyTyH COHJAp TYyILUIaMH OYJICHH.

Ky#innaruaa 6enrunant KupuTamus
B(Z",1) = span{w(a, i):ae ZQ}

buz W (F) anreOpanunr crangapt bopen kucmanreOpacu ne0 HOMIIaHYBYH

anrebpanu omamus. B(Z",1) mykamman anreOpa, sSTbHH, y TPUBHAT MapKasjn

anreOpa Ba Oapya auddepeHImaianiapyu HUKU SKaHIUTH XU MabIyM.
Teopema 16. Anraiinuk B(Z",|1) Hon xapakrepucTHKaaud MalgoH yCTHIA

aaukyianran W, (F) ymymnamran Butr anreGpacununr bopen kucm anrebpacu

OyacuH. YV  xomma B(Z",1) anrebpacuHmHr  uxTHEpPHMH  2-JOKal
muddepennmaniamm quddepernuananm oyianu.

Yyunun 600HWHT UKKWHYM Taparpaduia 013 XapaKTepUCTUKACH HOJ OYITraH
anreOpauk €nuk [F mailijjoH yctuaa aHukjanran Bupacopo anreOpacunu 2-jokai
nuddepeHnranIanuIapuHl YpranaMmus.

W Burr anrebpacuHWHT sroHa OHp Yia4aMiId HOTPHUBHAT MapKa3Hid
kenraiitmacu Vir =W @ CC Jln anrebpacura m3omopd. bynna {c}u{e, |neZ}

KeHraiitManuHr 0asucu, 0y epaa € € CC, myHHMHT y4yH Kyiuaara MmyHoca0aTiap

(V)

YPHUHIIN:
[e,c] =0, for ieZ,

le, ;] :(i—j)ei+j+6i’_j$(i3—i)c, for i, jeZ,
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Oy epna o, _; — Kponekep cumBoI.

Kenravitupuiaran Vir Jlu anreopacu Bupacopo aiaredpacu aeinnanu.

DOHmu  O6w3  Bupacopo anrebpacuma auddepeHnmamiam Ba  2-JOKal
nuudpepeHnramIanuIapy Xakuaard HaTHKaJIapHyd KeJITHPaMu3.

Teopema 17. Vir anrebpanunr xap 6up auddepeHraian HIKHInup.

Teopema 18. Bupacopo Vir anrebpacMHuHr Xap Oup 2-J0Kai
nuddepentmannamu audeperiuaian oynaam.

YupHun OOOHMHr y4yuHYM maparpaduma Ou3z dekcu3 Yadamiam Jlu
anreOpacuga  2-mokan  guddepennmannam  6yimb  sekuH  (Ti100ai)
nuddepennpanianm oyaMaiurad MUCOJI KENTHPAMU3.

Anttaiinuk yekcu3 ymuamun JIu anrebpacunma {e,:neN} O6azuc 6ynuo0,

KYNMaWTUPUIIIAP 5Ka(BAJIM KyHugarnda OyJacuH:
L:le,e]=¢e., nx2.
L :le.el=¢, 122 3ale,e]=e ]=3.
Theorem 19. £ Ba £, anreOpanapuaa muddepeHnmamiam oyamManuras 2-

j+2°
Jokan nuddepeHnmanian MaBxyI.

XVJIOCA

Huccepraumss umu  JleitOnun — anreOpanapuypa Jiokaal Ba  2-JIOKal
mudepeHnramIaniapHi Yprauuira OaruuiaHa Iu.

TaaKMKOTHUHT acOCUM HaTWXKaJlapu KyhuaaruiapaaH uoopar:

1. Hon-duwmudopm Jlelbuun anreOpanapuma Oapua 2-nokan auddepeH-
nuamanuiapau auddepeHiamian 3KaHaura ucootinanrad. @unudopm Jlenonui
anrebpanapuaa quddepennuamiam Oyamaiauran 2-nmokan auddepeHnnaniamra
MHUCOJI KEJITUPUIITaH. Hon-punmudopm JleitOHuUIL anrebpanapuaa
muddepennuamiam Oyamaiiauran jgokan auddepeHyanianm MaBxyl dKaHIUTH
UCOOTIaHTaH,

2. p-punudopm Jlenbuur anredpanapuaa auddepenimaian oyiMaiauran
JIOKaJ Ba 2-jokai auddepeHimania MaBxKy 1 SKaHIUT UCOOTIIaHTaH;

3. AGen HWIpaAWKAIIU, TYIIAPYBUM (A30HUHT YId4aMu MakcuMan OynraH
eumyBuad JlelOHui anreOpanapuga wuxtuépuil jgokan auddepeHinmamiiani
muddepeHnmamiam OYauUImM KypcaTuiran. AGen HUJIpaauKauiid, Oup ymdamim
TynaupyBun (azonu euwnyBuaH JleiOHui anreOpacuHuHT auddepeHnuamian
Oynmaiiauran Jokan guddepeHnuanIammM  MaBXyJ OSKaHJINTH KYpCaTHIITaH.
[yaunraex, Oy anrebpamapHUHT 2-10Kal audQepeHnraiianiapy yayH IIyHTa
yxmam Macana ypranwiarad Ba auddepeHnumamiam OyiamaraH — 2-J0Kai
muddepeHnuamianapra sra edwryBuaH JlelOHuUIT anreOpamapura MHCOI
KEJITUPHIITaH,;

4. Monen HWIpaAUKaIU, TYIAUPYBYM (PA30HUHT YIyaMyd Makcumal, Oyiaran
eursiyB4aH JlelOHuIl anreOpaJlapyHUHr  MXTUEPUM  JIOKaJI Ba  2-JIOKal
muddepenumaniamm quddepennmaniam OYIuim KypcaTHiras;

5. VYmymnamran Butr anrebpacuHuHr uxTu€puit 2-mokan guddepen-
nuamnamu auddepennuannam Oymumm ucootnanrad. Ouka Jlu anrebGpanapu
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yuyH 2-nokan nuddepennmannaniap ypranuiaran Ba ronka Jlu anrebpamapuaa
nuddepennpaniam oynmaiauran 2-gokan auddepeHnnaian MaBKya SKaHIUTH
KYpCaTHUJITaH.
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Introduction (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. A great amount of
scientific and applied research in the world is focused to the theory of algebraic
systems and operator algebras. Algebraic instruments are very useful in the study
of elementary particles in quantum mechanics, the properties of solids and crystals,
in the analysis of model problems of the economics, in the problems of population
biology, etc. Since associative algebras defined by specific identity, have been
considered when identifying properties of closeness with respect to the usual
multiplication of square matrices, further development of algebras leads to the
theory of alternative, Lie and Jordan algebras, which are very closely related to
each others and have many connections with different areas of mathematics. Since
Leibniz algebras are generalizations of Lie algebras, many results of the theory of
Lie algebras have been extended to Leibniz algebras. One of the priority directions
of research related to this subject is to prove analogues of theorems of the Lie
algebras theory in the Leibniz algebras case and to investigate of the inherent
properties of Leibniz algebras which are not valid for Lie algebras.

Nowadays in the world, along with the theory of derivation, the theory of
local and 2-local derivations on operator algebras is also considered to be
important. The last twenty years witnessed a fruitful growth of the theory of local
and 2-local derivations on von Neumann algebras, C *-algebras, and JB *-triples.
The studies on local derivations were formally started by R.V.Kadison and
D.R.Larson and A.R.Sourour in 1990. The motivation to study local derivations
have appeared in another context: the study of Hochschild cohomology for various
operator algebras. These maps arise naturally when looking for sufficient
conditions to ensure that a map is a derivation. R.V.Kadison set out a program of
study for local maps, suggesting that local derivations could prove useful in
building derivations with particular properties. R.V.Kadison proved that each
continuous local derivation of a von Neumann algebra M into a dual Banach M -
bimodule is derivation. This theorem gave way to a cascade of results and studies
on derivations on C *-algebras, culminating with a definitive contribution due to
B.E.Johnson, which asserts that every continuous local derivation of a C *-algebra
A into a Banach A-bimodule is a derivation. In the just quoted paper, B.E.Johnson
also gives an automatic continuity result proving that local derivations of a C*-
algebra A into a Banach A-bimodule are continuous even if not assumed a priori
to be so. In 1997, P. Semrl introduced the concepts of 2-local automorphisms and
2-local derivations and he described 2-local derivations and 2-local automorphisms
on the algebra B(H) of all bounded linear operators on the infinite-dimensional
separable Hilbert space H by proving that every 2-local automorphism
(respectively, 2-local derivation) on B(H) is an automorphism (respectively, a
derivation). Note that P.Semrl states that the conclusion of the above theorem also
holds when H is finite-dimensional. Later on, 2-local derivations on von Neumann
algebras have been studied by Sh.A.Ayupov, K.K.Kudaybergenov, F.N.Arzikulov,
S.0.Kim, J.S.Kim, O.B.Nurjanov and A.K.Alauadinov.
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In our country, intensified attention has been paid to applied mathematics,
computer science, digital economy, which have scientific and practical application
of fundamental sciences. In particular, special attention was paid to the
development of fundamental research on non-associative algebras and their
operators. Within the framework of this fundamental research, significant results
have been obtained in the study of local and 2-local derivation of Leibniz algebras.
In ensuring the implementation of decisions identified as the main tasks and areas
of activity, to conduct research® at the level of international standards in the
priority areas of “Algebra and Functional Analysis” is also important in the
development of the theory of derivation of operators algebras.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan”, UP-2789 dated February 17, 2017 “On measures to
further improvement of the activities of the Academy of Sciences, organization,
management and financing of research activities”, PP-3682 from April 27, 2018
“On measures to further improve the system of practical implementation of
innovative ideas, technologies and projects” and PP-4387 from July 9, 2019 “On
measures to further development of mathematical education and science, and also
root improvement of the activity of the Uzbekistan Academy of Sciences
V.I.LRomanovsky Institute of Mathematics”, as well as in other regulations related
to basic science.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science” .

The degree of scrutiny of the problem. In recent years non-associative
analogues of classical constructions become of interest in connection with their
applications in many branches of mathematics and physics. The notions of local
and 2-local derivations (automorphisms) have also become popular for some non-
associative algebras such as Lie and Leibniz algebras. The main problems
concerning these notions are to find conditions under which every local (or 2-local)
automorphism or derivation automatically becomes an automorphism
(respectively, a derivation), and also to present examples of algebras with local and
2-local automorphisms (respectively, derivations) that are not automorphisms
(respectively, derivations). The investigation of local maps on non-associative
algebras came out from discussions between professor Sh.A.Ayupov and professor
E.Zelmanov (University of California, San Diego) during USA-Uzbekistan
Conference held at the California State University, Fullerton, on May, 2014.

The first results concerning local and 2-local derivations and automorphisms
on finite-dimensional Lie algebras over algebraically closed field of zero

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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characteristic were obtained by Sh.A.Ayupov, K.K.Kudaybergenov, 1.S.Rakhimov,
Z.Chen and D.Wang. Namely, Sh.A.Ayupov, K.K.Kudaybergenov and
I.S.Rakhimov proved that every 2-local derivation on a semi-simple Lie algebra £
iIs a derivation and that each finite-dimensional nilpotent Lie algebra with
dimension larger than two admits 2-local derivation which is not a derivation.
Sh.A.Ayupov and K.K.Kudaybergenov proved that every local derivation on semi-
simple Lie algebras is a derivation and gave examples of nilpotent finite-
dimensional Lie algebras with local derivations which are not derivations.
Concerning 2-local automorphism, Z.Chen and D.Wang proved that if £ is a
simple Lie algebra of type A,D, or E,,(k=6,7,8) over an algebraically closed

field of characteristic zero, then every 2-local automorphism of £ is an
automorphism. Finally, Sh.A.Ayupov and K.K.Kudaybergenov generalized this
result of Z.Chen and D.Wang and proved that every 2-local automorphism of a
finite-dimensional semi-simple Lie algebra over an algebraically closed field of
characteristic zero is an automorphism. Moreover, they show also that every
nilpotent Lie algebra with finite dimension larger than two admits 2-local
automorphisms that are not automorphisms. Local automorphisms of certain finite-
dimensional simple Lie and Leibniz algebras are investigated by Sh.A.Ayupov and
K.K.Kudaybergenov.

Concerning local automorphism, T.Becker, J.Escobar, C.Salas and
R.Turdibaev established that the set of local automorphisms LAut(sl,) coincides

with the group Aut®(sl,) of all automorphisms and anti-automorphisms. Later

M.Costantini proved that a linear map on a simple Lie algebra is a local
automorphism if and only if it is either an automorphism or an anti-automorphism.
Similar results concerning local and 2-local derivations and automorphisms on Lie
superalgebras algebras were obtained H.Chen, Y.Wang and J.Nan. Sh.A.Ayupov,
K.K.Kudaybergenov, B.A.Omirov proved similar results concerning local and 2-
local derivations and automorphisms on simple Leibniz algebras. It should be
noted that similar problems for local and 2-local derivation of solvable Leibniz
algebras and infinite-dimensional Lie algebras still remain open.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation
research is done in accordance with the planned theme of scientific research OT-
®4-31 “Non-commutative modules, Leibniz algebras and polynomial cascades on
simplexes” in National University of Uzbekistan named after Mirzo Ulugbek
(2017-2020 yy) and “YoOT-Ftex-2018-79, Representation of Leibniz Algebras”
V.l1.Romanovskiy Institute of Mathematics (2018-2019 yy).

The aim of research work the study of local and 2-local derivations on
Leibniz algebras.

Research problems:

to investigate local and 2-local derivations on finite-dimensional nilpotent
Leibniz algebras;

to describe local and 2-local derivations on finite-dimensional solvable
Leibniz algebras;

25



to investigate 2-local derivations on certain classes of infinite-dimensional Lie
algebras.

The research object local and 2-local derivations on Leibniz algebras, 2-
local derivations on infinite-dimensional Lie algebras.

The research subject nilpotent Leibniz algebras, solvable Leibniz algebras,
generalized Witt algebras, Virasoro algebras, derivation, local derivation, 2-local
derivation.

Research methods: In the dissertation the methods of the theory of non-
associative algebras, the methods of invariant theory are applied.

Scientific novelty of the research work consists of the following:

it is proved that every 2-local derivation on null-filiform Leibniz algebra is a
derivation;

it is shown that any p-filiform Leibniz algebra has a local and 2-local

derivations which are not derivations;

local derivations on the solvable Leibniz algebras are investigated and it is
proved that any local derivation of solvable Leibniz algebras with abelian
nilradicals of maximal codimension is a derivation;

it is shown that every local and 2-local derivation on the solvable Leibniz
algebras with model nilradicals of maximal codimension is a derivation;

it is shown that any 2-local derivation on generalized Witt algebras and also
on Virasoro algebras is a derivation.

Practical results of the research. The interrelation between local, 2-local
derivations and derivations on Leibniz algebras is established.

The reliability of the results of the study. The results have been obtained by
using the methods of algebra, derivation theory, as well as the rigor of
mathematical reasoning. The proofs of obtained results are mathematically correct.

Scientific and practical significance of the research results. The scientific
significance of the research results is finding whether the spaces of local and 2-
local derivations coincide with the space of global derivations for some Leibniz
algebras, and also proof of the existence of local and 2-local derivations that are
not derivations on nilpotent Leibniz algebras. The practical significance of the
thesis is that the results can be used in the theory of derivation of Leibniz algebras.

Implementation of the research results. The results were used in the
following scientific studies:

the results obtained in the dissertation about the arbitrary 2-local derivation of
Witt algebra being a derivation were used in the project OT-4-27 “Description of
predual spaces of Jordan triples, spaces of capacities and holomorphic continuation
of functions” (reference of the Ministry of higher and secondary special education,
Ne 89-03-2339, 30.06.2020). The application of the scientific result allowed to find
the description 2-local automorphisms of AW *-algebras;

the obtained results in the dissertation, about the classification of local and 2-
local derivations of solvable Leibniz algebras are used in the project OT-F4-82 +
OT-F4-87 “Local derivations and automorphisms of operator and non-associative
algebras, phase transitions and chaos in nonlinear dynamical systems” + “The
theory of global invariants of curves and surfaces in Euclidean and pseudo-
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Euclidean spaces and its applications in mechanics” (reference of the Academy of
Sciences of the Republic of Uzbekistan dated July 3, 2020, Ne 2/1255-1389). These
results allowed to find the description of local and 2-local automorphisms of semi-
simple Leibniz algebras.

Approbation of the research results. The main results of the research have

been discussed at 3 international and 5 national scientific conferences.

Publications of the research results. On the topic of the dissertation, 23
scientific papers were published, 9 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of theses of the Doctor of Philosophy, including 4 of
them published in foreign journals and 5 in national scientific journals and 14
abstracts.

The structure and volume of the dissertation. The dissertation consists of
the introduction, three chapters, conclusion and bibliography. The general volume
of the thesis is 82 pages.

THE MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research theme and correspondence to the
priority research areas of science and technology of the Republic are given, we
present a review of international research on the theme of the dissertation and
degree of scrutiny of the problem, formulate our goals and objectives, identify the
object and subject of study, and state scientific novelty and practical results of the
research. Moreover, we give the theoretical and practical importance of the
obtained results, and also give information on the implementation of the research
results, the published works and the structure of dissertation.

In the first chapter of the thesis, titled “Local and 2-local derivation on
nilpotent Leibniz algebras” we give main definitions and important insights
necessary to cover the dissertation and research the subject, it also provides a
detailed overview of the studies and results obtained in this area before the
research on the topic.

Definition 1. A vector space with a bilinear bracket (Z,[,-]) is called a

Leibniz algebra if for any x,y,z € £ the so-called Leibniz identity

[X,[y, Z]] = [[X1 y]’ Z] - [[X’ Z]’ y]i
holds.

Here, we adopt the right Leibniz identity; since the bracket is not skew-
symmetric, there exists the version corresponding to the left Leibniz identity,

[[X, y]i Z] = [X,[y, Z]] - [y,[X, Z]]

Leibniz algebras present a “non antisymmetric” extension of Lie algebras. In
last decades a series of papers have been devoted to the structure theory and
classification of finite-dimensional Leibniz algebras. Several classical theorems
from Lie algebras theory have been extended to the Leibniz algebras case.

For a Leibniz algebra £ consider the following central lower and derived
sequences:

=L, LU= k=1,
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Y=, A=l B s>1.
Definition 2. A Leibniz algebra L is called nilpotent (respectively, solvable),
if there exists peN (qeN) such that £° =0 (respectively, £% =0). The minimal
number p (respectively, q) with such property is said to be the index of

nilpotency (respectively, of solvability) of the algebra L.

Note that any Leibniz algebra £ contains a unique maximal solvable (resp.
nilpotent) ideal, called the radical (resp. nilradical) of the algebra.

Definition 3. Given a nilpotent Leibniz algebra £, put

L=L1L%1<i<n-1,and gr(£)=LOL ®...®L . Then [£, L] L, and
we obtain the graded algebra gr(£). If gr(£) and £ are isomorphic, then we say

that an algebra £ is naturally graded.
Definition 4. A derivation on a Leibniz algebra £ is alinear map D: L — L
which satisfies the Leibniz rule:

D([x, y]) =[D(x), y]+[x,D(y)] forany x,y € L.
The set of all derivations of a Leibniz algebra £ is a Lie algebra with respect
to commutation operation and it is denoted by Der(£).

Let a be an element of a Leibniz algebra L. Consider the operator of right
multiplication R,:L — L, defined by R,(X)=[x,a]. The Leibniz identity which
characterizes Leibniz algebras exactly means that every right multiplication
operator R, is a derivation. Such derivations are called inner derivation on L.

Definition 5. A linear operator A is called a local derivation if for any x e L,
there exists a derivation D, : £ — £ (depending on X) such that A(x) = D,(x).

The set of all local derivations on £ we denote by LocDer(L).

Definition 6. A map V:L— L (not necessary linear) is called 2-local
derivation if for any x,y e £ there exists a derivation D, e Der (L) such that

V(x) =D, ,(x), V(y)=D,,(¥)
The set of all 2-local derivations on £ we denote by TLocDer (£).

It is obvious that every derivation (respectively, automorphism) of a Leibniz
algebra £ is a local derivation (respectively, local automorphism) and a 2-local
derivation (respectively, 2-local automorphism).

Now we define the notion of characteristic sequence, which is one of the
important invariants. For a finite-dimensional nilpotent Leibniz algebra N and for
the matrix of the linear operator R, denote by C(x) the descending sequence of its

Jordan blocks' dimensions. Consider the lexicographical order on the set
C(N)={C(x)| xe N}.
Definition 7. The sequence

( maXZC(X)]

Is said to be the characteristic sequence of the nilpotent Leibniz algebra N.
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Definition 8. A Leibniz algebra £ is called a p -filiform, if the characteristic
sequence is C(£) =(n— p.l...0).
p
Note that in case of p=0, we say that £ is null-filifrom, and 1-filiform
algebras we call just a filiform.
In the second section of chapter one, we study local and 2-local derivation on
null-filiform and filiform Leibniz algebras. Note that an arbitrary n-dimensional
null-filiform Leibniz algebra has a basis {e ,e,,...,e } such that the multiplication

in the algebra has the form:
NF, :[e.e]=€,;
where the omitted products are equal to zero.
Any derivation D of the algebra NF, has the following form:

1<i<n-1,

D(e) =iae + D a; €, 1<i<n. (1)
j=i+l
In the following theorem we give the description of local derivations of null-
filiform Leibniz algebra NF..

Theorem 1. Let A be a linear operator on NF,. Then A is a local derivation,
if and only if it has the lower triangle form:

Ale) =D&, 1<i<n (2)
j=i
From (1) and (2) it implies that dim(Der(NF,))=n and
n(n+1)

dim(LocDer(NF,)) = . Thus, there exist a local derivation on NF, which

IS not an arbitrary derivation.
Now we investigate 2-local derivations on NF..

Theorem 2 Any 2-local derivation on the null-filiform Leibniz algebra NF, is

a derivation.

Now we consider 2-local derivations on naturally graded filiform Leibniz
algebras. It is known that any complex n-dimensional naturally graded filiform
non-Lie Leibniz algebra is isomorphic to one of the following non isomorphic
algebras:

F':le.el=e, [e,el=e,, 2<i<n-1;
F?:[e,el=e, [e.e]l=e., 3<i<n-1.
Theorem 3. The algebras F' and F.”> admit 2-local derivations which are not

derivations.
In the third section of chapter one, we study local and 2-local derivation on
p -filiform Leibniz algebras.

It is known that any naturally graded indecomposable non-Lie p-filiform

Leibniz algebra is isomorphic to one of the following pairwise non-isomorphic
algebras (n—p=>4):
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if p=2k,then
{[e,,el] e,, 1<i<n-2k-1
e

fl=f., 1<j<k
[ [e,e]l=e,,  1<i<n-2k-1,
e, fil=6+ fi,
20 e, 1]= e|+1, 2<i<n-2k-1,
e, f;1= fi.; 2<j<k,
if p=2k+1, then
[e1’e1]2e3’
_ [ei,el]zem, 1<i<n-2k -1,
e, =1, 1<isk
[e;, f;1= T 1< j<k,

where {ee,,...,e,_,, f, f,,...,f } is the basis of the algebra and the omitted
products are equal to zero.

Remark 1. The dimensions of the space of derivations of the algebras 4, 1,
and x, are

dim Der(z,) = n+2k* +K,
dimDer(u,) = n+2k? +1,

dimDer(z,) = n+2k* + 2k +1,
where k e N and n>2k +4.
In the following theorems we obtain the descriptions of local derivations of
the algebras g, u, and ;.
Theorem 4. Let A be a linear operator on g, . Then A is a local derivation, if
and only if its matrix has the form:

A, A
A= ( 11 B2 j’
Ay Ay

n—-2kn-2k n

= Z 271 i€ = Z Vi€t Z Vii128ii29

j=1 i=j i=n-2k+1 i=n—k+1
n—k

A, = Z Vn-2k,i€n_2k.iv

i=n-2k+1

N
(a8 a9)

n—k n—k n—k n

A(zl,)zz Z Z Vi€ Agz,)zz Z Zyi,jeiij’

j=n-2k+1j=n-2k+1 j=n—-2k+1 j=n-k+1

where
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DWW

j=n—-k+1lj=n—-k+1
Remark 2. The dimensions of the space of local derivations of algebras z,, u,

and u, are

2 2
dim LocDer (1) = n° +10k 4kn+n+6k’

2

2 2
dim LocDer (,) = n° +10k 4kn+n+2k+4,

2

2 2 _
dim LocDer (1) = n°+10k" —4kn n+12k+4’

2

where ke N and n>2k +4.
Remarks 1 and 2 show that the dimensions of the spaces of all local
derivations of the algebras x,, i=1,2,3, are strictly greater than the dimensions of

the space of all derivations of 4. Therefore, we have the following result.
Corollary 1. The algebras 4, ¢, and x, admit local derivations which are not

derivations.
Now we examine 2-local derivations of p -filiform Leibniz algebras.

Theorem 5. The algebras z,, x#, and x, admit 2-local derivations which are

not derivations.

The second chapter, titled “Local and 2-local derivation on solvable
Leibniz algebras™ is devoted to study of local and 2-local derivations on solvable
Leibniz algebras with abelian and model nilradicals.

Let a, be the n-dimensional abelian algebra and let R be a n+k

dimensional solvable Leibniz algebra with nilradical a,. By J.Q.Adashev and

others such solvable algebras in case of k =n are classified and it is proved that
any 2n-dimensional solvable Leibniz algebra with nilradical a, is isomorphic to

the direct sum of two dimensional algebras, i.e., isomorphic to the algebra
L[t x1=1,, [x,fl=af, 1<j<n,
where a; e{-1,0} and t is the number of zero parameters «;.
Moreover, in the following theorem the classification of (n+1)-dimensional

solvable Leibniz algebras with n-dimensional abelian nilradical is given.
Theorem 6. Let R be a (n+1)-dimensional solvable Leibniz algebra with n-

dimensional abelian nilradical. If R has a basis {f,, f,,..., f.,x} such that the
operator adx|aln has Jordan block form, then it is isomorphic to one of the

following two non-isomorphic algebras:
_{[fi,x] f+f, 1<i<n-1,

i+1?

L x]= 1,
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[f.x]=f+f, 1<i<n-1

L =,

2[x, f]=—f - f, 1<i<-1
[x, f,1=—1,

In the following propositions, we present the general form of derivations of
the algebras £,, R, and R,.

Proposition 1. Any derivation D of the algebra L, has the following form:
D(f,)=4a;f;, D(x;)=¢b;f,, 1<j<n,
Proposition 2. Any derivation D of the algebras R, and R, has the following
form:

Der(R,):D(f) = Zal uf+af,

j=i+l

D(f,) Zal o f, 1<i<n,

j=i+l

D(x) =iﬂjfj.

Now we shall give the result concerning local derivations on solvable Leibniz
algebras with abelian nilradicals.

Theorem 7. Any local derivation on the algebra £, is a derivation.

In the following theorem, we show that (n+1)-dimensional solvable Leibniz
algebras with abelian nilradical have a local derivation which is not a derivation.

Theorem 8. (n+1)-dimensional solvable Leibniz algebras R, and R,, admit a
local derivation which is not a derivation.

Now we shall give the result concerning of 2-local derivations of solvable
Leibniz algebras with abelian nilradical.

Theorem 9. The algebra £, admits a 2-local derivation which is not a
derivation.

Proposition 3. Any 2 -local derivation of the algebra R, is a derivation.

Theorem 10. Solvable Leibniz algebra R, admits a 2-local derivation which
IS not a derivation.

The second section of chapter two, we shall study local and 2-local
derivations of solvable Leibniz algebra R(le,“_,ms,s).

Der(R,):1

Consider a nilpotent Leibniz algebra with the characteristic sequence
(m,,...,m,), and multiplication table

N, _:[e,e]=¢,, 1<t<s1<i<m -1

The algebra N usually is said to be model Leibniz algebra.

My peery M
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Theorem 11. Any solvable Leibniz algebra R with nilradical N such

My, Mg

that dimR —dim N,

_____ » =$, IS isomorphic to the algebra:
[e,e]=6,, 1<t<s, 1<i<m
e, x]=ie’, 1<i<m,
RNy, +9): [ef,x]=(-De/, 2<t<s, 2<i<m,
[ef,x]=¢, 2<t<s,  1<i<m,
[x.e1=-€,
where {x,,...X.} is a basis of complementary vector space.
Proposition 4. Any derivation D of the algebra Der(R(N, . .s)) has the
following form:
D(e) =ia€ + e, 1<i<m -1,
D(e,,) = mae,,,
D(e)) =((i -, + B)e + e, 2<t<s, 1<i<m
D(e,,) = ((m —1)a, + ey, 2<t<s,
D(x) = _azell-
Remark 3. Any derivation on the solvable Leibniz algebra R(N,
inner derivation.
Theorem 12. Any local derivation on the solvable Leibniz algebra
m,»S) 1S @ derivation.

Now we give the result concerning of the 2-local derivations of solvable

-1

t

~1,

t

Theorem 13. Any 2-local derivation of the solvable Leibniz algebra
n.»S) 1S a derivation.

In the third chapter of the thesis titled “2-local derivation on infinite-
dimensional Lie algebras” we study 2-local derivations on infinite-dimensional
Lie algebras, such as generalized Witt, Virasoro and thin algebras.

In the first section of chapter three we study 2-local derivations on the
generalized Witt algebras over an algebraically closed field IF of characteristic
Zero.

Let A be an abelian group, F be a field with char(F) =0 and let T be a
vector space over . The group algebra F.A of A over [ generated by the basis
elements t’,J e A, and the multiplication of F.A is defined by t’t* =t’*. The

unit of FA is the element t°.
Let us consider the tensor product

W=FA®,T =span, {t' ®0:J e A0eT}.

The element of W is also denoted as t’ ® 0:=t’0. Now, if a given map
(0,J) >0(J):T®A—TF is [F-linear in the first variable and additive in the

second variable, then the bracket
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(170,10, | =" (8,(K)0, - 8,(3),),J, K A, 8,0, €T, (3)

defines an infinite dimensional Lie algebra on W. The Lie algebra W with the Lie
multiplication (3) is called a generalized Witt algebra over the vector space T
graded by the abelian group A .

If A is the additive group of Z" with n>0, then the group algebra F.A is
isomorphic to the Laurent polynomial algebra F[t*,...,t™*] over F. For an n-tuple
3= ) €Z", we write t* =t1--t. Let T be the linear span T = @F9, of

i=1

the operators o, :tig. If the map (06,J) >0(J): T ® A —TF satisfies 0.(J) = j.

then the corresponding generalized Witt algebra W =W _(F) can be identified with
the Lie algebra Der, (F[t",...,t;"]) of derivations of the Laurent polynomial

algebra F[t;*,...,t=*] over [, consisting of the Laurent polynomial vector fields
: : . . i 0
w(J:i) =w(j,,..., j i) =thth —

where (t,,...,t,) e F" are the canonical coordinates in F". A Lie algebra which is
isomorphic to the Lie algebra W_(IF) of Laurent polynomial vector fields is called

Witt algebra over the vector space F". The Lie algebra W_(F) has a basis
{w(a,i):aeZ",ie I} such that the multiplication rule (3) can be rewritten as
[w(a,i),w(b, j)]=a,w(@+b,i) -bw(@a+b, j), (4)
where i,jel and a=(a,),b=(b)eZ".
Theorem 14. Any 2-local derivation V on W_(F) is a derivation.

We also study 2-local derivations on the generalized Witt algebra
W =W (G, I) over an algebraically closed field | of characteristic zero, where 1 is

an infinite index set and
G=@Z={a=(a)., :a =0except for afinite numberof i e I }.

iel

Note that the Lie algebra W (G, 1) has a basis {w(a,i):acG,iel} and the
multiplication rule of W (G, 1) is similar to (4).

Theorem 15. Any 2-local derivation V on W (G, I) is a derivation.

Further we study the 2-local derivations of Borel subalgebras of the
generalized Witt algebra over an algebraically closed field [ of characteristic zero.
Let Z, be the set of non-negative integers. Setting

B(Z",1)= span{w(a, i):ae ZQ}

we obtain so-called standard Borel subalgebra of W, (F). It is known that B(Z", 1)
is complete, that is, it is a centerless algebra and all derivations are inner.
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Theorem 16. Let B(Z",1) be a Borel subalgebra of the generalized Witt

algebra W (F) over a field of characteristic zero. Then any 2-local derivation on
B(Z",1) is aderivation.

In the second section of chapter three, we study derivation and 2-local
derivations on the Virasoro algebra over an algebraically closed field F of
characteristic zero.

The Witt algebra W has a unique nontrivial one-dimensional central
extension Vir =W @ CT up to Lie algebra isomorphism. This extension has a basis
{c}{e,|neZ} where c e Ct, such that the following relations are satisfied:

[e,c] =0, for ieZ,
[e.e;] =(i-)e,, +5i’_jé(i3—i)c, for i,jeZ,
where ¢, _; is the Kronecker symbol.
The extended Lie algebra Vir is called the Virasoro algebra.
Now, we shall give the main result concerning derivations and 2-local
derivations on Virasoro algebras.
Theorem 17. Any derivation of the algebra Vir is inner,
Theorem 18. Any 2-local derivation on the Virasoro algebra is a derivation.
The third section of chapter three, we give an example of infinite-dimensional
Lie algebra that admits a 2-local derivation which is not a derivation.
Let us consider the following infinite-dimensional Lie algebras with a basis
{e, :n e N} and the following table of multiplications:

L :[e,el=e., n>2
L :[e,e]=¢,, 22 and [e2'ej] =€ j=>3.
Theorem 19. The algebras £, and £, admits a 2-local derivations which are
not derivations.

CONCLUSION

The thesis is devoted to the study of local and 2-local derivation on Leibniz
algebras.

The main results of the research are as follows:

1. We prove that all 2-local derivations on null-filiform Leibniz algebras is
derivations. We give an example of an filiform Leibniz algebra with a 2-local
derivation which is not a derivation. We proved that any null-filiform Leibniz
algebra admits a local derivation which is not a derivation;

2. We show that p-filiform Leibniz algebras admit local derivations and 2-

local derivations which are not derivations;

3. We show that any local derivation on the solvable Leibniz algebras with
abelian nilradicals, whose the dimension of complementary space is maximal is a
derivation. We show that solvable Leibniz algebras with abelian nilradicals, which
have 1-dimension complementary space, admit local derivations which are not
derivations. Moreover, similar problem concerning 2-local derivations of such
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algebras are investigated and it is given examples of solvable Leibniz algebra such
that any 2-local derivation on it is a derivation, and algebras admitting 2-local
derivations which are not derivations;

4. We show that any local and 2-local derivation on the solvable Leibniz
algebras with model nilradicals, whose the dimension of complementary space is
maximal is a derivation;

5. We prove that every 2-local derivation on the generalized Witt algebra is a
derivation. We show that thin Lie algebras as a rule admit 2-local derivations
which are not derivations.
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Leabo nccjie0BaHus SIBISETCS UCCIEAOBAHKUE JIOKATBHBIX U 2-JIOKAJbHBIX
nuddepentiupoBannii anredp JleioHuma.

OO0bekT mccjie0BaHUA JIOKAbHBIE U 2-JOKalbHbIE AU depeHInpoBaHus
anreOp JleiOnuia, 2-nokanpHble Iu(depeHInpoBaHUs Ha OECKOHEYHOMEPHBIX
anreopax Jlu.

HayuyHasi HOBU3HA HCCJIEI0BAHUS COCTOUT U3 CIAEAYIOMIUX:

J0Ka3aHO, YTO Kaxjaoe 2-MokanbHOe auddepeHIrpoBaHHEe Ha HYJIb-
bumdopmuoit anredpe JlelibHua sBusercsa AuddepeHInpOBaHUEM;

MoKasaHo, 4to mobas p-pumudopmuas anredpa JleiiOHMIIAa MMEET JTIOKATbHBIE
U 2-10KanpHbIe JU(depeHIInPOBaHsI, He SBIstonIecs nuddepeHmpoBaHuem;

UCCIIETYIOTCS JOKalbHbIe AU GdepeHIMPOBaHUs Ha pa3pelIMMbIX anredpax
JleitOHMIla W JOKa3bIBAe€TCs, 4YTO J000OE JOKalbHOE JupPepeHrpoBanme
paspemumbix anredp JleitOHuIa ¢ abeeBbIM HIJIBPATUKAIOM U MaKCUMaTbHOU
Pa3MepHOCThIO JOIOJIHUTEIBHOTO IPOCTPAHCTBA SIBJISIETCS
nudepeHpoBaHuEeM;

MOKAa3aHO, YTO Ka)J0€ JIOKaJIbHOE M 2-JIOKaJbHOE AU(PEepeHnpoBaHue Ha
paspemuMbix — anrebpax  JleiOHMIIa ¢ MOJEIBHBIM  HWIbPAIUKAIOM U
MaKCUMaJbHOW pPa3MEpPHOCTHIO  JOIMOJIHUTEIBHOIO IPOCTPAHCTBA  SIBISETCS
nudepeHpoBaHuEeM;

MOKa3aHo, 4To JI00oe 2-iokanbHOe auddepeHnupoBanre Ha 00OOIIEHHBIX
anreOpax  Butra, a Takke Ha  anreOpax  Bupacopo  sBisgercs
mudpepeHInpOBaHUEM.

BHenpenue pe3yibTaToOB McciaeI0BaHus1. Pe3ynbTaTel ObLIN MCIOIB30BaHBI
B CJICTYIOIINX HAYYHBIX UCCIIETOBAHUSX:

pE3yNbTaThl, MOJIYYCHHBIE B AUCCEPTAIMA O TMPOU3BOJIBHOM 2-JIIOKATHHOM
muddepennupoBanun  anreOpel  Butra, sBnsoTcs  auddepeHnupoBaHuEM,
UCIIOJIb30BaHHBIM B TipoekTe OT-4-27 «Onucanue mnpeayanbHBIX MPOCTPAHCTB
HOpIaHOBBIX TPOEK, MPOCTPAHCTBA EMKOCTEH M TOJOMOpP(HOE MNPOJOIIKEHUE
¢byHkun» (crpaBka MUHUCTEpCTBAa BBICHIETO M CPEJHETO CHEHAIbHOTO
oOpazoBanus, Ne 89-03-2339, 30.06.2020). Ilpumenenue Hay4dHOTO pe3yibTaTa
MO3BOJIMIIO OMHKCATh 2-JoKainbHbIe aBTOMOppu3Mbl AW *-anredp;

MOJIYYCHHBIC PE3YJIbTATHI B IUCCEPTAIINU O KJIACCU(DUKAITUHN JTOKATBHBIX U 2-
JOKaNbHBIX  JU(PPEpeHIIMPOBAHUA  pa3pelIMMbIX anreop Jleitbnwua,
ucnojp3oBaHHbix B mpoektre  OT-F4-82 +  OT-F4-87  «JlokanbHbie
nuddepeHupoBaHus W aBTOMOP(HU3MBI ONEPATOPHBIX W HEACCOIMATUBHBIX
anreOp, ¢daza mepexo/bl U XaoC B HEIMHEHHBIX JMHAMUYECKHX CHCTEMax »+«
Teopust To0aNbHBIX HWHBAPUAHTOB KPHBBIX M TIOBEPXHOCTEH B EBKIMIOBOM H
NICEBAOCBKIIMIOBOM TPOCTPAHCTBAX W €€ MPWIOKEHHUS B MEXaHHKe»(CIpaBKa
Axanemun Hayk PecnyOnuku Y36ekucran ot 3 utons 2020 1., Ne 2/1255-1389).
OTH pe3yNbTaThl O3BOJIMIIA OMUCATh JIOKAJIBHBIE U 2-JTOKAIbHBIC aBTOMOP(PU3MBI
noyrynpocthix anreop JleiOnura.
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